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Preface

We are drawn to the study of difference sets because this topic “be-
longs both to group theory and to combinatorics and ...uses tools
from these areas as well as from geometry, number theory, and rep-
resentation theory” (quoting from the opening of Chapter 1). Each
of us has supervised undergraduate research on difference sets. Our
original goal in writing this book was to collect in one place the ma-
terial beyond a one-semester abstract algebra course required to pre-
pare our students for these research projects. However, the links to
many parts of mathematics led to our current, broader aim: not only
to serve prospective undergraduate researchers but also to provide
a rich text for a senior seminar or capstone course in mathematics.
With this expanded goal in mind, we highlight these mathematical
interconnections.

We never intended our book to be a comprehensive survey of
difference sets. However, we hope it will encourage students to explore
the literature on difference sets and give them a solid foundation so
they can do so successfully.

We assume student readers have taken an abstract algebra course.!

We show them concrete examples of some algebraic ideas they studied
there, and we apply and extend these concrete instances in a variety

! Appendix A includes the background we need from prior courses, and specific
results are cited using the notation A.x.

X1



xii Preface

of settings. Some of our exposition, especially in earlier chapters, is
very thorough, with reasoning fully explained. The proofs of some
theorems are explicitly left for the exercises, and some of these ex-
ercises offer the student considerable guidance. For other theorems
we may give rather terse proofs, more like what a student would en-
counter in a journal article. Normally we expect the reader to fill in
any omitted arguments, so we don’t write “see the exercises” for each
instance. In a few cases we quote theorems without proof, but always
with a reference, and often with a comment on the accessibility of the
proof given in the cited source.

Almost every section of the book ends with exercises. Some ex-
ercises aim to check the reader’s understanding of a definition or a
proof. Some ask for proofs (with or without guidance). Some are
puzzles to be solved. Some invite the student to explore ideas and
examples, sometimes with the aid of a computer (and so indicated).
All of these kinds of exercises vary from straightforward to challeng-
ing. Appendix C includes hints for exercises marked (H) and solutions
to selected exercises marked (3).2 Every chapter except the first and
the last ends with a brief Coda® highlighting the main ideas and em-
phasizing mathematical connections.

Examples and exercises are numbered consecutively within chap-
ters with, for example, Exercise 5 within a chapter and Exercise 7.5
for a reference to Exercise 5 in Chapter 7 made in a different chapter.
Theorems are also numbered consecutively within chapters and are
always referred to with both a chapter label and a theorem label, as,
for example, Theorem 7.5 both within and outside of Chapter 7.

After the Introduction, Chapters 2-4 comprise the core of the
book. We then see two kinds of selective paths through the rest.
One would focus on representation theory and its applications. It
would include Section 7.1 on intersection numbers, the constructions
of difference sets in Chapters 8-9, Chapters 10-12, and Section 13.4.
Another path would focus on the existence question for difference
sets. It would include Chapters 5-9. Even if Chapters 10-12 are not

2Complete solutions are available electronically for instructors; please send email
to textbooks@ams.org for more information. Some helpful computer programs are
available at http://www.ams.org/publications/authors/books/stml-67.

3We borrow the term “coda” in this context from Jennifer Quinn.
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covered, Sections 10.4 and 11.4 give a taste of the use of representation
theory and characters in the study of difference sets. The applications
in Sections 13.1-13.3 are suitable for readers following either path.
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Chapter 1

Introduction

Here we introduce some of the topics in this book—briefly, but we
hope invitingly. The ideas will be developed more fully and their
inter-relations more thoroughly examined in the chapters that follow.

This book has two over-arching themes. One is that different
parts of mathematics can and do come together in surprising and
illuminating ways: suggesting questions, providing tools, and gener-
ating examples. The other is the idea of a difference set—a special
subset of a group. It exemplifies the first theme, since it belongs both
to group theory and to combinatorics, and the study of difference sets
uses tools from these areas as well as from geometry, number theory,
and representation theory.

A group is often useful when it acts on a set or a structure. As we
shall explain, a group contains a difference set if and only if it acts in
a particular way on a nice structure called a symmetric design. Thus
finding a difference set is equivalent to finding an interesting group
action. Also, difference sets are of intrinsic interest because they yield
applications in communications and other areas.

So what is a difference set? If a finite group G is written ad-
ditively, a non-empty proper subset D of G is a (v, k, \)-difference
set if |G| = v, |D| = k and there is an integer A such that each
non-identity element of G can be expressed in exactly A ways as a
difference di; — dy of elements of D. Equivalently, we require that

—_
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each non-identity group element appears A times in the multiset
A= {d1 —dy |d1,d2 e D,dy #dg}

(The word “multiset” means that elements may be listed more than
once.)

Example 1. Choose
G1=7Z7=1{0,1,2,3,4,5,6},
the additive group of integers modulo 7, and choose
Dy, ={1,2,4}.

To check that Dy is a (7,3, 1)-difference set in G, it is convenient to
organize our work in a table.

S S N
1 0 —1=6 | -3=4
2 [2-1=1 0 —2-=75

4114-1=3|4-2=2 0

Each of 1,2,3,4,5,6 appears exactly once in the table, confirming
that Dy is a (7, 3, 1)-difference set. o

We can use the difference set of Example 1 to glimpse one of the
applications of difference sets. We might want to robotically align a
cylindrical nozzle within a circular opening without deforming either
the nozzle or the opening. Example 2 illustrates the general idea. We
say more about this application in Chapter 13.

Example 2. The context here is refueling an airplane. Suppose that
to optimize the refueling, the cylindrical nozzle on the fuel hose has
to be aligned just right within the circular opening of the fuel tank.
Imagine that the tank opening is surrounded by a circular ring divided
into 7 cells numbered 0, 1,2, ...,6. The cells numbered 1, 2 and 4 emit
light and the others do not. A second similarly-patterned ring is on
the nozzle, backed up by a light detector. The cells numbered 1, 2,
4 on the nozzle ring are transparent to light; the others are opaque.
When the two rings are perfectly aligned, the maximum amount of
light is detected. When they are out of alignment by as few as 1 or
2 cells, the amount of light detected is much less. In Figure 1.1, the
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ring in (a) surrounds the opening of the tank, and the ring in (b),
on the nozzle, has been rotated clockwise by 2 cells. The ring in (c)
shows the light reaching the detector on the nozzle. (See Figure 13.1
for a graph of the amount of light detected when the nozzle is in
various positions.) A robot can adjust the nozzle to maximize the

light reaching its detector and thereby position it correctly. o
2 0
3 1
1 6
4 2
0 5
5 3
6 4
(a) tank opening (b) nozzle shifted by 2

o0
8%,
“‘

e
‘\“:’:‘«
CSKKS

RS :

Q
% \“Q X
K

(c) light detector
Figure 1.1. Alignment model for Example 2
Now we return to Example 1. Since Zr is also a ring, we can mul-

tiply as well as add. Notice that the elements of D; are the nonzero
squares in Z7. As we see later, this example can be generalized. We
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take a partial step toward that generalization, but first we need to do
some counting.

Suppose D is a (v, k, A)-difference set. There are k(k— 1) ordered
pairs (dy,ds), with dy, ds distinct elements of D, and therefore k(k —
1) differences d; — dy in the multiset A. However, because D is a
difference set, each of the v — 1 non-identity elements of G appears
exactly A times among the elements listed in A. We have proved the
following theorem.

Theorem 1.1. Assume D is a (v, k, \)-difference set. Then

k(k—1) = Aov—1).

We use this theorem to help us determine a necessary condition
for the generalization of Example 1.

Theorem 1.2. Let p be an odd prime, and let D be the set of nonzero
squares in Zy. If D is a difference set in the additive group Z,, then

p=3 (mod 4).

Proof. Assume D is a difference set in Z,. We know v = p, and
we want to determine k = |D|. Since p is prime, the p — 1 nonzero
elements of Z, form a group under multiplication. We denote this
multiplicative group by Z;. Consider the function mapping each ele-
ment of Zy to its square. This is a homomorphism onto D. Because
p is an odd prime, 22 = 1 implies = %1, so the kernel of this homo-
morphism has size 2. Therefore, there are exactly (p — 1)/2 nonzero
squares in Z,, and k = (p — 1)/2. Now Theorem 1.1 tells us that
A=k(k—1)/(v—1) = (p—3)/4. But A must be an integer, so p = 3
(mod 4). O

The idea of a difference set first appeared in the 1938 paper, “A
Theorem in Finite Projective Geometry and Some Applications to
Number Theory,” by James Singer [62]. Where is the geometry in
our example of a (7,3, 1)-difference set?

We create a geometry by specifying points and special sets of
points called blocks. The points are the 7 elements of G;, and the
blocks are Dy together with its 6 translates a+D; = {a+1,a+2,a+4}
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for a € G1, a # 0. The 7 blocks are:
{1,2,4} {2,3,5} {3,4,6} {4,5,0} {5,6,1} {6,0,2} {0,1,3}.

Note that two distinct points appear together in exactly one block
and that two distinct blocks have exactly one point in common. If
we call blocks “lines,” we say informally that two points determine a
line and two lines determine a point; there are no parallel lines. This
example meets the non-degeneracy conditions that there are at least
three points in each block and at least two blocks. Thus we have an
example of a non-Euclidean geometry called a finite projective plane.

Figure 1.2. The Fano plane

More generally, a set of v points and v sets of points called blocks
form a symmetric design with parameters (v, k, \) if every block con-
tains k points, every point belongs to k blocks, two distinct points
occur together in A blocks, and two distinct blocks intersect in A
points. Our geometry is thus a symmetric design! with parameters
(7,3,1). This specific geometric structure is often called the Fano
plane; see Figure 1.2 for a picture. In this picture, most blocks are
represented by line segments; the block {2,3,5} is represented by a
circle.

Now we show how (G7 acts on this structure. Each element of the
group G1 can be regarded as a function taking points to points: the
group element a takes the point b to the point a + b. Indeed, since

'We study designs, including symmetric designs, in Chapter 2.
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distinct points go to distinct points, this function is a permutation of
the points. This function can also be applied to blocks: it takes the
block B = m+ Dy to the block a+ B = (a+m)+ D;. Again, distinct
blocks go to distinct blocks, so it is a permutation of the blocks. If
point x is in block B, then the point a + «x is in the block a + B. This
means that the elements of G act as automorphisms of the geometry.

These permutations are special. We can see that G acts transi-
tively on the set of 7 points: given any two points b and ¢, there is a
permutation (i.e., an element a of G1) taking b to ¢, namely a = ¢—b.
Similarly, G; acts transitively on the set of 7 blocks: given any two
blocks b+ Dy and ¢ + Dy, there is a permutation taking b + Dy to
¢+ Dj, namely a = ¢ — b again. Of course the identity a = 0 fixes
every point and every block. But the converse is true too. If a+b =10
then a must be 0; and similarly (but less obviously) for blocks, if
a+ B = B then a = 0.

We summarize these properties by saying G acts as a regular
group of automorphisms of the geometry we have defined. In fact, as
we prove in Chapter 4, a finite group G contains a (v, k, \)-difference
set if and only if G acts as a regular group of automorphisms of a
symmetric (v, k, \) design.

We have used the group and the difference set to construct the
design. How do symmetric designs arise “in nature”? Here is a con-
struction that will take us back to the Fano plane. Choose the field
Zs = {0, 1}, with arithmetic modulo 2. Let V be the 3-dimensional
vector space (Z3)3. The vector space V contains exactly 23 vectors
and thus 7 nonzero vectors. Since 1 is the only nonzero scalar, V' also
contains exactly 7 one-dimensional subspaces. Call these 1-spaces
points.

Further consequences of the fact that 1 is the only nonzero scalar
are
e distinct nonzero vectors are linearly independent, and
e a two-dimensional subspace of V' contains exactly 3 nonzero

vectors.

In particular, notice that for distinct nonzero vectors u,v,w € V,
{0,u,v,w} is a 2-space if and only if u+ v +w = 0. Call a triple of
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points contained in a single 2-space a block. Each block thus contains
3 points. There are exactly 7 2-spaces of V and therefore exactly 7
blocks. We list them below (writing xyz instead of (z,y,z) for each
vector and omitting curly braces):

100, 010, 110
100, 001, 101
100, 111, 011
010, 001, 011
010, 111, 101
001, 111, 110
011, 110, 101.

Consulting the preceding list we see that two distinct points appear
together in exactly one block, and two distinct blocks intersect in
exactly one point.

Where is the group? Consider the linear transformation 7' : V —
V' with matrix

0
M=|1
1

S O =

0
1
0

with respect to the standard basis.? We write transformations on the
left, so a vector v is written as a column in calculating 7'(v) = Mv.
The matrix M7 is the identity matrix, so T7 is the identity function
fixing every vector in V. From linear algebra we know that invertible
linear transformations map l-spaces to 1-spaces and 2-spaces to 2-
spaces. Thus the elements of the group

Gy ={T, 72, 73,174,175, T, T" = I}
map points to points and blocks to blocks. Indeed we can check that
G5 acts regularly on the points and on the blocks.

Since we are writing the group operation multiplicatively, we re-
place the difference d; — d; by d, alj_1 in the definition of a difference
set. Now we see that the subset

Dy = {T,T% 1%}

2Admittedly, this transformation appears to come out of the blue. We motivate
it when we discuss Singer’s work in Chapter 8.
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is a (7,3, 1)-difference set in Go. (In fact, the obvious group isomor-
phism from G, to G2 takes Dy to Ds.)

In his 1938 paper, Singer constructed symmetric designs slightly
differently, identifying the vector space V with a finite field containing
8 elements. His construction and analysis generalize to finite projec-
tive geometries obtained from higher-dimensional vector spaces over
arbitrary finite fields. Other constructions of difference sets require
even more ideas from finite geometry, and we will explore them in
Chapter 8.

Now we have seen the (7,3, 1)-difference set twice.> But how
would we find this difference set if we did not know it was there? Or,
how could we prove a particular group does mot contain a difference
set? To glimpse one strategy, we rewrite the group of order 7 one
more time, this time as a subgroup of the multiplicative group C* of
nonzero complex numbers,

_ 2,3, 4 5 6
GB —{1,&),&) yWLW W, W }

for w = cos(27/7) + isin(27/7). We can add complex numbers, even
though addition is not the group operation in this case. Observe what
happens if we multiply the sum of the elements of the difference set

D3 = {wa w27w4}
by the sum of the inverses of those three elements in Gs:
(w+ w? + w) (W8 +w® +wd)

= 1+ +wttw+l1+0®+w® +w?+1

= (l+w+?+d+uwt +ud+ub)+2-1.
However, 1 +w+w? +w? +wt+w’ +wl = (1 -w")/(1 —w) =0, so
we have

(w4 w? +wh Wb 4w’ +uwd) =2

In other words, we have factored 2 in the ring Z[w| of integer linear
combinations of powers of w. Notice that 2 =k — X in this example.
This difference is important enough to get its own name. The quantity

n = k— X\ is the order of a (v, k, \)-difference set or symmetric design.
Looking for factorizations of n in the ring Z[n| (where, in general, 7

3Some of the ideas in this introduction appear in [9].
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is an mth root of unity for some m dividing v) is a way to search
for difference sets, or to prove they do not exist. However, Z[n] need
not be a unique factorization domain, so this analysis requires some
algebraic number theory. We develop these ideas in Chapter 12.

The group Gj is actually the image of G2 under the representation
(i.e., group homomorphism) p : Go — C* defined by p(T) = w, and
Dg is the image of D,. It is the representation p that gives us access
to the factorization of n in Z[w]. To pursue this line of investigation
we need to study some representation theory. We offer a primer on
representations and characters of finite groups in Chapters 10 and 11.

We now embark on our study, beginning first with designs, then
moving on to difference sets. We hope this introduction has given
some idea of the diversity and richness of the mathematical ideas we
will encounter.



Chapter 2

Designs

In this chapter we introduce designs. Our ultimate goal is to study
symmetric designs and their relationship to difference sets. Along the
way we also introduce more general designs. Concepts of existence
and equivalence that appear here will be mirrored in our study of
difference sets.

Design theory is an area of combinatorics that was originally stud-
ied for its connections to statistics and the design of experiments. This
study has found use in other areas of mathematics including geometry,
coding theory, finite group theory, and difference sets. So the study
of designs is a good place to start our exploration of the connections
among these different algebraic and combinatorial structures.

2.1. Incidence structures

We start with the general notion of an incidence structure.

Definition. An incidence structure is an ordered triple (P, B,Z) where
P is a set of points,
B is a set of blocks,
T C P x B is an incidence relation between P and 5.

If (p, B) is in Z, we say that p and B are incident.
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A block is said to be “repeated” if it and another block are in-
cident with precisely the same set of points. Repeated blocks can
be useful in statistical designs. An incidence structure is known as
simple if it has no repeated blocks. The incidence structures we will
study are simple, so we can regard a block as a subset of points. If the
point p and block B are incident with each other we say that p € B.
With blocks described as subsets of P, we often drop the more formal
notation for an incidence structure and simply write (P, B).

The concept of an incidence structure is so general it may seem
at first not to be useful. However, it can be found in several places.

Example 1. In the Euclidian plane, we may take P to be the set of
points, and B the set of lines. o

Example 2. We wish to run a statistical experiment to compare
varieties of corn in various soils. In the design of the statistical ex-
periment, we take the points to be the varieties of corn and the blocks
to be the subsets of the varieties planted on particular plots. The dif-
ferent plots are more generally called treatments. o

Example 3. Represent a set of three people as P = {a,b,c} and
specify four committees by B = {{a}, {a,b},{a,c},{a,b, c}} Person
a is in all four committees, person b is in committees 2 and 4, and
person c is in committees 3 and 4. o

In Example 1 the sets of points and blocks are infinite; in Ex-
amples 2 and 3 these sets are finite. Example 1 has the regularity
condition that any two points are incident with exactly one block,
since any two points determine a line. Example 3 has no such reg-
ularity. Even the blocks are of different sizes. In this book we will
study mainly finite incidence structures.

Any finite incidence structure can be represented by an incidence
matrix M where the columns represent points and the rows represent

blocks, and
I 1 ifp; € B;
ij .
0 otherwise.

!'Note that some authors use the transpose of this matrix. Here we follow the
convention in Lander[43], and Hall and Ryser[29].



2.1. Incidence structures 13

Example 4. The following is the incidence matrix of the incidence
structure in Example 3, with point set P = {a,b,c} and block set

B= {{a}, {a,b}, {a,c}, {a,b, c}}:

Il
— = =
_ o = O
= =0 O

<

An incidence matrix is not only a compact way to represent an
incidence structure. Sometimes matrix multiplication gives us a tool
for studying the incidence structure. For instance, we can multiply
an incidence matrix by a permutation matrix to reorder the blocks or
the points to check whether two incidence structures are essentially
the same.

Definition. Two simple incidence structures (P, B,Z) and (P, B',T')
are isomorphic if there is a one-to-one mapping from P onto P’ that
maps B onto B'.

The mapping must preserve the incidence structure. That is, if
p maps to p’ and B maps to B’, then (p, B) is in Z if and only if
(p', B’) is in Z'. As a consequence of this definition, simple incidence
structures (P,B,Z) and (P’,B’,Z') are isomorphic if and only if we
can permute the rows and columns of the incidence matrix of one to
get the incidence matrix of the other. That is,

PMQ =M

for permutation matrices P and ). Note that P permutes the rows
(blocks); @ permutes the columns (points).

In the exercises we will also explore what the calculations M 7T M
and M M7 yield, where M7 is the transpose of M.

Exercises

1. For the incidence matrix given in Example 4,
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(a) find a permutation matrix P that switches blocks (rows) 1
and 3. That is, PM is the matrix M but with rows 1 and 3
switched. ®

(b) find a permutation matrix @ so that MQ is the matrix M
but with points (columns) 2 and 3 switched.

2. For the incidence matrix given in Example 4,

(a) compute MM?. What do the entries of this product repre-
sent?

(b) compute MT M. What do the entries of this product repre-
sent?

3. Construct an incidence matrix for the Fano plane in Chapter 1.
Order the points and blocks so that each row is a circular shift to the
right of the previous row. Compute MM7T and M7 M and explain
the entries.

2.2. t-Designs

Designs are incidence structures on which some conditions of regu-
larity are imposed. For instance, we might require that all blocks
contain the same number of points, and that any two points be in a
fixed number of blocks. The first type of design we will study is a
t-design.

Definition. Let ¢ be a non-negative integer.? A t-design is an inci-
dence structure D = (P, B) in which

(i) Each block contains & points, and

(ii) Each subset of ¢ points is completely contained in exactly A
blocks for some A > 1.

Since we will often talk about subsets of P of a particular size, we
adopt the term s-set for a set of s points. Thus for a t-design, every
t-set is in A blocks. As an extreme case, a 0-set is the empty set, so

2Some authors (e.g., [8]) require that t > 0; others (e.g., [70]) require only that
t > 0. We will adopt this latter restriction.
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every incidence structure with constant block size is a 0-design with
A equal to the number of blocks.

If we let v = |P|, then any t-design with these parameters is
known as a t-(v, k, \) design.?

Statisticians use 2-designs, called block designs, in designing
experiments. The points (e.g., varieties of corn) are to be compared
under various sets of conditions (blocks). The 2-design allows exactly
A head-to-head comparisons of any two points. A design is called
complete if the set of blocks contains all the k-sets for some k < v.
An experiment will be more efficient if we can get the information
we need without including all the k-sets. Block designs that do not
include all k-sets as blocks are known as balanced incomplete block
designs (BIBD).

Let us look at a few examples of t-designs. The first two get their
structure from the patterns in complete graphs;* the next two from
the structure of vector spaces over finite fields.

Example 5. Let P be the set of edges of K¢, the complete graph
on six vertices. Define two types of blocks: (i) the three edges of
a triangle, and (ii) the three edges of a complete matching (that is,
three edges no two of which share a vertex). This is a 2-design since
any two edges are in exactly one block. o

Example 6. Let P be the set of edges of K5, and define three types
of blocks: (i) the four edges incident with a single vertex (these edges
form a claw), (ii) the three edges of a triangle together with the one
edge disjoint from these, (iii) the four edges of a 4-cycle. This is a
3-design. o

Example 7. Consider the 4-dimensional vector space over the finite
field Zs, denoted (Zz2)*. Let P be the set of all nonzero vectors, and
let the blocks be sets of three vectors {x,y,z} so that x +y +z =10
in the vector space. For instance, { (1,0,1,1), (1,0,0,0), (0,0,1,1) }
is a block since the sum of these vectors (mod 2) is the zero vector.
This is a 2-design. o

3Some authors (e.g., [7]) use the notation S (¢, k,v) for a t-design. As a special
case, a Steiner system is a t-design with A\ = 1, and is often denoted simply as S(t, k, v).

4The complete graph K,, has m vertices and an edge between every pair of
vertices.
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Example 8. Again consider the vector space (Z3)*. This time let P
be the set of all vectors, including the zero vector, and let the blocks
be sets of four vectors {w,x,y,z} with w+x+y+2z=0. Thisis a
3-design. o

We now look at theorems that give relationships among the pa-
rameters of a t-design. The proofs require counting arguments and
are left as exercises. Our first theorem shows how the parameters can
be used to determine the number of blocks in a t-design.

Theorem 2.1. The number of blocks in a t-(v,k,\) design is

v=2(2)/(5)

The next theorem tells us that every t-design is also an s-design
for any s such that 0 < s < t. Specifically, given any s-set S, this
theorem gives a way to calculate A4, the number of blocks that contain

S.

Theorem 2.2. Let D be a t-(v,k,\) design, and let S be an s-set of
points with 0 < s < t. Then the number of blocks that contain S is

A=\ v —S / k—s '
t—s t—s
We note that if s = ¢, then A\; = A. At the other extreme, if s =0
then )\ is the total number of blocks. And if s = 1, A\; gives the
number of blocks incident with a given point. This quantity is often
denoted by r (for replications in statistical designs). In summary, the
parameters for a t-(v, k, A) design are:
v = number of points (varieties, in statistical designs),
b = number of blocks,
k = number of points incident with each block,
r = number of blocks incident with each point (replications),
A = number of blocks containing any given set of ¢ points.
In Theorem 2.2 if we choose ¢t = 2 and s = 1 we get a relation

between parameters that we will see reflected often in our study of
difference sets:
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Corollary 2.3. If D is a 2-design, then
r(k—1)=Av—1).

Another fundamental relation exists between the first four pa-
rameters in our list above:

Theorem 2.4. For a t-(v,k,\) design, vr = bk.

Once we have a t-design, we can construct a new design called
the complement design.

Definition. Given a t-design D = (P, B), the design D with point
set P = P and block set B = {P\ B | B € B} is called the
complement design. Note that the blocks in D are the complements
of the blocks in D.

To prove that this is indeed an s-design, and to find the largest s
for which this is true, we will first need to establish that the number
of blocks in the original ¢-design disjoint from a fixed s-set, is the
same for any s-set. We use \° to denote this number.’

Of course if the s-set is too large there may be no blocks disjoint
from our s-set. To avoid this trivial case, we will require that s < v—k.

Theorem 2.5. Let D be a t-(v, k, \) design, and let S be an s-set of
points with 0 < s <t and s <wv — k. Then the number of blocks of D
disjoint from S is independent of the choice of s-set and equals

()G

Proof. First we argue that the value of \* is independent of our
choice of s-set. By inclusion/exclusion (see A.20)

b— G)Al + (;)AQ et (—1)3<2>AS
io(—1)i<‘:_> ;.

5Here s is part of the notation and is not an exponent. In this section A, is the
number of blocks containing a fixed s-set, and A® is the number of blocks disjoint from
a fixed s-set.

AS

(]
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We could use binomial identities to simplify this sum and get our
result. But since the above calculation shows that A® is the same for
each s-set, it is both easier and more illuminating to proceed using
a simple counting argument. We count the number of ordered pairs
(B, S) with B a block and S an s-set disjoint from B. On the one
hand, we can choose B from b blocks, and then choose an s-set S
disjoint from B in (”;k) ways. On the other hand, we can choose
the s-set first, in (Z) ways, and then choose a block disjoint from the

s-set in A\* ways. So
2\ (1}) b(v — k) .
S S

Substituting b = )\(;’) / (’f) and simplifying gives our result. O
Now we can use Theorem 2.5 to show that complement designs
are s-designs.

Corollary 2.6. Let D be a t-(v,k,\) design. Then D, the comple-
ment design, is an s-design for s = min(t,v — k).

A fundamental question in design theory concerns existence: For
which triples (v, k, A) does a t-design exist? The corollary above says
that every design has a complement design. Therefore, to answer this
question it is enough to find only those designs for which k& < v/2,
since any design for which & > v/2 has a complement design with
k<wv/2.

Exercises

4. Use the incidence matrix from Exercise 3 to show that the Fano
plane is a 2-design.

5. For Example 5 find the numbers of blocks of each of the two
types. Show that this is a 2-design by verifying that any two points
(i.e., edges of the complete graph) are contained in exactly one block.
Find the parameters of this design and verify that the total number
of blocks agrees with Theorem 2.1. ®
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6. For Example 6 find the numbers of blocks of each of the three
types. What is the total number of blocks? Show that this is a
3-design, and find its parameters.

7. Show that Example 7 is a 2-design, and find its parameters.

8. What is MT M for the 2-design in Example 7? In general, what is
MTM for a 2-design with parameters 2-(v, k, \)? Write your answer
using scalars times the matrices I (the v x v identity matrix) and .J
(the v x v matrix with all 1’s).

9. What is MTM for a 3-design with parameters 3-(10,4,1)? In
general, what is M7 M for a 3-design with parameters 3-(v, k, \)?

10. Prove that Examples 5 and 7 are isomorphic by giving a one-to-

one correspondence between the vectors in Example 7 and the edges
of Kg in Example 5 that preserves the blocks.

11. Show that Example 8 is a 3-design, and find its parameters.

12. Show that Example 8 is also a 2-design by showing that any two
points are contained in a fixed number of blocks. Use a combinatorial
argument to find As.

13. Prove Theorem 2.1. ®

14. Prove Theorem 2.2. Be careful not to assume that for every s-set
there must be the same fixed number of blocks containing the s-set.

15. Prove Theorem 2.4 by showing that both vr and bk count the
set of ordered pairs (p, B) with p € B.

16. Prove Corollary 2.6 and find the parameters of the complement
of a t-(v, k, \) design.
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2.3. Affine planes

Geometry—literally speaking—means “earth measure.” FEuclidean
geometry with its infinite number of points and its definition of dis-
tance fits our literal interpretation of geometry. However, in this book
we will look at different types of geometries. Most of our geometries
will have finite numbers of points and lines, and we will drop any
notion of a metric. What remains is a highly structured design with
geometric points for its points, and lines or other substructures for its
blocks. The structure is imposed on our geometries by a set of axioms.
We are most interested in finite geometries that can be coordinatized.

In this section we define an affine plane and show that a finite
coordinatized affine plane is a 2-design. In Section 5 we study finite
projective geometries. These geometries provide a rich source for
the symmetric designs we define in Section 4 and for constructing
difference sets.

First we take the approach of synthetic geometry and define an
affine plane as a set of points and lines that obey a set of axioms:

Definition. An affine plane is a non-empty set P of points and a
non-empty set £ of subsets of P called lines, so that

Al. Each pair of points is in a unique line.

A2. If /is a line and P is a point not in ¢, then there is a unique
line ¢’ that contains P and does not intersect £.

A3. There are at least two points in each line, and at least two
lines in the plane.

We say that lines £ and ¢’ are parallel if either £ = ¢ or £ N ¢ = ().

Al is common to many geometries; it is often stated as “two
points determine a line.” A2 is one formulation of the parallel pos-
tulate, and is the key feature that distinguishes the Euclidean plane
from infinite non-Euclidean planes. A3 eliminates trivial cases.

The well-known Euclidean plane is an example of an affine plane.
The next example is the smallest affine plane allowed by our system
of axioms.
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Example 9. Let P be the set of points {A, B,C, D} in Figure 2.1,
and let £ be the set of all 2-subsets of P. The line segments connecting
pairs of points represent the lines.

A

B C

Figure 2.1. Affine plane with four points

If we label the columns A, B, C, D, then an incidence matrix for
this affine plane is:

O O R = =
— =0 O =
O = O = O
— =0 = OO

0 0 1

The rows correspond to the six lines in Figure 2.1. o

From this simple set of axioms it is possible to derive many prop-
erties of affine planes. While we will not pursue these results in detail,
we list some of the numeric properties of finite affine planes derivable
simply from these axioms. The parameter n in the theorem is the
order of the affine plane. (See [6], p. 26, for a proof.)

Theorem 2.7. Let (P,L) be a finite affine plane. Then for some
integer n > 2:
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(i) Each line has n points.

(ii) Each point is incident with n + 1 lines.
(iii) There are n? points.
(iv) There are n(n + 1) lines.

(v) The lines form n+ 1 classes, each with n mutually parallel
lines.

Often we identify the points of the Euclidean plane with ordered
pairs from R xR, and describe a line as a set of points (z, y) that obey
a linear equation ax + by = ¢, where a,b,c € R and a and b are not
both 0. In this way we coordinatize the plane. This coordinate system
gives us analytical tools to work with the plane. For instance, we can
judge whether two lines are parallel by comparing their slopes. For
two lines that are not parallel, we can find the point of intersection
by finding the solution common to their two equations.

In a similar way we can coordinatize a finite affine plane.

Example 10. Consider the four-point affine plane, and label the
points using coordinate pairs from Zs X Zs. The equations that de-
termine the six lines are: * =0,z =1,y =0,y =1, y = z, and

y =x+ 1 mod 2. See Figure 2.2. o
(0,1)
—y=x+1
z=0—
(0,0) (1,0)

Figure 2.2. Coordinatized affine plane with four points

In general we start with any field F and use elements from F x F
as coordinates of the points in an affine plane. We take as lines the
solution sets of linear equations ax + by = ¢ for a,b, c € F with a and
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b not both zero. Notice that for any nonzero u € F, the equations
ax + by = ¢ and uaxr + uby = uc have the same solution set.

We define the slope of a line with equation az + by = ¢ as follows.
If b = 0, the slope is infinite (and the line is “vertical”). If b # 0, the
slope ism = —a/b € F. Using algebra, we can verify that distinct lines
with the same slope are parallel. Also suppose (x1,y1) and (z2,y2)
are two points on a line. If x1 = x5, then the line has infinite slope.
If ©1 # 29, we calculate the slope as m = (y2 — y1)/(x2 — x1).

This structure does indeed satisfy the axioms of an affine plane.
We call this the coordinatized affine plane, denoted by AG(2,F). If
F has ¢ elements, we denote this plane by AG(2,q).

Theorem 2.8. Let I be a field. Let P = F x F, and let L be
the collection of lines defined as the solution sets to linear equations
ar + by = ¢, for a,b,c € F, with a and b not both equal to 0. Then
(P, L) is an affine plane.

Proof. To show that two points determine a line, we consider the
points (z1,y1) and (z2,y2). If 1 = x4, the line determined by these
two points is the set of solutions to the equation x = x1, a vertical
line with infinite slope. If x1 # x5, then the line determined by the
two points is the set of solutions to the equation y —y1 = m(z — x1).

To show this line is unique, we suppose that (x1,y1) and (22, y2)
are solutions of both ax+by = ¢ and 'z +b'y = ¢/. We want to show
there is a nonzero u € F with a’ = ua, b’ = bu,’ = cu. We leave the
two special cases 1 = x2 and y; = y2 to the exercises and assume
21 # w9 and y1 # Yo, so m = (y2 — y1)/(x2 — 1) # 0. Subtracting
azry 4 bys = ¢ from axq +by; = ¢ we get a(x; —x2) = b(ys —y1), from
which it follows that both a and b must be nonzero and a = b(—m).
It follows that ¢ = b(y; —may). Similarly, both @’ and ¥’ are nonzero,
a' = (—m) and ¢ = (y; — maxy1). Now, choose u = b'/b to see that
a' =wua, b = ub and ¢’ = uc, so the line is unique.

To prove axiom A2, the parallel postulate, we show that given
a line ¢ and a point P not on ¢, we can find a line parallel to ¢ and
through P. Let P have coordinates (z1,y1). If ¢ has no slope (that
is, if £ is a vertical line), its equation is of the form x = x¢ for some
xg # x1. Then the line with equation z = x; contains P and is



24 2. Designs

parallel to £. It is clearly unique. Otherwise let ¢ have slope m. Then
the line through P and parallel to £ has equation y — y; = m(z — 7).
We can rearrange this equation as mz —y = ma; —yi, that is a = m,
b= —1and ¢ = ma; —y;. We see the ratio a/b = m, agreeing with
the slope of £. If m = 0 the equation is by = ¢ and we easily check
that this line is unique. If m # 0 we can adapt the proof of uniqueness
above for axiom Al.

Clearly if F is infinite, then the affine plane has infinitely many
points and lines, and so satisfies axiom A3. We leave the finite case
to the exercises. (|

The above theorem guarantees the existence of a finite affine plane
of order n for any n a prime power. It is not known whether other
affine planes exist with other orders. It is relatively easy to show
that we cannot construct an affine plane of order 6 using coordinates
Ze X Zg. However, a proof that no order-6 affine plane exists cannot
assume this coordinatization. It has now been shown that no affine
planes of orders 6 or 10 exist [42]. The next open case is n = 12.

Finally we note the connection between affine planes and ¢t-designs.
Every finite affine plane is a t-design for ¢t = 2 and A = 1. This simply
reflects the fact that any two points determine a line, and that every
line contains the same number of points. Thus for any ¢ a power of
a prime, the coordinatized affine plane built on the field GF(q) gives
us a 2-(¢%, ¢, 1) design.

Exercises

17. Consider the finite coordinatized plane AG(2, 3).

(a) List the equations ax + by = ¢ corresponding to distinct
solution sets by completing the following table. (The first
row is done as a sample.)

alb|c|slope points
1100 (0.9] (07 0)7 (07 1)v (07 2)

(b) Draw the 3 x 3 array of points (z,y) where x,y € Zs. Con-
nect sets of points when they lie together on a line.
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(c)

(d)
()

How many lines are there? How many points per line? What
is the order n of this plane? What are the parameters of this
plane as a 2-design? ®

What is M7 M? Explain its entries geometrically.
What is MM7T? Explain its entries geometrically.

18. Show that distinct lines of AG(2,F) with the same slope are

parallel.

Specifically, suppose a,b,a’,b’ are elements of F and az +

by = c and o’z +b'y = ¢ are distinct lines with the same slope. Show
that these two lines have no points in common by considering these

two cases.

(a)
(b)

Suppose b = b =0 (i.e., both lines have infinite slope).
Suppose b #£ 0, ¥’ # 0, and m = —a/b = —d'/b'.

The next two exercises complete the proof of Theorem 2.8.

19. Consider the coordinatized plane AG(2,F).

(a)

Suppose that (z1,y1) and (z2, y2) are solutions of both az +
by = cand d'z + by = ¢, with 1 = z9 and y; # y2. Show
that the solution sets of these two linear equations are the
same.

Suppose that (z1,y1) and (z2, y2) are solutions of both az+
by = cand d'z + by = ¢, with x1 # x2 and y; = y2. Show
that the solution sets of these two linear equations are the
same.

Suppose £ is a line of slope 0 and P = (x1,y;) is not on ¢
but is on the line with equation by = ¢. Show that this is
the unique line of slope 0 containing P.

Assume /¢ is a line of slope m # 0, and P = (x1,y;1) is a
point not on ¢. Show that y —y; = m(z — x1) is the unique
line through P having slope m.

20. Let F be the finite field GF(q) for ¢ = p™ where p is a prime and
m is a positive integer.
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(a) Calculate the numbers of points and lines in AG(2,F).
(b) Calculate the number of points on a line in AG(2,F).

21. For Example 9 compute M7 M. Use the result to show that this
is a 2-design, and find its parameters. Now compute M M7 . Explain
the diagonal elements. Then explain the 0’s and 1’s in the off-diagonal
positions in terms of the geometry (using ‘points’ and ‘lines’).

22. It is known that there is no finite affine plane of order 6. If
we try to coordinatize a 6 x 6 grid using Zg, several things go wrong.
Using the definition of a line as the solution set to a linear equation,
and calling two lines parallel if they have no points in common, show
that there would be at least two lines through the point (1,3) and
parallel to the line y = 0.

23. Show that the set of points Zi5 X Zio, with lines defined as the
solution sets to linear equations, is not an affine plane.

2.4. Symmetric designs

We have seen that for 2-designs, while M7 M has a constant value \
in all the off-diagonal positions, the product M M T may have different
values in its off-diagonal positions. These products show that, while
pairs of points are incident with a constant number of blocks, pairs of
blocks can be incident with different numbers of points. Symmetric
designs place more restrictions on the design to exclude this.

Definition. A symmetric (v, k. \) design is an incidence structure
(P,B,I) in which 0 < k& < v and the following hold:

(i) [P =
(ii

)
)
(iii) Each point is incident with & blocks.
)
)
)

P
B| =
(iv) Each block is incident with k points.

(v) Each pair of points is incident with A blocks.
(vi) Each pair of blocks is incident with A points.
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To avoid problems with degenerate cases we require that 0 < k < v.
We will call symmetric designs with A = 0 or k£ — 1 trivial symmetric
designs.® The value n = k — A is called the order of the symmetric
design.

These axioms are redundant. If a structure obeys axioms (i)—(iv),
then (v) and (vi) are equivalent. (See Exercise 32.)

An immediate consequence of the definition is the following the-
orem.

Theorem 2.9. Let A be a v x v matriz of 0’s and 1’s. Then A is
the incidence matriz of a symmetric (v, k,\) design if and only if

AAT = ATA = nl+ M\

Corollary 2.10. The incidence matriz A of a symmetric design is
invertible.

Example 11. Consider a 4 x 4 board of squares. The 16 individual
squares form the points of the design. The block T is the set of all
squares in the row and the column of square j except the square j
itself. Thus every block contains 6 squares. For instance, if we label
the squares as shown in Figure 2.3, then block 7% consists of squares 3,
5, 6, 8, 11, 15. This construction forms a symmetric (16, 6,2) design.

o

Example 12. Let p = 11, and let P = Z;;. Let D be the set of
all nonzero squares mod 11, and let B be the blocks {D, 1+ D, 2+
D,---, 10 + D}, where addition is mod 11. Then these points and
blocks form a symmetric design. The nonzero squares mod p are
called the quadratic residues mod p. >

In Section 2.2 we saw relations among the parameters for ¢-
designs. The following theorem shows how the parameters of a sym-
metric design are related.

Theorem 2.11. For a symmetric (v, k,\) design, (v—1)\ = k(k—1).

%Some authors define symmetric designs as special 2-designs, which would ex-
clude what we call trivial symmetric designs. We retain trivial designs because they
correspond to trivial difference sets.
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13 14 15 16

Figure 2.3. Design from 4 X 4 grid in Example 11; T% is shaded

As with t-designs, we define the complement of a symmetric de-
sign to have the same point set and to have blocks defined as the
complements of the blocks in the original design.

Theorem 2.12. The complement of a symmetric (v, k,\) design is
a symmetric design with parameters (v,v — k,v — 2k + \).

The following theorem generalizes Example 12 and the Fano plane
example.

Theorem 2.13. Let p be a prime such that p =3 (mod 4), and let
P ={0,1,...,p—1}. Let D be the set of quadratic residues mod p,
and let B = {i+ D | i € P}, where addition is mod p. Then (P,B)
is a symmetric design.

We explore examples of this construction in the exercises, and
prove a more general result in Chapter 4.

A fundamental question is for which triples (v, k, A) do symmetric
(v, k, \) designs exist. A partial answer comes from the infinite family
of designs given in Theorem 2.13. We encounter other infinite families
as we study projective geometries. The general existence question
remains open.

There are many tantalizing questions about the triples of pa-
rameters for symmetric designs. According to Lander ([43], p. 44),
“For each A > 1, only finitely many symmetric (v, k, \) designs are
known.” Most nontrivial symmetric designs have v < A2(A+2). The
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only known exceptions are designs that have parameters (37,9,2),
(56,11,2), (79,13,2), and (71,15,3).  For each prime power A, Lan-
der gives a symmetric design that attains the bound v = A?(\ + 2).

Exercises
24. Show that Example 11 is a symmetric (16, 6,2) design. ®

25. Show that Example 12 is a symmetric design and give its param-
eters.

26. Prove Theorem 2.11. Then compare this result with Corol-
lary 2.3.

27. Prove Theorem 2.12: the complement of a symmetric (v, k, \)
design is a symmetric design. FExplain why the parameters of the
complement design are (v,v — k,v — 2k + \).

28. Using the construction in Theorem 2.13, what is the set D in
Z19? What are the parameters for the symmetric design?

29. Show that the construction in Theorem 2.13 with p = 5 does not
give a symmetric design. What goes wrong?

30. Nontrivial symmetric designs as 2-designs

(a) Which of the six axioms in the definition of a symmetric
design are needed to make the structure a 2-design?

(b) Assume that an incidence structure is a 2-design with equal
numbers of points and blocks. Prove that r, the number of
blocks incident with a particular point, is equal to k.

31. Prove Corollary 2.10 as follows. Parts (b—d) assume a symmetric
design with parameters (v, k, A) and incidence matrix A.

(a) Let B be a v x v matrix with B = al + bJ. Show that
detB = (a + vb)a®~! by finding v — 1 linearly independent
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eigenvectors for B with eigenvalue ¢ and one independent
of these with eigenvalue a + vb.

(b) Show that det(nl + \J) = k?n"~1 £ 0.
(c) Explain why AAT = nl + \J.
(d) Prove that A is invertible.

32. Assume an incidence structure obeys axioms (i)—(iv) of a sym-
metric design, and let A be the incidence matrix for this structure.

(a) Show that AJ = JA.
(b) Assume axiom (vi) and deduce axiom (v). ®

(¢) Assume axiom (v) and deduce axiom (vi).

2.5. Projective geometry

We return in this section to geometries—this time to projective geom-
etries—to look for examples of symmetric designs. As with the affine
planes of Section 3, we look first at the axiomatic definition of a
projective plane. We then construct a coordinatized projective plane
PG(2,q) starting with a vector space over GF(q). We also study
projective geometries of dimension higher than two.

Definition. A projective plane is a non-empty set P of points and a
non-empty set L of subsets of P called lines, so that

P1. Each pair of points is in a unique line.
P2. Each pair of lines intersects.

P3. Each line contains at least three points; the plane contains
at least two lines.

Note that the parallel postulate from the definition of an affine
plane is replaced by axiom P2 stating that any two lines intersect.
Combining axioms P1 and P2 shows that any two lines intersect in
exactly one point. From the axioms it is also possible to prove that
each point is incident with at least three lines, and that the plane
contains at least two points. An important property that comes from
these axioms is that any true statement that can be derived from these
axioms about points and lines remains true if the words “points” and
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“lines” are interchanged. This is known as the property of duality.
We see this in the next theorem.

As with finite affine planes, the axioms for a projective plane give
us enough information to prove that each line in a finite projective
plane must have the same number of points. We can also prove other
numerical results, as summarized in this theorem. (See [6], p. 4.)

Theorem 2.14. Let (P, L) be a finite projective plane. Then for
some integer n > 2

(i) Each line has n+ 1 points.

(i) Fach point is incident with n + 1 lines.
(iii) There are n®> +n + 1 points.
(iv) There are n® +mn + 1 lines.

The number n is called the order of the projective plane. The

smallest finite projective plane is the order-2 Fano plane, with seven
points and seven lines, each line containing three points. (See Fig-
ure 1.2 on page 5.)

So far we have talked about the synthetic approach. Just as we
did with affine planes, we now restrict our attention to the class of
coordinatized projective planes that are constructed starting with a
vector space—in this case, a 3-dimensional vector space F3. Before

we look at this construction in general, we introduce it using the field
R.

Example 13. Let F = R and let V = R3, the familiar 3-space. The
1-spaces in V are the ordinary lines through the origin, and these will
be our “points”. The 2-spaces are the ordinary planes through the
origin, and these will be our “lines”. Then two l-spaces (“points”)
span a unique 2-space (“line”). Two 2-spaces (“lines”) meet in a
1-space (“point”). o

Theorem 2.15. Let F be a field and let V' be a vector space of di-
mension three over F. Let P be the collection of 1-spaces of V, and
let L be the collection of 2-spaces of V.. Then (P, L) is a projective
plane.
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A projective plane constructed in this fashion is denoted PG(2, F).
When F has ¢ elements, we write PG(2, q).

Example 14. The finite projective plane PG(2,3) is constructed
starting with the vector space V = (Z3)®. There are 3% — 1 = 26
nonzero vectors, with (z1,22,23) and 2(x1,z2,23) in the same 1-
space (together with the zero vector). So there are 26/2 projective
points. o

We can define coordinates for PG(2,F) and use analytical tech-
niques to study these geometries. Clearly we cannot simply label a
projective point with the components of a single vector in the related
1-space, since that would give several labels for one point. But since
all the nonzero vectors in a l-space are nonzero multiples of each
other, we do something quite close to this.

On the set of nonzero ordered triples (z,y,2) € F*\ (0,0,0)
we define an equivalence relation (x,y,z) ~ (2/,y/,2) if and only
if (2',y,2") = s(x,y,z) for some nonzero scalar s. We use square
brackets for the equivalence class [z,y, z] of all triples equivalent to
(x,y,2), and we use these equivalence classes to label the projective
points.

Any 2-space of V' can be described as the solution set of a linear
equation az + by + cz = 0 with a, b, and ¢ not all 0. Given this, the
projective line identified with this 2-space can be described as the set
of projective points [z, y, z] so that ax+by+cz = 0. We note that any
vector equivalent to (a, b, ¢) gives the same projective line. So we use
an equivalence class [a, b, ¢] to describe a particular projective line.
We thus naturally call PG(2,F) the coordinatized projective plane .

Example 15. Consider the projective plane PG(2,3). The points
[2,1,0] and [1,0, 1] are different since (2,1,0) ¢ (1,0,1). Given this,
there must be a projective line through these points. This line must
have coordinates [a, b, ¢] so that 2a+b =0 and a+ ¢ =0 in Z3. If we
choose a = 1, then b = —2 = 1 and ¢ = —1 = 2. Other choices for a
will give other triples in the equivalence class [1,1,2]. o

Projective spaces of higher dimensions. If we increase the di-
mension, there is enough room in projective space for lines that do
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not intersect. In the definition of a projective space we replace axiom
P2 with one that basically says any two lines in a planar subspace
must intersect.

Definition. A projective space is a non-empty set P of points and a
non-empty set £ of subsets of P called lines, so that

P1. Each pair of points is in a unique line. (We write (A, B)
for the unique line on points A and B.)

P2’. (The Pasch Axiom) If A, B, C, and D are distinct points
such that there is a point E in the intersection of lines
(A, B) and ¢(C, D), then there is a point F' in the inter-
section of lines ¢(A, C) and ¢(B, D).

P3’. Each line contains at least three points; the projective space
contains at least two lines.

Extending our construction to projective spaces of higher dimen-
sions, we construct PG(d, q) starting with the vector space V = Fd+!
for IF the field GF'(g). Again, the points of the projective space are the
1-spaces of V; the lines are the 2-spaces; the planes are the 3-spaces;
and so forth.

In a finite projective space of dimension greater than two, there
are not equal numbers of points and lines, so we cannot find a sym-
metric design using the lines as blocks. However there are equal num-
bers of 1-spaces and d-spaces in V = F¢t!l. We call these d-spaces
hyperplanes, and we have the following theorem.

Theorem 2.16. Let F = GF(q) and let V be a (d + 1)-dimensional
vector space over F for d > 2. Let P be the set of 1-spaces of V', and
let B be the set of hyperplanes. Then (P,B) is a symmetric design
with parameters

qd+1_1 _qd—l _qd—l_l

= k _— A ——
Ty q—1’ q—1

Proof. We leave for the exercises the verification that v is the number

of 1-spaces in V. Now we count the number of hyperplanes.” To

"It is true that the 1-spaces and hyperplanes of a finite-dimensional vector space
are in a one-to-one correspondence. (See A.4.) For vector spaces over a finite field, a
direct count of the hyperplanes is interesting.
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begin, we count the number of ways to choose d linearly independent
vectors in V. There are ¢g¢+!
Then there are ¢?*' —¢ choices for a second vector independent of the
first. Similarly there are ¢¢+! — ¢ ways to choose a third vector not
in the span of the first two. Proceeding in this way, the total number
of choices is

(@ =D =) (@™ = ?) . (T =),

But a hyperplane has many bases. The number of bases of a
fixed hyperplane (d-space) is (¢ — 1)(¢? — ¢)(q? — ¢*) ... (¢% — ¢%71).
Therefore the number of hyperplanes is

(qd+1 _ 1)(qd+1 _ q)(qd+1 _ q2) o (qd+1 _ qd—l)
(¢ =)@ = )¢’ —¢?) ... (¢* = ¢*71)
Factor a ¢ from all but the first binomial in the numerator for a

— 1 choices for the first nonzero vector.

leading factor of ¢%~'. Now factoring ¢?~' from the last binomial in
the denominator gives:

¢ (g™ -1’ -1’ —q)...(¢"—¢"?)
g = 1)@ = a)(@ —¢*) ... (¢" — ¢ 2)(g - 1)
Cancel factors in common to get:
d+1 _ 1

q
qg—1
We leave for the exercises the proof that k is also the number of
1-spaces in a hyperplane.

Next we show that the number r of hyperplanes containing a 1-
space is independent of the particular 1-space. Suppose u,w € V are
two nonzero vectors. We can define an invertible linear transformation
T:V — V with T(u) = w. Then T permutes the hyperplanes of V,
so H is a hyperplane containing u if and only if T'(H) is a hyperplane
of V' containing w.

Finally, two hyperplanes meet in \ 1-spaces. O

Exercises

33. Let F = GF(5)

(a) How many nonzero vectors are there in F3?
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(b) Explain how to calculate the number of points and lines in
PG(2,5).

34. Prove Theorem 2.15. Be sure to verify axiom P3 in the finite
case.

35. What goes wrong with the construction in Theorem 2.15 if we
start with V' = Z3?

36. Consider the projective plane PG(2,5).
(a) Let [0,1,3] and [2,1,1] be two projective points. Find the
coordinates for the line through these points. ®

(b) Let [0,1,3] and [2,1,1] be two projective lines. Find the co-
ordinates for the point in the intersection of these two lines.

(c) Write a general statement about the principal of duality that
you see in parts (a) and (b).

37. Let V = Z%, the vector space of dimension 4 over Zs. Find
an equation for the hyperplane (here, a 3-space) containing vectors
(1,0,0,0), (0,1,0,0), and (1,1,1,1).

38. Consider the projective space PG(3,5).
(a) Find the numbers of points, lines, and planes in this projec-
tive space.

(b) Show that the incidence structure with P the set of projec-
tive points and B the set of projective planes is a symmetric
design. Find its parameters.

39. Complete the proof of Theorem 2.16 as follows:

(a) Show that v is the number of 1-spaces in V.

(b) Show that k is the number of 1-spaces in a hyperplane of V.

(c¢) Explain why r = k.

(d) Fix two hyperplanes. Show that A is the number of 1-spaces
in the intersection of the hyperplanes.
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Coda

Design theory is mathematically rich and very useful. It belongs to
combinatorics and is strongly linked to geometry and algebra. Designs
arose in statistics as designs of experiments (and this statistical origin
shows in the standard notation v for the number of points in a design).
A statistics text that highlights designs is [14]; it is very applied but
also imbued with the spirit of abstract designs. Another important
application of designs is to coding theory. See for example [12]. Also
see the section on codes in Chapter 13.

The treatment of designs in this chapter is somewhat more gen-
eral than required for our study of difference sets, but we wanted to
place the designs we need in a wider context. Our main focus is on
symmetric designs because they are intimately connected to difference
sets in finite groups. Chapter 3 introduces groups via automorphisms
of designs, and Chapter 4 makes the explicit link between symmetric
designs and difference sets.

Finite geometries often play a key role in constructions of dif-
ference sets. Here we have treated affine and projective geometries
in two parallel sections (forgive the pun). In each section, we begin
synthetically, with a list of axioms. Adding the assumption of finite-
ness to the axioms determines many parameters of the geometry. We
then narrow our focus to the coordinatized geometries, since these
are most useful to us.
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Automorphisms of
Designs

In Section 2.1 we defined two incidence structures to be isomorphic
if there is a way to map the points of one to the points of the other
that preserves the blocks. We want to extend the notion of permuting
points and blocks of a design by discussing more formally the group
of automorphisms of a symmetric design. Before we do that, we need
the concept of a group acting on a set.

3.1. Group actions

Many examples of groups arise naturally as sets of functions mapping
a set X to itself. We have groups of invertible linear transformations
V' — V for some vector space V; or symmetries of polygons thought
of as groups of invertible functions R? — R?; or subgroups of S(X),
the symmetric group consisting of all permutations of a set X. It is
useful to be able to regard an abstract group G as a set of functions
X — X for a suitably chosen set X of “objects.” More formally:

Definition. Let G be a group and X a set. We say that G acts on X
if there is a function F': G x X — X with the following properties.

(i) The identity 1¢ of G satisfies F(1g,x) = x for all x in X.
(ii) For all g,h € G and = € X, F(gh,z) = F(g, F(h,x)).
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You can think of the preceding definition as the bare minimum
of what is required for elements of a group G to act on a set in a way
that respects the structure of G. This minimum actually suffices to
give the following theorem.

Theorem 3.1. Let G be a group acting on a set X wvia the function
F:GxX —=X. Forge G andx € X, write mg(x) = F(g,x). Then
mq 15 a permutation of X and g — w4 is a homomorphism from G to

S(X).!

The following three examples show groups acting on sets of ob-
jects. In the second and third, the group acts on itself.

Example 1. Let G be the group of the 24 rotation symmetries of
a cube, and let X be the set of eight vertices. Then each g € G
permutes the set X and the identity of G fixes each vertex. Further,
for any g,h € G, mg(mp(2)) = mgn(x). Alternatively we might let X
be the set of 12 edges and view each g € G as a permutation of these
edges. o

Example 2. Let GG be a group. We define a group action on the set
of elements of G by left multiplication. If g € G, then multiplication
on the left by ¢ permutes the elements of G with 7,(h)=gh. o

Example 3. As with Example 2 we define a group action with G
acting upon itself, though in this example the action is conjugation.
Let g € G. Then for all h € G, m, maps h to ghg~'. Notice that the
mg are homomorphisms of G. (This is not true in Example 2.) o

We need some terminology to describe how G acts on X:

Definition. Let G be a group acting on the set X. Define an equiv-
alence relation on X by z ~ y if y = my(z) for some g € G. The
equivalence classes are called the orbits of G on X. For x € X the
orbit of # under G, denoted orbg(z), is the equivalence class con-
taining z. The subset stabg(z) = {g € G | 7y,(z) = x} is called the
stabilizer of x.

I This is called a permutation representation of the group G, and is closely allied
to the linear representations in Chapter 10.



3.1. Group actions 39

In Example 1, if we let X be the set of 8 vertices of the cube then
the orbit of any one vertex is all of X. The stabilizer of any vertex
is the set of all 3 rotations of the cube about an axis through that
vertex and the one diagonally opposite. Suppose instead we let X be
the set of (2) = 28 pairs of vertices and choose for x a pair of vertices
connected by an edge of the cube. Then the orbit of x consists of the
12 pairs of vertices determined by the 12 edges. The stabilizer of x
consists of the 2 rotations about an axis through the midpoints of the
edge determined by x and the opposite edge. The numbers in these
examples might lead you to conjecture the following theorem. The
proof depends on the fact that stabg(z) is a subgroup of G.

Theorem 3.2. (Orbit-stabilizer theorem) Assume the finite group G
acts on a set X, and let x € X. Then |G| = |stabg ()| |orbg (x)].

When we turn our attention to groups acting on symmetric de-
signs, we need some additional language.

Definition. If there is only one orbit of G on X, we say G acts
transitively on X. Further, G acts regularly on X if G acts transi-
tively on X and the stabilizer stabg(z) = {1g} for all z € X. (When
this happens, if G is finite then |G| = | X|.)

In Example 1, if we let X be the set of vertices of the cube then
G acts transitively on X. But G does not act regularly on X since
there are three rotation symmetries that take any vertex to itself. On
the other hand, if we let X be the set of pairs of vertices, then G does
not act transitively on X. In Example 2 the action of G on itself is
regular.? In Example 3, if G is nontrivial, the action is not transitive.
(What is the orbit of 157)

In the next section we need one more result about orbits of a
group acting on a set, often called Burnside’s Lemma.? The proof is
found in many abstract algebra texts, for example the one by Gallian
[23].

2This is the left regular representation of G discussed in Chapter 10. It gets its
name from acting “regularly” on the elements of G.

3Lander [43] calls this the Cauchy-Frobenius lemma; other texts call it Burnside’s
Theorem or the Polya-Burnside Lemma.



40 3. Automorphisms of Designs

Lemma 3.3. (Burnside’s Lemma) Assume the group G acts on a
set X. For g € G, let Fix(g) be the set of elements of X fized by m,.
Then

1
Number of orbits of G on X = @ Z ‘ Fix(g)’.
geG

Exercises
1. Prove Theorem 3.1.

2. Let G be the dihedral group of order 8, and let G act on itself by
conjugation. Find the G-orbits. ®

3. Let G be a group acting on a set X, and consider the relation on
X defined by = ~ y if y = 7w (x) for some g € G. Prove that this is
an equivalence relation.

4. Prove Theorem 3.2. ®

The next two exercises revisit some theorems you may have seen
in abstract algebra.

5. Cayley’s theorem says that every group G is isomorphic to a sub-
group of S(G). Use Example 2 to prove Cayley’s theorem.

6. Prove the following statements:

(a) A group G is partitioned into its conjugacy classes.

(b) For any a € G, the size of the conjugacy class of a in G is
the index in G of the subgroup Cq(a) = {g € G| ga = ag},
the centralizer of a.

3.2. Automorphisms of symmetric designs

We now look specifically at groups acting on the points and simulta-
neously on the blocks of a symmetric design.

Definition. Let D be a symmetric design with point set P and block
set B. An automorphism of D is a permutation of P that preserves
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the set of blocks. Consequently the automorphism also acts as a
permutation of B.

Theorem 3.4. The set of all automorphisms of a symmetric design
is a group under the operation of composition of functions. This is
called the group of automorphisms of the design.

Example 4. An example that is easy to picture is the automorphism
of the Fano plane in Figure 3.1 that rotates the figure 120 degrees
counterclockwise.

Figure 3.1. The Fano plane

The permutations on the points and on the blocks are

(0)(146)(235) on points
(52)(61 53 65)(&) 64 66) on blocks

where (1 = 124, 0, = 235, 3 = 346, , = 450, {5 = 561, (5 =
602, £y = 013. o

In our example the cycle structures of the permutation of the
points and the permutation of the blocks are the same. This is no
accident. For any automorphism of a symmetric design, the cycle
structures of the corresponding permutations of the points and blocks
are always the same ([43], p. 78). For our purposes the important
link between these two permutations is Corollary 3.7. This result is
vital to our work on difference sets in Chapters 4, 6, and 8.
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The first theorem below concerns the numbers of fixed points for
the permutations of the points and blocks caused by an automor-
phism.

Theorem 3.5. An automorphism of a symmetric design fizes the
same number of blocks as points.

Proof. Let A be the incidence matrix of the symmetric design. Let
Q@ be a permutation matrix that permutes the points according to the
automorphism. Then AQ is the incidence matrix for the symmetric
design but with the points permuted. Since an automorphism of a
block design is a permutation of the points of the design that permutes
the blocks, there is a permutation matrix P so that PA = AQ.

Corollary 2.10 tells us that A is invertible. So P = AQA~!, making
P and @ similar. Therefore P and @) have the same trace. Since the
trace of a permutation matrix is the number of objects fixed by that
permutation, we have our result. O

The next theorem and its corollary compare the actions of a group
of automorphisms of a design on the point set and on the block set.
The proof requires Burnside’s Lemma 3.3.

Theorem 3.6. A group of automorphisms of a symmetric design
has as many orbits on points as it does on blocks. In particular, it is
transitive on points if and only if it is transitive on blocks.

Proof. From Theorem 3.5 we know that an automorphism of a sym-
metric design D fixes the same number of points as blocks. In other
words, the value of |Fix(g)| is the same for X = P as for X = B.
Now apply Burnside’s Lemma with G the group of automorphisms to
see that the number of orbits of G on P is the same as the number
of orbits of G on B. ]

The following corollary pulls together the information in Theo-
rems 3.5 and 3.6 and is the key result referred to above.

Corollary 3.7. Let D be a symmetric design with point set P and
block set B, and let G be a group of automorphisms of D. Then G
acts reqularly on P if and only if G acts reqularly on B.
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Exercises

7. In Example 4 consider the automorphism of the Fano plane that
reflects our figure about the vertical line of symmetry. Write in cycle
form the resulting permutations on the set of points and the set of

lines. ®

8. What is the full group of automorphisms of the Fano plane? (&)
9. Prove Theorem 3.4.

10. Prove Corollary 3.7.

Coda

There are two important ideas in this chapter: the general concept of
a group acting on an arbitrary set, and the specific case of a group
of automorphisms of a symmetric design. An automorphism of a
symmetric design is a permutation of its points and of its blocks that
“preserves its structure.” By saying a mapping preserves the structure
of the design we mean that if a point P belongs to a block B of the
design, then the image of P under the mapping belongs to the image
of B.

The concept of a group G acting on a set X as a set of mappings
X — X is a major theme in group theory. If the set X has additional
structure—whether algebraic or geometric or physical—we may re-
strict attention to group actions that preserve the structure. Thus
group actions can lead to a host of applications by using symmetry
groups to analyze such things as crystals or atoms or networks. Group
actions also supply a unifying thread in proofs of major results about
groups, such as Cayley’s theorem, the Sylow theorems, and the class
equation.

Automorphisms of a symmetric design provide the link to differ-
ence sets. As we prove in Chapter 4, a group acts regularly on the
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points and on the blocks of a symmetric (v, k, \) design if and only if
the group contains a (v, k, \)-difference set.



Chapter 4

Introducing Difference
Sets

As we noted in Chapter 1, many authors trace difference sets to the
1938 paper of Singer ([62]). Although Singer does formulate the defi-
nition of a difference set, his main theorem is about an automorphism
of a design. Singer also frames the theorem’s important consequences
as descriptions of the points and blocks of the design. The systematic
study of difference sets themselves goes back at least to Hall’s work in
the late 1940’s. Ideas from combinatorics, geometry and algebra were
ingredients in all of these early papers. The use of algebraic methods
has grown steadily as the subject has developed.

In this chapter we introduce difference sets and some of the math-
ematical tools used to construct them and to explore their properties.
We begin in Section 1 with the definition and examples. We describe
in Section 2 how a difference set can be used to produce a symmetric
design and thus how it provides a compact description of the design
it yields. An important algebraic tool for the study of difference sets
is the integral group ring, the topic of Section 3. Finally, in Section 4
we define what it means for two difference sets to be equivalent.
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4.1. Definition and examples

Throughout, we restrict our attention to finite groups. If GG is a cyclic
group of order v, we will usually identify G with Z,, = {0,1,...,v—1},
the group of integers under addition modulo v. (Later we use Z,, to
denote the ring of integers modulo m, relying on context to make
clear whether Z,, refers to the group or the ring.)

Difference sets were first defined in abelian groups in which the
operation is written as addition and the identity is denoted by zero.
A difference set D is a non-empty proper subset of a group G with
the property that every nonzero element in G can be expressed in
exactly the same number of ways as the difference of two elements in
D. Another way to say this is to consider the multiset of differences

A:{dl—dgldl,dg e D,d; #dg}

Then D is a difference set if every nonzero element of G appears the
same number of times in A.

It is usual to use multiplication as a generic group operation, and
to write 1, or sometimes 1¢, for the identity. (This is particularly
useful for the study of difference sets because the symbol for addition
is then available for another purpose, as in Section 3.) In the language
of multiplicative groups, subtraction becomes multiplication by the
inverse. So the multiset is

A={ddy" |di,ds € D,dy #d> },
and we write the definition as follows.
Definition. A difference set D in a group G is a non-empty proper
subset! of G such that any non-identity element of G' can be written

in exactly A\ ways as d;dy ! where d, and dy are in D. We say the
difference set is cyclic or abelian if G is.

We freely apply this definition to groups written additively, and
use the term “difference” when we talk about d;d,"'. However, we
usually use multiplicative notation when speaking generally about

'Some authors include () and G as trivial difference sets. In his definition ([43],
p. 120) Lander requires |D| > A, which we shall see is equivalent to our restriction.
Notice that A can be zero in one of our trivial cases, as Example 1 shows.
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difference sets. (By Theorem 4.9, it doesn’t matter, even in non-
abelian groups, whether we define the multiplicative “difference” by
dydy " as above or with the inverse on the other side, as dfldz.)

The following example shows that every finite group with at least
two elements contains certain difference sets.

Example 1. Let G be a finite group and g € G. If G contains at
least two elements, then {g} and G \ {g} are difference sets. These
are called trivial difference sets. o

The next two examples are cyclic difference sets. They are mem-
bers of families of difference sets introduced later in this section.

Example 2. In the (additive) group Zi;, D = {1, 3,4,5,9}, the set

of nonzero squares in Zi1, is a difference set. o
Example 3. In the (additive) group Zy5, D = {0,1,2,4,5,8,10} is
a difference set. o

Just as with designs, important parameters are associated with
difference sets. We use the following letters to denote these parame-

ters:
v = |G ‘7
k = |D |’
A = the number of ways a non-identity element of G can
be represented as a difference of two elements in D,
n = k — Xis known as the order of the difference set.

We write that D is a (v, k, A)-difference set. In the next section we
describe the connection to designs that this notation suggests. Of
course, the difference set parameters are related to each other. Notice
that 0 < k < v together with the relation in the following theorem
implies that A < k, so the order of a difference set is a positive integer.

Theorem 4.1. Let D C G be a (v, k, \)-difference set. Then
k(k—1) = Xv —1). Equivalently, n = k* — v\.

The next example is taken from Lander ([43], p. 123), who rightly
describes it as “elegant.” It is a member of a family of difference
sets first studied by Menon in 1962 ([55]). (We study this family of
difference sets in Chapter 9.)
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Example 4. The following elements of the additive group Zg & Zg
form a (36, 15, 6)-difference set:

(L) (2,2) (3,3) (44) (55)
(0,1) (0,2) (0,3) (0,4) (0,5)
3,0 5,0

(1,0) (2,00 3,0) (40) (50). °

So far we have looked exclusively at difference sets in abelian
groups. Any finite abelian group is isomorphic to a direct product?
of cyclic groups Z,,. Non-abelian groups cannot be characterized as
simply. However, any finite group can be defined by specifying the
elements that generate the group and the fundamental relations the
generators satisfy.

Definition. A group presentation for the group G is a minimal set
S of elements that generate GG and a set R of relations that determine
how these elements interact. We write G = (S| R).

If G is the cyclic group of order 7, we write G = (a | a” = 1). All
other relations among elements of G are consequences of a” = 1. If G
is the abelian group of order 10, it must be cyclic and can be presented
with one generator: G = (a | a’® = 1). It may also be presented with
two generators of orders 5 and 2, and with an additional relation that
shows the two generators commute: G = (b,c | b% = ¢? = 1, bc = cb).

Definition. The dihedral group of order 2m, which we denote® D,,,
can be presented with two generators: a of order m, and b of order 2.
A third relation shows how the two generators interact

Dy, = {a,b|a™ =b*=1, ba = a~'b).

The third relation is also frequently written bab~' = a~'. In words,
conjugation by b maps a to its inverse.

You may expect that, after the definition of the dihedral groups,
the next order of business ought to be an example of a difference set in

2We could say sum instead of product. Indeed, we will usually write G1 & G2
when the group operations are written additively and G1 X G2 when they are written
multiplicatively. Other authors, for example Gallian, write Gy @& G2 for the external
direct sum/product of groups G1 and G and H; X Hs for the internal direct product
of normal subgroups Hi, Hy of some group G.

3Some authors use Da,, to denote the dihedral group of order 2m.
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a dihedral group. We have none to offer. Indeed, it is conjectured that
a difference set cannot exist in a dihedral group. However, difference
sets do exist in non-abelian groups, as the next example shows. It
is from Kibler’s very useful catalog of non-cyclic difference sets with
k < 20 [40].

Example 5. Let G = (a,b | a” = b® = 1, ba = a?b). Then the set
D ={1,a,a3,b,a®b?} is a (21,5, 1)-difference set in G. o

Once we find a difference set, we can find several other related
difference sets. The following theorem gives us some of them.

Theorem 4.2. Let D C G be a (v, k, \)-difference set.
(i) For g € G, both gD and Dg are (v, k, \)-difference sets.

(ii) Let o be an automorphism of G. Then a(D) is a (v, k,\)-
difference set.

When G is written additively, the difference sets in (i) are written
g+ D and D + g, which motivates calling these new difference sets
(in either notation) translates or shifts of D. Sometimes we refer to
the element g as the offset of the translate g + D.

Various infinite families of difference sets are known to exist. The
first family we describe consists of the nonzero squares (quadratic
residues) in Z, when p = 3 (mod 4). In fact, the next theorem shows
that this example can be generalized to nonzero squares in the finite
field GF(q) where ¢, the number of elements, is a power of a prime.
Its proof requires the fact that the element —1 in the field GF(q) is
a square if and only if ¢ = 1 (mod 4). (See A.17.) The difference sets
in Theorem 4.3 are often called Paley difference sets.

Theorem 4.3. Let g be a power of a prime, ¢q = 3(mod 4), and
let G be the (additive) group of the finite field GF(q). Let D be the
set of nonzero squares in GF(q). Then D is a difference set with

parameters (q, (¢ —1)/2, (¢ — 3)/4).

Proof. Notice that while we use multiplication to determine the el-
ements of D, the group operation is addition. The set D of nonzero
squares is a subgroup of the multiplicative group GF(q)

* of nonzero
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elements, and the map a +— a? is a group homomorphism from G F(q)*
onto D with kernel {+1,—1}. Since ¢ is odd, +1 # —1. Therefore
|ID| = (¢ — 1)/2. We also note that ¢ = 3 (mod 4) implies —1 is a
non-square, and therefore a € GF(q)* is a square if and only if —a is
a non-square.

Now we show D is a difference set. Choose a € GF(q), a # 0.
First consider the case when a is a square. Observe that for s € D

a=d—d withd,d € D < sa=sd— sd with sd,sd € D.

This tells us that every nonzero square appears exactly the same
number of times in the multiset A = {d—d' | d,d’ € D,d # d'}. Next
we consider the case when a is a non-square. Note that —a is thus a
square. Note also that

a=d—d withd,d €D < —a=d —dwithd,d €D.

This tells us that every non-square appears exactly the same number
of times in A as every square does. Finally, we can find the value of
A by solving k(k—1) = A(v—1) for \. Since v =g and k= (¢—1)/2,
we obtain A = (¢ — 3)/4. O

In the proof we used ¢ = 3 (mod 4) to conclude —1 is a non-
square. Also notice that since A is an integer, A = (¢ — 3)/4 only
makes sense when ¢ = 3 (mod 4).

Two other families of difference sets can be constructed in some
groups Z, using fourth powers (quartic residues). We state the theo-
rems here without proof.*

Theorem 4.4. Let p be a prime of the form p = 4x%+ 1, where x is
an odd integer, and let G = Z,. Then the set D of all nonzero fourth
powers of elements in G is a difference set.

Theorem 4.5. Let p be a prime of the form p = 422 +9, where x is
an odd integer, and let G = Z,. Then the set D of all fourth powers
of elements in G including 0 is a difference set.

4Proofs of Theorems 4.4 and 4.5 are given by Lehmer in [44] and depend upon
her lemma which appears in this text as Lemma 9.6. (See [8], p. 357.)
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The last family of difference sets we introduce here is the family
of twin prime difference sets. Twin primes are primes that differ by
2. The smallest example is the pair {3,5}. The difference set in
Zis = Z3 @ Zs in Example 3 is the smallest in the family of “twin
prime” difference sets. The following theorem describes a general
procedure for constructing difference sets in G = Z, ® Zp, 2 when p
and p 4+ 2 are primes. A more general version is Theorem 9.4, where
the proof is given.

Theorem 4.6. Let G = Z,, ® Z,42 where p and p + 2 are primes.
Let D be the subset of G consisting of elements (a,b) such that one
of the following statements is true:

b=0,
a and b are both nonzero squares in their respective fields,
a and b are both non-squares in their respective fields.

Then D is a difference set.

Exercises

1. Verify the following examples in this section, and determine the
parameters for each difference set.

(a
(b
(c
(d

Example 1.
Example 2.
Example 3.

D I

Example 4.

2. Let D = {1,2,4} C Z¢, and show that D = {0,3,5,6} is a
difference set in Z7;. What are its parameters? (In Section 3 we will
prove that the complement of a difference set is always a difference
set.)

3. This exercise concerns the parameters v, k, A of a difference set.

(a) Prove Theorem 4.1. ®
(b) Deduce that 0 < k < v implies A < k.
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(¢) Can it happen that a difference set consists of exactly half
the elements of a group? If so, under what circumstances?

(d) Show that if £ < v/2 then A < n. ®

4. Prove Theorem 4.2.

5. In the dihedral group Dg every element may be written in standard
form a’/ where 0 < i < 7and 0 < j < 1. Write (a®b)(a?) in standard
form.

6. In the group G' = (a,b | a” = b3 = 1, ba = a?b), each element can
be written in standard form a*¥’ where 0 < i < 6 and 0 < 7 <2
What is the order of G? Write ba® and (a®b?)~! in standard form.

7. The following is not a consistent presentation for a group:
{a,b]a” =b® =1, ba = a®b). Explain why.

8. What restrictions on j are necessary for the relations in the pre-
sentation (a,b | a” = b® = 1,ba = a’b) to be consistent? Justify your
answer. ®

9. Similar difference sets in two different groups.
(a) Let G = (a,b|a” =b3 =1, ab= ba) and let
D = {a,a? a*,b,b?}. Verify that D is a difference set in G.
(b) Let G' = (c,d | ¢ = d® =1, de = c2d) and let
D' = {c,c?,c* d,d*}. Verify that D’ is a difference set in
G

10. Verify Example 5.

11. Fill in the details in the proof of Theorem 4.3 as follows.

(a) Verify that D is a subgroup of GF(q)*.

(b) Verify that the mapping a — a? is a group homomorphism
from GF(q)* onto D with kernel {+1,—1}.

(c) Solve k(k —1) = AM(v — 1) for A in terms of g.
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12. This exercise introduces computation in the field GF(g) when ¢ is
not a prime. Specifically, we construct a difference set in the additive
group GF(27). We use the multiplication in GF(27) to determine
membership in our difference set. View GF(27) as Z3[z]/{p(z)) where
p(r) = 2% + 22 + 1, a cubic polynomial that is irreducible in Zsz[x].
The polynomials ax? + bx + ¢ in Z3[z] form a complete set of coset
representatives for Zsz[x]/(p(z)). Identify an element of GF(27) with
its coset representative.

(a) Show that x in GF(27) has multiplicative order 26 by ex-
pressing 23, 24, ... as quadratic polynomials in z. Represent
ax? + bx + ¢ by the triple (a, b, c).

(b) List the triples corresponding to the nonzero squares in
GF(27). (This is the (27,13, 6)-difference set promised in
Theorem 4.3.)

13. Use Theorems 4.4 and 4.5 to find difference sets in Zs; and
Z13. In each theorem, what are the parameters of the difference sets
constructed from the fourth powers of elements in Z, in terms of the
prime p?

14. Using Theorem 4.6, construct a twin primes difference set in
Z3 @ Zs. Then using Zs @ Zs = Z15 with (1,1) mapped to generator
1, find the corresponding difference set in Zi5. Compare your results
to the difference set in Zi5 in Example 3. Using this same technique,
construct a difference set in Zss.

15. For all parts of this exercise assume G is an abelian group under
addition. Call a subset S C G normalized if ZSES s=01in G.

(a) Find a normalized difference set in Z; that is a translate of
{0,1,3}.

(b) Find a normalized difference set in Zq; that is a translate of
{1,4,6,7,8}.

(¢) Find a normalized difference set in Z,3 that is a translate of
{3,4,6,12}.
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(d) Let ¢ be a power of a prime, ¢ = 3 (mod 4), ¢ > 3, and
let G = GF(q). Let D be the set of nonzero squares in G.
Show D is normalized.

16. Assume G is an abelian group under addition. Further assume
|G| = v, D C G, |D| = k and ged(k,v) = 1. Show that D has a
unique translate that is normalized. Also show that the total number
of (v, k,\)-difference sets in G is equal to v times the number of
normalized (v, k, \)-difference sets.

4.2. Difference sets and designs

In Theorem 2.13 we stated that if p = 3 (mod 4) is a prime, and
D is the set of nonzero squares in Z, (which we now know to be a
difference set), then we have a symmetric design whose points are the
elements of Z, and whose blocks are the translates a + D as a varies
through the additive group Z,. The parameters of the design are
(p, (p—1)/2, (p— 3)/4), the same as the parameters of the difference
set. These examples are instances of a general phenomenon. We state
it in multiplicative notation where the translates have the form aD.

Definition. Given a difference set D C G, the development of D,
denoted devD, is the incidence structure whose points are the ele-
ments of G and whose blocks are the (left) translates of the difference
set

B ={aD |a€ G}.

Theorem 4.7. Let D C G be a (v, k, \)-difference set. Then devD
is a symmetric (v, k, \) design.

Proof. We refer to the numbering of the properties in the definition
of a symmetric design in Chapter 2, page 26. Clearly the number of
points of devD equals v, and the number of points per block is equal
to |D| = k, so properties (i) and (iv) hold. Because it will be useful in
verifying the other properties for a symmetric design, we next show
that for a,b € G with a # b, we have |aD NbD| = A. Fix the distinct
group elements a,b and suppose g € aD NbD. Then g = ad; = bds
for dy,dy in D if and only if a='b = dldgl. Because D is a difference
set and a~'b # 1, there are exactly \ such choices of dy, ds.
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Since we know A < k, |[aD NbD| = X tells us that distinct group
elements a and b give distinct blocks aD and bD, so the number of
blocks of devD equals v; this is property (ii). We also know that two
distinct blocks have exactly A points in common; this is property (vi).
To count the number of blocks on a point, fix ¢ € G and observe that
g € aD if and only if @ = gd~! for some d € D. Since there are k
choices for d € D, there are k choices for a and thus k choices for the
block aD on g; this is axiom (iii). From Exercise 2.32, we know that
the five properties for a symmetric design which we have verified thus
far imply property (v): that two distinct points appear together in
exactly A blocks. O

The relationship between a difference set D C G and its develop-
ment is stronger than just the fact that devD is a symmetric design.
The design also bears a special relationship to the group G. If the
group operation is written multiplicatively, we can identify each ele-
ment g € G with the function 7, :  — gx. Since left multiplication
by g takes blocks to blocks, G is a group of automorphisms of the
design devD. We will see that G acts regularly on the points and the
blocks of devD.

In fact, the relationship goes the other way too. If a group acts
regularly on the points and blocks of a symmetric design, then it
contains a difference set with the parameters of the symmetric de-
sign. Indeed, this is what Singer did in his seminal 1938 paper: he
constructed a cyclic group acting regularly on a particular symmet-
ric design, and used this to construct a difference set. The following
theorem is the formal statement.

Theorem 4.8. Let G be a finite group of order v. Then G acts reg-
ularly on the points and on the blocks of a symmetric (v,k,\) design
if and only if G contains a (v, k, \)-difference set.

Proof. First, assume G contains a (v, k, \)-difference set D. We al-
ready know devD is a symmetric (v, k, A) design. We write G multi-
plicatively, so for g € G and z a point of devD, my(x) = gz. We have
observed that G is a group of automorphisms of the design devD.
We claim G acts regularly on the points of devD. By Corollary 3.7 it
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follows that G acts regularly on the blocks of devD. (For details see
Exercise 17.)

Now assume G acts regularly on a symmetric (v, k, \) design D
with point set P and block set 5. Choose a point Py € P and a block
By € B. Because G acts transitively on P, for each P € P there
is g € G with g(Py) = P. Because only the identity fixes a point,
g must be the unique group element mapping Py to P. Identify
the point P with the group element g. Notice that Py is identified
with the identity 1g. Similarly, because G acts regularly on blocks,
for each B € B, there is a unique g € G with ¢g(By) = B. Let
D ={g € G| g(Py) € Bp}; in other words, D is the set of group
elements identified with the points in the block By.

Set up notation with By = {Py,...,P:} and D = {dy,...,d}
with P; = d;(P). Notice that if B is any block, B = ¢(By) =
{9(Py),...,9(Pr)} = {gd1(Py), ..., gdi(Py)} for a unique g € G, and
B is identified with the set of group elements in gD.

Now we show D is a (v, k, A)-difference set in G. Since By contains
k points, D contains k group elements. Choose x € G, = # lg,
and write * = h~'g for a fixed choice of ¢ # h in G. The blocks
g(Byp) and h(By) are distinct and so have exactly A points in common.
A common point corresponds to a choice of (i,j) with gd;(Py) =
hd;(Py). Because G acts regularly on points, we must have gd; = hd;
and z = h~lg= djdi_l. Conversely, writing x = djdi_1 for d;,d; € D
produces a point common to the blocks g(By) and h(By) (where, as
before, z = h~1g). Therefore x can be written in exactly A\ ways as a
“difference” d;d; ! for d;,d; € D. O

Note that implicit in the proof of Theorem 4.8 is the fact that
the symmetric design D on which G is assumed to act regularly is
equivalent to the constructed design devD, where D is the difference
set defined by means of the chosen point Py € P and the chosen block
By € B.

We have left dangling the assertion that it does not matter in our
definition of a (v, k, A)-difference set whether we write the differences
of elements of D as dyd; " or as dj 'dy. The following indirect ap-
proach to the proof of this fact is due to Bruck in [10]. A more direct
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approach, due to Bruck in the same paper, is in the exercises for the
next section. (See Exercise 29.)

Theorem 4.9. Let D be a non-empty proper subset of a finite group
G. Let v = |G| and k = |D|, and assume X is a fized integer. The
following are equivalent:

(i) If g € G, g # 1g, there are exactly \ pairs di,dy € D with

dydy' =g.
(i) If g € G, g # lg, there are exactly \ pairs di,ds € D with
ditdy = g.

Proof. Assume condition (i) holds, so D is a difference set. By The-
orem 3.7, devD is a symmetric design. In particular, two distinct
points appear together in exactly A blocks. Let g be a non-identity
element of G, and let h = 1. Then g and h lie in exactly A blocks aD.
This means that there exist di, do € D with ¢ = ads and h = ad;.
Solving for a we get a = gd;1 = hdfl. Sog=h"lg= dfldg. Thus,
every block aD that contains both ¢ and h gives a representation of
g as dfldg. So there are at least \ representations of g as dfldQ,
and this is true for every non-identity element g. We already know
k(k—1) = M(v—1), so the k(k—1) differences d; 'd, cannot represent
g more than A times.

An argument similar to the proof of Theorem 3.7 shows that
condition (ii) guarantees that the incidence structure with blocks Da
for a € G is a symmetric (v, k, A) design, and this in turn implies
condition (i). O

Exercises

17. Assume that D C G is a difference set. Identify g € G with
the function 7, : G — G, with m4(x) = gz. Complete the proof of
Theorem 4.8 by showing that:

a) Each 7, is an automorphism of the design devD.
g g

(b) G acts regularly on the points of devD.

18. Complete the proof of Theorem 4.9 by showing that condition
(ii) implies condition (i).
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19. Recall Example 2.11, the symmetric (16, 6,2) design whose points
are the 16 individual squares of a 4 x 4 grid and whose blocks consist
of the six points in the row and column of a fixed square, not including
the square itself. Label the points as indicated in Figure 4.1.

13 14 15 16

Figure 4.1. Design from 4 x 4 grid; block 7% is shaded

Let T; be the block determined by point j; for example, the block
T, ={3,5,6,8,11,15}.

(a) Show that the incidence matrix of this design is given by

M T I T
I M I I
A_IIMI
I I I M

where [ is the 4 x 4 identity matrix and

0 1
0
1
1

O = =

1
1
0
1

—_ = =

(b) Define permutations v and /3 of the 16 points by
a=(1234)(5678)(9101112)(13141516) and
B=(15913)(261014)(371115)(481216).

Explain why « and S are automorphisms of the design.
(¢) Show that aff = fa and G = («, ) 2 Zy B Zy.
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(d) Show that G = («, ) acts regularly on the points and blocks
of this design.
(e) Choose Py =1and By =T = {2,3,4,5,9,13}. What is the
corresponding set D C G as in the proof of Theorem 4.87
®
(f) Verify that D is a (16, 6, 2)-difference set in G.

4.3. Integral group ring

In this section we introduce an algebraic tool that is particularly
useful for studying finite groups and difference sets. We start with a
finite multiplicative group G. The elements of the integral group ring
ZG are formal sums of integers times group elements. For instance,
if g1, 92 € G, then 2g; — 5g5 is an element of the integral group ring.
When all the integer coefficients are non-negative we can think of an
element in ZG as a multiset of elements of G. From this point of
view, 391 + 4g2 is 3 copies of g1 and 4 copies of go. The elements of
Z@G are called formal sums since the addition of group elements is not
defined within the group; for example, g; + g2 is not a group element.
Addition and multiplication of elements in this ring are similar to
addition and multiplication of polynomials.

Definition. Let G be a finite multiplicative group. The integral
group ring ZG consists of formal sums Z agg where a, € Z. Addi-

g€G
tion and multiplication are defined as follows:

Zagg—i- Zbgg = Z(ag+by)g

geG geG geG

Sarf | (D] beg S DD apbg | b

fea@ geqG heG \ fg=h

The zero element of the ring is the sum ) , Ug having all coeffi-
cients equal to zero. Part of what we mean by calling the elements of
ZG “formal sums” is that the only way the sum Zg agg can be zero
in ZG is if ay = 0 for each g in G. We write Og = 0 for the product
of the integer 0 and the group element g, and 1g = g for 1 € Z and
g € G. To distinguish the integer 1 from the group identity in this
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setting, we write 1g for the identity in G.° It follows that ZG is a
ring with identity 1g. Further, the ring ZG is commutative if and
only if the group G is abelian.

Remark: Replacing Z by any commutative ring R with identity also
gives a ring RG with identity, and RG is commutative if and only if
G is abelian. We use the ring QG in the exercises at the end of this
section. Indeed, Theorem 4.10 below remains true in the group ring
RG provided the characteristic of R is zero ([8], p. 312).

In ZG, it A=) a,g and t is an integer, we denote by A®) the
element Y agzg'. In particular, AGD s the element Sagg~t. We
may consider any subset S of G as an element of the integral group
ring by identifying S with the formal sum ges 9- Using this notation
we can restate the condition that makes D a difference set in G.

Theorem 4.10. Let D be a non-empty proper subset of a group G
with |D| =k and |G| =v. Then D is a (v, k, \)-difference set if and
only if

DDY = k1 4+ MG —1g) = nlg + \G

holds in the integral group ring ZG.

The following theorem gives us another way to use one differ-
ence set to construct another. It parallels what we saw in Chapter 2,
namely that the complement of a symmetric design is again a sym-
metric design.

Theorem 4.11. Let D be a (v, k, \)-difference set in G.  Then its
complement D = G\ D is a difference set in G.

Remark: When the multiplicative group G is a subset of a ring, the
addition of group elements is defined in the ring, and that can be
confusing. For example, consider the group G = {1,w,w?,..., w5} C
C for w = cos(27/7) + isin(27/7). As we saw in Chapter 1, as a
sum of complex numbers 1+ w + --- + w% = 0 in C, but the “formal
sum” >"w’ is not the zero element of the ring ZG. To avoid this

5Mamy authors don’t make this distinction and write m € ZG where we write
mlc.
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possible confusion, another way to define ZG is as the set of all integer-
valued functions on G. From this point of view, the element g @99
is replaced by the function F': G — Z with F(g) = ag. Then, for the
example above, 1 +w +---+wY € ZG corresponds to the function F}
with Fi(g) =1 for all g in G, but 0 € ZG corresponds to the function
F, with Fy(g) = 0 for all g in G. The addition of elements of ZG in
this formulation is easy to describe: if Fi(g) = a4 and F(g) = by,
then (Fy + F»)(g) = ag + bg. Multiplication is more complicated to
describe: (F1Fb)(h) = }Z ) apby. Exercise 26 gives some practice
with this alternative definition. Also see the exercises on the Hall
polynomial for yet another representation of the integral group ring
for the special case of an additive group.

For now, we leave our discussion of the integral group ring here.
It will be used heavily in later chapters.

Exercises

20. Let G be a finite group.
(a) Verify that ZG is a ring with identity 1¢-.

(b) Show that the ring ZG is commutative if and only if the
group G is abelian.

21. We know that the set of nonzero squares {1, 3,4,5,9} in Z; is an
(11,5, 2)-difference set. Switch to multiplicative notation and let G be
the abelian cyclic group (a | a'' = 1), and let D = {a,a®,a*,a® a’}.
Compute GG and DD in ZG by explicitly multiplying out
the sums.

22. Let G = (a | a'! =1).
(a) Let S = {1,a,a? a* a"}. Compute SS(-1) in ZG.

(b) Let T = {1,a,a? a®,a"}. Compute TTY in ZG.

(¢) Based on your calculations above, which of S and T is a
difference set? Explain.

23. Assume S C G and s € S.
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(a) Calculating in the integral group ring ZG, find SG, and
GS. ®

(b) What element of ZG corresponds to G\ S?
(c) Let A, B € ZG. Explain why (A + B)("Y = A1 4 p(=1),
(d) Explain why G-V = G.

24. Prove Theorem 4.10.

25. Use the integral group ring ZG to prove Theorem 4.11 and find
the parameters of the difference set D = G'\ D.

26. In this exercise you will explore the alternative definition of ZG
as the set of all integer-valued functions on G. From this point of
view, the element > g9 18 replaced by the function F': G — Z with
F(g) = aq.
(a) Let G = (a,b|a® = b? = 1g,ab = ba). What is the function
F : G — 7Z associated with the sum 3a — 5b + ab in ZG?
(b) Continue with G as in part (a). What is the element in
ZG associated with the function F for which Fy(1lg) = 2,
Fg(a) = 0, Fg(b) = 7, Fg(ab) = —47
(¢) What is the sum function F;+F5 on G? What is the product
function F}F5?
(d) Let H = (a|a* = 1g). What function F : H — Z is
associated with the formal sum a + a® in ZH?
(e) Let K = {1,i,—1,—i} C C*. What function F' : K — Z is
associated with the formal sum ¢ + (—4) in ZK? What is
the value of the “actual” sum i 4 (—i) in C?

The next two exercises involve computations in the more general
ring QG. They are needed for Bruck’s direct proof that it does not
matter in the definition of a difference set whether we write inverses
on the left or on the right. (See Exercise 29.)

27. Show that x,y € Q implies that z1g + yG commutes with all
elements of QG.
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28. Suppose A and B are elements of the group ring QG. Show that
AB = 1 implies BA = 14. ®

29. This result is from ([10], p. 468). Let D be a non-empty proper
subset of a group G and assume that the equation DDV = nlg+AG
holds in the integral group ring ZG. Write C = nlg + AG.

(a) Show that there is an element C’ € QG of the form alg +
b @G satisfying C'C' = CC' = 1g; in other words C' is an
invertible element of the ring QG.

(b) Show that D is invertible in QG.

(¢c) Show that D and D~ commute. This, along with Theo-
rem 4.10, gives a direct proof that conditions (i) and (ii) in
Theorem 4.9 are equivalent.

The next three exercises introduce the use of polynomials as an
alternative representation of elements of ZG for G' an additive group.
This representation leads to an alternative characterization of a dif-
ference set D in (G. Hall used this strategy in his work on difference
sets and it can also be found in his influential book Combinatorial
Theory [28]. The polynomial D(z) in Exercise 31 is sometimes called
the Hall polynomial of the difference set D.

30. In G =77 ={0,1,...,6} let D = {1,2,4}. Represent the set
S C G by the polynomial S(z) = 3" 9.
(a) Find D(x) and D(x~!), computing exponents mod 7.
(b) What is G(x)?
(c) Compute the product of polynomials D(z)D(x~1), reducing
exponents mod 7.

31. Let G be an additive abelian group, and let

Z|G] = Zagxg lag € Z
geG

The “indeterminate” z is essentially a place-holder. Addition in Z[G]
is defined by > agx? + > by a9 = > (ay + by) 9. Multiplication is
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defined via zfx9 = 2779 where f + ¢ is defined in G, as follows.

Zafmf Zbgmg :Z Z aspby | 2"

fed geG heG \ f4+g=h

(a) Let A C G. Writing the group operation additively, A de-
termines the polynomial A(z) = > _, 29 in Z[G], corre-
sponding to what we write as A in ZG when we write the
operation multiplicatively. Explain why A(2x~!) corresponds
to what we call AV in ZG. Also explain why the k-set D
in G of order v is a (v, k, \)-difference set in G if and only
if D(z)D(x~1) = n+ AG(z) in Z[G)].

(b) Show that if the additive group G is cyclic of order v, say
G = Z,, the polynomial ring Z[G] is isomorphic (as a ring)
to Zlz]/{z¥ — 1).

32. (Prop 28.1 in [70]) Continuing the notation of the previous exer-
cise, assume v, k, A are positive integers satisfying k(k—1) = AM(v—1)
and G is abelian of order v. Suppose A(z) = a,x9 satisfies

A(x)A(z™) = n + \G(x).

Show that there exists B(xz) = Y bga¥ with b, € {0,1} and
B(z)B(z™') = n + A\G(z). ®

The results of the next three exercises are used later: the first
two for the proof of Theorem 6.2, and all three for the proof of The-
orem 9.5, specifically for the proof of Lemma 9.6.

33. Assume G is an abelian group and p is a prime. For A, B € ZG
say A = B (mod p) if all the integer coefficients of A — B are divisible

by p. Let S € ZG. Show SP = S®) (mod p). ®
34. Assume G is an abelian group of order v and p is a prime not
dividing v. Let A € ZG and suppose A™ = 0 (mod p) for some

positive integer m. Then A =0 (mod p). ®
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35. Assume G is abelian and D is a nontrivial (v, k, A)-difference set
in G (ie,1<k<wv—1). Suppose further that D=1 = D. Show
that v must be even. ®

4.4. Equivalence

When should we regard two difference sets as “the same”? A reason-
able answer is that two difference sets are equivalent if it is possible to
transform one to the other by repeated applications of Theorem 4.2.
More formally:

Definition. Difference sets D; and Ds in a group G are equivalent
if for some g € G and for some automorphism « of G, Dy = ga(D1).
(If the group is written additively, this condition is written as Dy =
g9+ a(Dy).)

Note that we use subscripts to distinguish difference sets in this
section. Context should make clear that there is no reference here to
dihedral groups. Kibler [40] lists all of the non-cyclic difference sets
(up to equivalence) for k& < 20. When we refer to difference sets on
this list, we use as the subscript the number of the difference set in
the appropriate table from that paper.

Example 6. In the abelian group G = (a,b | a* = b* = 1), Kibler
gives the (16,6,2)-difference set Dy = {1,a,a? b,b% a*h?}. We can
define an automorphism « of G by setting a(a) = b and «(b) = ab.
Then aba(Dy) = {ab,ab?, ab®,a?b?,1,a®b?} is a difference set in G
equivalent to Dy. o

Example 7. Example 5 in Section 1 is another from Kibler, where
G = {(a,b| a” = b® = 1,ba = a®b) contains the (21,5, 1)-difference
set D1 = {1,a,a® b,a’*b?}. Kibler claims that all difference sets in
this group are equivalent to this one. We may check that D' =
{a,a?,a*,b,b?} is also a difference set in G, so we try to find an
automorphism « of G and an element g € G with D' = ga(Dy).
To figure this out, first observe that a°D’ = {1,a,a3,a%b, a®*} has
3 elements in common with D;. This suggests we might look for
an automorphism of G that takes D; to a®D’. We try a defined
by a(a) = a and a(b) = a%b. Since a%b is an element of order 3
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and satisfies (a%b)a = a?(a®b), « is in fact an automorphism. Also
a(a?b?) = abb? so a(Dy) = a®D’, and this tells us that D' = a a(Dy).
Thus D; and D’ are indeed equivalent. o

Example 8. Let G = (a,b | a® = b?> =1, ab = ba).
Kibler lists two (16, 6, 2)-difference sets in G-

Dy = {l,a,a? a* ab,a’b} and
Dy = {1,a,a? a° b,a"b}.

He claims these are not equivalent. How does he know? Suppose
that D; and Dy are equivalent and that g(a(D;)) = Dy for some
g € G and some automorphism «. We show that this leads to a
contradiction.

Since g(a(D1)) = D, we know that a(D1) = g~ 'Dy. First we
limit the values of g that are possible. Since 1 € D;, 1 is also in
a(D1). So 1 must be in g7!Dy. This means that g must be in Ds.
We look at all the shifts of Dy by inverses of elements in Ds:

1Dy = {1,a,a? a%b,a%}
a~'Dy = {a",1,a,a* a"b,a"b}
a 2Dy = {a%a",1,a®,a%,a*b}
a=®Dy = {a3 a* a’ 1,a%b,ab}
b='Dy = {b,ab,a’b,a’b,1,a%}
(ab)~'Dy = {a?b,a’b,a*b,a’b,a?, 1}.

To limit further the possible values of g, we look at the orders of
the elements in these shifts of Dy. Since the orders of the elements in
Dy are {1,8,4,2,8,4}, and « preserves the orders of elements, these
are also the orders of (D7), and therefore must be the orders of the
elements in g~'Dy. Note that in the list above, a~'Dy and a=°Ds
each have four elements of order 8, so ¢ and a® are eliminated as
candidates for g. The only remaining possible values for ¢ are 1, a2,
b, and aSb.

Finally we look at the element a*

€ D; and its image under
a. Since a* has order 2, its image must be a*, b, or a*b. If we let
a(a) = a'd’, then a(a?) = a*b*. Since b has order 2, b = 1. This

forces a(a*) = a*. But now we note that a* is not in g~ Dy for any
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of the four remaining values for g. So we have a contradiction. We
conclude that Dy and D, are not equivalent. o

Recall from Chapter 2 that two incidence structures are isomor-
phic if there is a one-to-one, onto correspondence between their point
sets that maps blocks to blocks and preserves incidence. It is reason-
able to wonder whether equivalent difference sets produce isomorphic
designs. Indeed they do.

Theorem 4.12. Assume D and D’ are equivalent difference sets in
the group G. Then the designs devD and devD’ are isomorphic.

There are many cases known of inequivalent difference sets with
the same parameters. Example 8 gives one instance. Here is a preview
of another example. We know from Theorem 4.3 that the nonzero
squares in Zsy form a (31,15, 7)-difference set. In Chapter 8 we will
study the family of cyclic difference sets discovered by Singer in his
1938 paper. The parameters of these Singer difference sets are

U e S T e O W e
q—1 q—1 q—1

where ¢ can be any prime power and m is an integer greater than
1. When ¢ = 2 and m = 4 we get a (31, 15, 7)-difference set in Zg;.
We will see in Chapter 9 that the development of Singer’s (31, 15,7)-
difference set is not isomorphic to the development of the (31, 15,7)-
difference set of nonzero squares. It then follows from Theorem 4.12
that these difference sets are not equivalent.

Exercises
36. Show that equivalence of difference sets is an equivalence relation.

37. Prove that if D; and D are equivalent difference sets in a group
G, then their complements are equivalent difference sets in G.

38. In this exercise you will find all difference sets in G = Z7 that
are equivalent to D = {1,2,4}.

(a) Find all difference sets equivalent to D by a shift.
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(b) How many group automorphisms does G have?

(¢c) Now find all the subsets of G that are equivalent to the
difference set D = {1,2,4}. ®

39. Show that if Z,, contains an (m,k, \)-difference set, then it
contains an (m, k, \)-difference set D with 0,1 € D.

40. Let G be the abelian group Z4 ® Zs ® Zsy, G = (a,b,c | a* =
b*> = ¢ = 1). For this group Kibler [40] lists two difference sets:
D¢ = {1,a,a® b,c,a’bc} and D; = {1,a,a?, ab,ac,a>bc}. Show that
these are not equivalent. ®

41. Kibler [40] gives three difference sets in the group
(a,b|a* =b*=1, ab = ba). They are

Ds = {1,a,d? b, ab® a*b’},
D, = {1,a,d* b, b a®b*},
Ds = {1,a,b, a®b, ab?, a*b*}.

Which of Kibler’s three examples is equivalent to the difference set in
Zy @ Z4 of Exercise 19 on page 587 How do you know?

42. Prove that in G = Zy @ Zo @ Zo & Zo the difference sets
{1, a, b, ¢, d, abed} and {a, b, ¢, d, ab, cd}

are equivalent. (The first is in Kibler’s paper [40]; the second is in
Baumert ([5], p. 10).)

43. Show that up to equivalence there is only one (16, 6, 2)-difference
SetinG:Zg@Zg@Zg@Zg. @

44. Prove Theorem 4.12.

Coda

The fundamental problem in the study of difference sets is the exis-
tence question:
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Given a group, does it contain a difference set?

In particular, can we construct one? Can we prove one cannot exist?

Difference sets bridge group theory and design theory, since a
group contains a difference set if and only if the group acts regularly
on the points and on the blocks of a symmetric design. Groups,
designs and existence are three of our mathematical threads. We
describe briefly how these and others weave through the book.

The definition of a difference set is combinatorial, so it is natural
that counting plays an important role. Counting leads immediately
to the fundamental equation A(v — 1) = k(k — 1) satisfied by the
parameters of a (v, k, A)-difference set. This is the first necessary
condition for existence. We will see other necessary conditions in
Chapters 5-7.

Many of the examples of difference sets we have seen thus far
come from number theory: squares, fourth powers, twin primes. We
use methods from algebra, combinatorics and geometry to construct
families of difference sets in Chapters 8 and 9.

We translate the criterion for being a difference set into an equa-
tion in the integral group ring ZG. This group ring equation opens
the door to the use of other algebraic tools to address the existence
question, and we develop these topics in Chapters 10-12.



Chapter 5

Bruck-Ryser-Chowla
Theorem

The Bruck-Ryser-Chowla Theorem (BRC) is one of the most impor-
tant tools for proving that difference sets with particular parameters
cannot exist. It gives necessary conditions on the parameters (v, k, \)
for the existence of a symmetric (v, k, \) design. Since the devel-
opment of a difference set is a symmetric design, this theorem places
restrictions on the parameters of a difference set in a group of order v.

In Section 1 we present the BRC Theorem and look at a number of
applications of the theorem. In Section 2 we look at the details of the
proof. This will lead us through interesting arguments from number
theory and from linear algebra. It will also explain how the existence
of a solution to a diophantine equation could have any bearing on the
existence of a symmetric design.

The Bruck-Ryser-Chowla Theorem gets its name from the work
by Bruck and Ryser [11] and by Chowla and Ryser [13]. In the
first paper the authors prove the theorem in the case A = 1. The
second paper extends the result to any positive integer A. Ryser’s
later paper [61] gives a much simplified proof. We look at this proof
in some detail in Section 2.
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5.1. The BRC Theorem

The Bruck-Ryser-Chowla Theorem gives necessary conditions for the
existence of a symmetric (v, k, \) design, and thus necessary condi-
tions for a (v, k, \)-difference set in a group G. Since this test is
independent of the structure of G, it provides us with a test that is
easily applied.

Theorem 5.1. (Bruck-Ryser-Chowla, 1949, 1950) Assume the ex-
istence of a symmetric (v, k,\) design.

(i) If v is even, then n =k — X is a perfect square.
(i) If v is odd, then the diophantine equation
.T2 — ny2 + (_1)(1)71)/2)\2:2

has a nonzero solution in integers x, y, z.

In the case v is even, both the statement and the proof are
straightforward. (See Exercise 4.) The statement in the case v is
odd may seem unusual. Its proof is based on equivalence of matrices,
and will lead us through some interesting arguments from number
theory and linear algebra. Before we embark on the proof, let us look
at some examples of how this theorem is used to rule out difference
sets with specific parameters. The parameters we consider in these
examples already meet the basic test that k(k — 1) = A(v — 1).

Example 1. Consider the parameters (22,7,2). Since v is even, n
would have to be a perfect square. But n = 7 — 2 = 5, so there
is no symmetric design, and therefore no difference set with these
parameters. o

Example 2. Consider the parameters (49,16, 5). Could there be a
difference set with these parameters? Since v = 49 is odd, we look at
the diophantine equation 22 = 11y +522. Since (z,y, 2) = (4,1,1) is
a nonzero solution, BRC cannot rule out the possibility of a difference
set with these parameters. (We will examine these parameters using
multipliers in Chapter 6.) o

In Example 2 it was relatively easy find a nonzero solution for the
diophantine equation. It is more difficult to show that a diophantine
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equation has no solution. We introduce Legendre’s Theorem! to help
us answer the question of existence of solutions. Here the symbol
s Rt means that s is a square modulo |¢|.

Theorem 5.2. (Legendre’s Theorem, 1785) Let a and b be nonzero,
square-free? integers with at least one positive, and let d = gcd(a,b).
Then x% = ay?®+ bz? has a nonzero integer solution if and only if the
following three conditions are satisfied:

(i) aRD,

(ii) bRa, and

(iii) —(ab/d?) Rd.
Example 3. Consider the parameters (43,15,5). If there were a
difference set with these parameters, BRC says that the diophantine
equation 22 = 10y? — 522 must have a nonzero integer solution. We
use Legendre’s Theorem to check. For this equation, a = 10, b = —5,
and d = ged(a,b) = 5. We find that —ab/d?> = 2 is not a square
mod 5. So this equation does not have a nonzero integer solution.

We conclude that there is no symmetric design, and therefore no
difference set, with parameters (43, 15,5). o

It is important to pay attention to the hypotheses of Legendre’s
Theorem. This next example shows that failing to do so leads to a
false conclusion.

Example 4. Consider the parameters (343,19,1). The equation is
22 = 18y? — 2%, This does have the solution (3,1,3). If we didn’t
happen to notice this, we might try to use Legendre’s Theorem. We
note that —1 = 17 (mod 18) is not a square. This would seem to
indicate that there is no solution. But since 18 is not square-free,
the equation does not meet the hypotheses of the theorem. Try sub-

stituting © = 3y to get the equation z? = 2u? — 22.

This equation
passes Legendre’s test. Note that it has the integer solution (1,1, 1).
If we let y = u/3 we get the rational solution (1,1/3,1) to the original
equation. We can multiply this by 3 to clear the denominators and

get the integer solution (3,1, 3). o

'For a proof see [32], Section 17.3.
2 A square-free integer is an integer not divisible by the square of any prime.
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The projective planes discussed in Chapter 2 are symmetric de-
signs with parameters (v, k, \) = (n*4+n+1, n+1, 1). The parameter
n is the order of the projective plane. From Theorem 2.15 we know
how to construct the coordinatized projective plane PG(2,q) of or-
der q a power of a prime. In our next two examples we use BRC to
explore the existence question for projective planes of order n not a
power of a prime. Along the way we learn that the converse of BRC
does not hold.

Example 5. If there were a projective plane of order n = 6, it would
be a symmetric design with parameters (v,k,\) = (43,7,1). BRC
says that if there were such a design, then the diophantine equation
2?2 = 6y% — 22 must have a nonzero integer solution. Legendre’s
Theorem states that for there to be a solution, —1 must be a square
modulo 6. Since it is not, the diophantine equation has no nonzero

solution. Therefore there is no projective plane of order 6. o

In the 1980s it was thought that the converse of BRC might be
true; that is, if parameters (v, k, \) satisfy BRC and also k(k — 1) =
A(v—1), then a symmetric design with those parameters exists. (See
Ryser [61] and Lander [43], p. 44.) But in 1989, Lam proved that
there is no projective plane of order 10. (See the expository paper
[42].) The resulting example shows that the converse of BRC is false.

Example 6. If there were a projective plane with order n = 10, it
would be a symmetric design with parameters (n?+n+1,n+1,1) =
(111,11,1). Tt was a long-standing question whether a projective
plane of order 10 existed. These parameters do pass the BRC test:
v =111 is odd, and the diophantine equation 2% = 10y — 22 has the
nonzero solution (z,y,z) = (1,1,3). But since there is no projective
plane of order 10, this example serves to show that passing the BRC
test is not sufficient to guarantee the existence of a symmetric design.

o

Exercises

1. Test whether the following sets of parameters meet the necessary
condition given in the Bruck-Ryser-Chowla Theorem for the existence
of a symmetric design:
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(a) (16,6,2).

(b) (67,12,2). ®
(c) (71,15,3).

(d) (93,24,6).

(e) (51,25,12).

(f) (25,9,3).

2. This exercise is an opportunity for you to put into your own words
two simple but fundamental ideas:

(a) Is it possible to have parameters (v, k, \) pass the BRC test
and still have no (v, k, \)-difference set in a group G of order
v? Explain.

(b) Is it possible to have a (v, k, A)-difference set in a group of
order v if the parameters do not pass BRC? Explain.

3. Explore the use of BRC to eliminate possible projective planes of
orders n not a prime power (6, 10, 12, 14, 15, 18, 20, ...).

(a) Which planes are eliminated?

(b) Describe any patterns you see.

4. Prove BRC for the case v is even. ®

5. (Alternative statement of Legendre’s Theorem) The following is
often given as the statement of Legendre’s Theorem. The appeal is
that its symmetry may make it easier to remember. Prove that the
alternative statement implies Theorem 5.2.

Theorem. Let a, b, and ¢ be nonzero, square-free integers
that are pairwise relatively prime and not all of the same
sign. Then az? + by? + cz? = 0 has a nonzero solution if and
only if the following three conditions are satisfied:

(i) —abRe,

(ii)—ac R b, and

(iii)—be R a.
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6. Computer exercises:

(a) Write a function that accepts two integer values s and ¢ and
tests whether s is a square mod [¢|.

(b) Write a computer program that accepts integer values for
v, k, and A and tests whether these parameters pass the
fundamental identity that k(k — 1) = A(v — 1) and also pass
BRC.

5.2. Proof of BRC for v odd

The proof of the Bruck-Ryser-Chowla Theorem that we present here
is from Ryser’s paper [61]. It will introduce us to classical results in
both number theory and linear algebra. In the Preliminaries we prove
Lagrange’s theorem that any positive integer can be written as a sum
of four squares. We then turn to linear algebra and define what it
means for two square matrices with rational entries to be equivalent
over the field of rationals. (A 2 B if there exists an invertible, rational
matrix S so that STAS = B.) We use the four-squares theorem
to show that I, is equivalent to nly, and we use linear algebra to
prove basic theorems about equivalence of matrices, including Witt’s
Cancellation Theorem.

With this background we present The Main Argument, showing
that if there exists a symmetric (v, k, A) design then, starting with its
v X v incidence matrix, ultimately two 2 x 2 matrices involving param-
eters n and \ are equivalent. From this, we get our nonzero integer
solution to the diophantine equation 22 = ny? + (—1)"=1/2)\22,

While the details of this proof are not needed later in this text, we
include them because the proof illustrates one of our themes: there is
power in combining ideas from different parts of mathematics. For a
first reading of this section you may wish to skim the Main Argument
to get an overview, and then come back to study the Preliminaries.

Preliminaries:

We start with a lemma used in the proof of the four-squares
theorem.
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Lemma 5.3. Let p be an odd prime. Then there are integers m, x
and y so that mp = 2% +y* + 1 with 1 < m < p.

Proof. Consider the set of values 22 modulo p for 0 < z < (p—1)/2.
We claim that no two of these values are equal. Therefore this set
contains (p + 1)/2 different residues. Now consider a second set of
all values —y? — 1 modulo p for 0 <y < (p — 1)/2. Again, there are
(p+ 1)/2 different residues. Since there are only p different residues
modulo p, the two sets must share a value. Choose an x and y for
which 22 = —y? — 1 (mod p). Then 22 + 3> +1 = 0 (mod p), so
2?2 + y? + 1 = mp for some positive integer m. Further, since 0 <
z,y < (p—1)/2, we have

(p=1?  (p-1?

4 4

We conclude that mp = 22 + y? + 1 with 1 <m < p. (]

24+’ +1 = mp < +1 < pr

Theorem 5.4. (Lagrange, 1770) Every positive integer can be written
as the sum of four squares of integers.

Proof. If two integers can each be written as sums of four squares,
then so can their product. (See Exercise 8.) So it is enough to prove
the result for every prime.

For the prime p = 2 we have 2 = 12 4+ 12+ 02 +02. Now assume p
is an odd prime. By Lemma 5.3 there is an integer m with 1 < m < p
so that mp = 22 +y?+1. This specific form shows that we can express
mp as the sum of four squares:

mp=a®+b>+c+d? withl<m<np. (1)

We choose m to be the smallest integer so that mp is the sum of four
squares, and we show that m = 1.2 Assume that m > 1, and choose
integers A, B,C,D so that a = A, b= B, ¢ = C, d = D (mod m),
and —m/2 < A,B,C,D < m/2. Then A? + B2 + C? + D? =
0 (mod m). So there is an integer r > 0 so that

rm = A? + B> 4+ C? + D2 (2)

3Here we phrase the argument as a proof by contradiction. In Exercise 9 we
explore a slightly different constructive argument.
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Also 0 < A2+ B2+ C?+4+ D2 < 4(%)2 =m2 500 <r < m.
We claim that 0 < r < m. If r = 0, then each of A, B, C, D is
0. But this means that m divides each of a, b, ¢, d, so m? divides
a’> + b + 4+ d?> = mp, and m divides p. Since p is prime and
1 < m < p, this is a contradiction.

At the other extreme, if r = m, then each of A, B, C, D would
equal m/2. This in turn would force each of a,b,c,d to be an odd
multiple of m/2, so that m? would divide a? + b* + ¢? + d?. Again,
this is a contradiction.

We now multiply Equations (1) and (2) to get
(mp)(rm) = (a*+ >+ +d*)(A*+B*+C*+D?). (3)

By Exercise 8 we can write the right-hand side as a sum of four
squares:

rpm? = (aA+bB+cC+dD)? + (aB —bA+cD —dC)?*  (4)
+ (aC' — bD — cA +dB)* + (aD + bC — cB — dA)*.

Each of the four expressions in parentheses is congruent to 0
modulo m, so each term on the right side of Equation (4) has the form
(u;m)? for some integer u;. (See Exercise 10.) Dividing both sides of
Equation (4) by m? leaves 7p as a sum of four squares for 0 < r < m.
However, this is a contradiction since m was chosen as the smallest
integer multiple of p expressible as a sum of four squares. Therefore
m = 1 and we can express 1 - p = p as a sum of four squares. O

‘We now look at our definition of equivalence of matrices and some
basic facts about equivalence. This concept of equivalence comes from
the study of quadratic forms. While we do not use the language of
quadratic forms, many proofs of BRC couch their arguments more
explicitly in this language.

Definition. Let A and B be square matrices of the same size with
entries in the field K. Then A is equivalent over K to B if there exists
an invertible matrix S with entries in K so that ST AS = B. We say
that S transforms A into B.
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This is indeed an equivalence relation. We note that if det(B) is
nonzero then S is necessarily invertible.

Since our aim is to prove the existence of an integer solution to
a diophantine equation, from this point in this section we assume
that K = Q and use the notation A = B to mean that A and B
are equivalent over the rational numbers. First we use Lagrange’s
four-squares theorem to prove that I, = nl, for n a positive integer.

Theorem 5.5. Let n be a positive integer. Then

diag(n,n,n,n) = diag(1,1,1,1) = I4.
Proof. To prove this we exhibit a matrix S that transforms I into
nly. Using the four-squares theorem we write n as the sum of four

integers squared: n = a®+b? +c% 4 d?. We use these integers to form
the matrix:

a b c d
b —a —d c
5= c d —a -b

d —c b -—a
Then ST1,S = nl,. Note that S is invertible and that the entries of
S are integers, so certainly they are in Q. (|

To continue our proof of BRC, we need these basic facts about
the equivalence of matrices. Proofs of the lemmas are left to the
exercises.

Lemma 5.6. Let A be a v X v matriz, and let B be matrix A but
with row i switched with row j and column i switched with column j,

for some i # j. Then A= B.

Lemma 5.7. Let A be a v X v matriz, and let ¢ € Q. Let B be the
matriz A but with ¢ X row i added to row j and ¢ X column i added to
column j for some i # j. Then A= B.

Lemma 5.8. Any symmetric matriz with rational entries is equiva-
lent over the rationals to a diagonal matriz.

Lemma 5.9. Let A, B, and C be square matrices, with A and B the

same size.
~ ¢ o _|C 0
If A2 B then {O A}_[O B}’
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where we write 0 for the zero matriz of the appropriate size.

The following theorem is a partial converse of Lemma 5.9. It is
trickier to prove. Our proof comes from Jones [34].

Theorem 5.10. (Witt’s Cancellation Theorem, 1937) Let A and B
be invertible m x m matrices, and ¢ € Q.

c 0] _lc O ~
If [O A}:[O B} then A= B.

Proof. We assume that the (m+1) x (m+ 1) matrices are equivalent
and find a rational matrix S that transforms A into B. Since we
assume A and B are invertible, such an S must be invertible.

Given that LC) SJ = {8 g} there exists a W = [f{ 1}1\;] so that
c 0 t vl [e 0]t u” c 0
vl A= L]l Al ] - s
Multiplying these matrices and equating corresponding blocks gives:
tPe+vliav = ¢,
teu’ +vTAM = o0,
teu+ MTAv = 0,
cuu” + MTAM = B. (5)

Next choose the sign in the expression t + 1 so that it is not zero,
and let d = 1/(t & 1). Let matrix S = M — dvu’. We claim that
STAS = B.

First we calculate
STAS = (MT — duVT) A (M - dvuT)
= MTAM —dMT Avu” — duvT AM + d?uv” Avu”.

Using the equations in (5) above we substitute to get:

STAS = MTAM + cdtuu” + cdtuu” — d*cu(t* — 1)u”
= MTAM + cd(2t —d(t* — 1))uu”
= MTAM + cuu”

= B.
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Therefore A = B. O

The Main Argument:

We are now ready to present Ryser’s proof [61] of BRC for v odd:
If D is a symmetric (v, k, \) design with v odd, then the diophantine
equation
2% = ny? 4+ (=1)0D/2);2

has a nonzero solution (x,y, z) in integers.

Proof. Assume that a symmetric (v, k, \) design exists, and that N
is the v x v incidence matrix for this design. Then NTN = nl + \J.
By Exercise 12 we can assume that A > 0. We define the following
(v+1) x (v+ 1) matrices

1
1 ... 1 k/A
D =diagl[l,...,1,—-\], FE =diag[n,...,n,—n/\].

Then ATDA = E. Since D and E are invertible, it follows that
D = E. (See Exercise 17.)

Case 1: Assume that v =1 (mod 4), so (v —1)/2 is even. Then re-
peatedly using Theorem 5.5 to replace v—1 of the ns in F with 1s, we
have that F is equivalent to the diagonal matrix diag[1,...1,n, —n/A].
Since the matrices involved are diagonal and easily seen to be invert-
ible, we can use Witt’s cancellation theorem to cancel the v — 1 1s
that D and this new matrix have in common. We get:

o S=l0 onl

c] be the matrix that transforms the first into the

d

wrly S = Bl

a
Let M = [b

second. So
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Equating the (1,1) entries gives a® —b?\ = n. Rearranging this equa-
tion to a® = n + Ab? reveals a nontrivial rational solution to the
diophantine equation with (x,y,2) = (a,1,b). If necessary, multiply
this triple by an integer to get an integer solution.

Case 2: Assume that v =3 (mod 4), so (v —1)/2 is odd. Again we
start with D = E. Using Lemma 5.9 and then Lemma 5.6, we insert
an n into each and shift this n to position (v—1) to get (v+2) x (v+2)
matrices:

diag[l,...,1,n,—A] = diag[n,...,n,n,—n/)\.

Then using Theorem 5.5 we change v + 1 of the ns in the second
matrix to 1s:

diag[l,...,1,n,—A] = diag[l,...,1,1,—n/}].

Finally we use Witt’s cancellation theorem to get:

AR A

Again the equivalence of these 2 x 2 matrices gives us an equality; in
this case a®?n — b?\ = 1. Rearranging this equation to 12 = na? — \b?
shows a rational solution to the diophantine equation with (z,y, z) =
(1,a,b). Clear any denominators to get an integer solution. O

Exercises

7. Verify the claim in the proof of Lemma 5.3 that if 0 < a < b <
(p —1)/2 then a® # b (mod p).

8. Prove that the product of two sums of four squares is equal to a
sum of four squares by showing that:

(> + 02+ +d)(r* + s>+t +u?) =
(ar +bs + ct + du)? + (as — br + cu — dt)* +
(at —bu — cr + ds)? + (au+ bt — cs — dr)?.

9. In this section we used Lagrange’s theorem simply to establish that
each positive integer can be written as the sum of four squares. So
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a proof by contradiction was satisfactory for our purpose. If instead
we needed to actually express an integer as a sum of four squares, we
would prefer a constructive proof. This exercise provides one. Start
with mp = a? + 0% + ¢ +d?. If m = 1 we are done. If not, use the
algorithm in the proof to calculate r. We now have 1 < r < m, with
rp the sum of four squares. If r = 1, we are done. If not, substitute r
for m and repeat the algorithm. This process is known as “descent.”

(a) Why is this process guaranteed to stop?

(b) Start with p = 11, m = 9 and 99 = 32 + 42 4+ 52 + 72,
Note that m < p as required by the algorithm. Iterate the
algorithm until it gives p = 11 as a sum of four squares.

10. Show that the expressions in parentheses in Equation (4) are
each congruent to 0 modulo m. Thus dividing the right hand side by
m? leaves a sum of four squares of integers. ®

11. Prove that the relation of square matrices being equivalent over
a field K is an equivalence relation.

12. Recall that we allow A = 0 for a trivial symmetric design. Prove
Theorem 5.1 for the case v is odd and A\ = 0.

13. Prove Lemma 5.6.

14. Prove Lemma 5.7.

15. Prove Lemma 5.8. ®
16. Prove Lemma 5.9.

17. Confirm that A" DA = F in the proof of BRC.

18. Extending Witt’s Cancellation Theorem. Prove that if A and B

are invertible m x m matrices, and C' is a symmetric matrix, all with
entries in a field Q, and

. |C 0
1f{0 A}

1

[CO

0 B},thenA:B. ®
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5.3. Partial converse and extension of BRC

It turns out that a partial converse to BRC is true. While the con-
ditions do not guarantee the existence of a design, they do guarantee
the existence of a matrix with some of the same properties as that
of an incidence matrix of a design, though the entries need not be Os
and 1s. (See [8], p. 96.)

Theorem 5.11. If parameters (v, k, \) obey the equation k(k —1) =
Av—=1) and if

(i) for v even, n is a square,

(ii) for v odd, the equation x> = ny?® + (—=1)*=D/2X22 has a
solution in integers x, y, z not all zero,

then there exists a rational matriz A with ATA = nl + \J.

Work extending BRC has been used to eliminate other triples as
parameters of difference sets. Here we state (without proof) one of
these extensions for cyclic groups and present an example where it
proves useful.

Theorem 5.12. (Hall and Ryser [29]) If there is a nontrivial (v, k, \)
cyclic difference set for odd v, then for every divisor w of v, the
equation 2 = ny? + (—1)(“’_1)/211)22 has a solution in integers, not
all 0.

Example 7. The parameters (39,19,9) pass the BRC test, but by
the extension given in Theorem 5.12 there is no cyclic difference set
with these parameters. (Since there is a non-abelian group of order
39, this theorem does not rule out a (39,19, 9)-difference set in that
group.) o

In his survey of cyclic difference sets for & < 50, Hall [27] reported
that 268 sets of parameters passed the initial test that k(k — 1) =
A(v —1). Of these, 101 failed the BRC test, leaving 167 possible. By
the time Hall published his paper, difference sets had been found in
46 cases, and other methods had been used to rule out difference sets
in 109 cases; twelve cases remained. Later Baumert [5] reported that
all twelve cases had been settled in the negative. In the following
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chapters we will explore other necessary conditions for the existence
of difference sets.

Exercises

19. Verify that in Example 7 the parameters pass the BRC test, but
fail the test in Theorem 5.12.

Coda

The centuries-long quest for a proof of Fermat’s Last Theorem re-
minds us that proving non-existence is often very hard. The Bruck-
Ryser-Chowla Theorem (BRC) can tell us when a (v, k, A) design does
not exist and thus when a (v, k, \)-difference set does not exist.

The proof of BRC uses the incidence matrix N of the design. For
v even, we only need the determinant of NTN. For v odd, the ar-
gument is more intricate. Many proofs explicitly require background
knowledge of quadratic forms. We have chosen a more elementary
approach that uses matrix algebra. Even if you did not follow all
the details of this long argument, you should work to appreciate the
source of this surprising number-theoretic condition required for the
existence of a symmetric design.



Chapter 6

Multipliers

A multiplier for difference set D C G is an automorphism of G that
maps D to a translate of D. Hall [26] introduced the concept of
multipliers in cyclic difference sets. Since then multipliers have been
studied and theorems proved for abelian difference sets and, to some
extent, for non-abelian difference sets. For the latter much less is
known. For abelian difference sets, multipliers have proved an impor-
tant tool for showing difference sets in certain groups cannot exist.
Unlike the BRC, multipliers also provide an important tool for find-
ing difference sets when they do exist, and for answering questions of
equivalence of difference sets.

Section 1 introduces multipliers. In Section 2 we look at theorems
that guarantee the existence of numerical multipliers. Section 3 shows
that there must be a difference set that is fixed by a multiplier. This
is a key to the use of multipliers for finding difference sets. In Sections
4 and 5 we look at specific examples of the use of multipliers.

6.1. Definition and examples

We begin with a discussion of certain automorphisms of abelian groups.
Let G be an abelian group of order v written additively, and let ¢ be
a positive integer relatively prime to v. Then ¢; is an automorphism

87
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of G where
¢ 1 a — ta.

We learned in Chapter 4 that if D is a difference set in G, then
its image under any automorphism is also a difference set. What is
interesting is that sometimes ¢; maps the difference set to itself, or at
least to a shift of itself. For instance, in Z3 the set D = {0, 1,3,9} is
a difference set, and ¢3(D) = {0,3,9,1} = D. We may think of the
automorphism ¢; as a permutation of the group elements. It is then
clear that if ¢;(D) = D, then D must be the union of one or more
orbits' of ¢;. It is this fact that we use both to find difference sets in
some abelian groups, and to prove that other groups cannot contain
difference sets with particular parameters.

While the automorphisms ¢, motivate the term “multiplier,” a
multiplier for a difference set is any automorphism of the group that
maps the difference set to a shift of itself.

In Chapter 4 with the introduction of the integral group ring, we
found it helpful to use multiplication for the general group operation
and to reserve the plus sign for addition within the integral group ring.
So from this point we use multiplication for the group operation unless
a particular group (e.g., Z,,) is an additive group. For multiplicative
groups, the automorphism ¢; is defined:

¢ a— al.
As a consequence, in multiplicative notation
¢ (D) =DW = {d' | d e D}.
Also, a “left shift” of D by the element g is gD.

Definition. Let D be a difference set in G. Then an automorphism «
of (G is called a multiplier for D if & maps D to aDb for some elements
a,b€ G. If b =1 so that a(D) = aD, then « is a left multiplier.

Note that if GG is abelian, then any multiplier is a left multiplier.
Multipliers of the form ¢; are most helpful in our study, and are given
a special name.

!By an orbit of ¢; we mean an orbit of the group (¢¢) acting on G.
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Definition. Let G be an abelian group, ¢ an integer relatively prime
to the order of GG, and D a difference set in G. Then ¢, is a numerical
multiplier if for some h € G, ¢.(D) = hD. It is common practice to
abuse terminology and call the integer ¢ itself a numerical multiplier.

Since any automorphism of a cyclic group is of the form ¢, for
some t relatively prime to the order of the group, a multiplier for a
cyclic difference set is necessarily a numerical multiplier. Let us look
at some examples of multipliers in abelian groups.

Example 1. Let G = Z;3 and let D = {2,3,5,11}. Then ¢3 is a
numerical multiplier for D since ¢3(D) = 3D = {6,9,2,7}, which is
44 D. o

It may be instructive to consider this “same” difference set in the
cyclic group of order 13 written multiplicatively.

Example 2. Let G = (a | a'® = 1) and let D = {a? a3, a% a''}.
Then ¢3 is a numerical multiplier for D since ¢3(D) = DB =
{a%,a°,a% a"} = a*D. o

Example 3. Let p be a prime, p = 3 (mod 4), G = Z, , and D be
the set of quadratic residues mod p. We know from Theorem 4.3 that
D is a difference set in GG. Since D is a subgroup of the multiplicative
group Z,", each element of D is a multiplier of D that fixes D. o

Example 4. Let G = (a,b,c,d | a®> = b? = ¢ = d*> = 1), an
elementary abelian 2-group, and let D = {1, a,b, ¢,d, abcd}. Consider
the two automorphisms defined by their action on the generators:

a:a—~b—c—d—a
B :ar— abed, b+ bed, cr+>acd, dr— abd.

Note that @ maps D to itself, and § maps D to a shift of D, namely
abedD. So both automorphisms are (left) multipliers for D, though
neither is a numerical multiplier. o

With the terminology established, we repeat the outline of this
chapter. In Section 2 we introduce the Multiplier Theorems that
guarantee the existence of certain numerical multipliers. In Section
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3 we show that left multipliers act as automorphisms of the design
devD. This leads to theorems that guarantee that certain multipliers
fix a difference set. In Section 4 we apply what we have learned to
construct difference sets in some groups and to show in others that no
nontrivial difference set can exist. Section 5 explores how multipliers
can be used in abelian, non-cyclic groups.

Exercises
1. Show that each of these sets of multipliers for a difference set D
in a group G is a subgroup of the group of all automorphisms of G.

(a) The set of left multipliers.

(b) The set of numerical multipliers.

2. In G = Zo, the set D = {1,4,5,10,12} is a difference set. Which
of the following are numerical multipliers for D? FExplain.

®
®3. ®

3. Refer to Exercise 4.9 on page 52.
(a) Show that ¢q is a multiplier for D.
(b) Show that D'(?) = D',
(¢) Why is ¢2 not a multiplier for D'?

4. Refer to Example 4.
(a) Verity that (D) = abcdD.

(b) Since multipliers form a group, 32 must also be a multi-
plier for D. Find a group element g so that 3%(D) = gD.
(Careful: g is not (abed)?.)
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6.2. Existence of numerical multipliers

The First Multiplier Theorem guarantees the existence of numerical
multipliers for certain abelian difference sets. We state it here without
proof.?

Theorem 6.1. (First Multiplier Theorem) Let D be an abelian dif-
ference set with parameters (v, k,\), and let p be a prime that divides

n but does not divide v. If p > X, then p is a numerical multiplier of
D.

Example 5. In Zg; the set D = {1,3,13,16,17} is a difference set
with parameters (21,5,1). Then p = 2 is a numerical multiplier. ¢

Example 6. Let G = Zs;. The parameters (37,9,2) pass the test
that k(k — 1) = AM(v — 1). Theorem 4.4 gives us the difference set of
nonzero fourth powers, and the multiplier theorem guarantees that
t = 7 is a numerical multiplier for this difference set. o

Though the condition that p > A is used in the proof of the
First Multiplier Theorem, Jungnickel [35] reports that for all known
difference sets this condition is not necessary. This leads to the long-
standing conjecture:

Conjecture: (Multiplier conjecture) Theorem 6.1 holds without the
assumption that p > A.

Jungnickel further states that since the First Multiplier Theorem
there have been attempts to extend this result to circumvent the
suspect condition. The next theorem is one such extension. It was
proved by Hall [26] for the cyclic case and later proved for all abelian
groups.?

Theorem 6.2. (Second Multiplier Theorem). Let D be an abelian
(v, k, X)-difference set in G, and let m > X\ be a divisor of n which
is co-prime with v. Moreover, let t be an integer co-prime with v
satisfying the following condition: For every prime p dividing m there
exists a non-negative integer f witht = p/ (mod v*), where v* denotes
the exponent of G. Then t is a numerical multiplier for D.

2For a proof of Theorem 6.1 see [35], p. 252 in [19].
3For a proof of Theorem 6.2 see [8], pp. 323-326.
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The following corollary makes this theorem easy to apply when
n is a power of a prime.

Corollary 6.3. [35] Let D be an abelian (v, k, \)-difference set and
assume that n = k — X is a power of a prime p, with gced(p,v) = 1.
Then p is a numerical multiplier for D.

Example 7. Theorem 4.6 shows how to construct a difference set
in Zgs with parameters (35,17,8) using twin primes. Corollary 6.3
guarantees that p = 3 is a numerical multiplier for the difference set.
In Exercise 15 we will use this multiplier to find whether there are
other inequivalent difference sets in Zgss. o

We end this section with a short discussion of the mapping ¢_;
that takes a to a=!, and conditions under which this might be a
multiplier for a difference set.

First we note that if G is a non-abelian group, then this mapping
is not a homomorphism and so cannot be a multiplier. At the other
extreme, the least complicated of groups—the cyclic groups—have no
nontrivial difference sets with —1 as a multiplier.* Even in non-cyclic
abelian groups, difference sets with —1 as a multiplier are quite rare.

On the other hand, Lander ([43], p. 153) tells us that ¢_; “plays
a special role in ...nonexistence theorems” for difference sets. So
while difference sets with multiplier —1 are rare, it is important to
study the mapping ¢_;.

A difference set that admits —1 as a multiplier is called reversible.®
The (36, 15, 6)-difference set in the group Zg ® Zg in Example 4.4 on
page 48 is reversible. In Chapter 8 we will study the construction of
McFarland difference sets and will see a reversible (4000, 775, 150)-
difference set.

Here are two interesting facts about difference sets with multiplier
—1. We will look at a proof of the first of these in Exercise 11 in the
next section.

4A very readable proof is in ([5], p. 60) where Baumert writes, “This fact was
known for several years prior to any publication of its proof. This accounts for the
anomaly that it is often referred to in publications which predate the papers [Johnsen
(1964), Brualdi (1965) and Yates (1967)] containing proofs.”

5Some authors reserve the term reversible for a difference set D that is fixed by
multiplier —1.
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Theorem 6.4. ([43], p. 154) Let D be a nontrivial (v, k, \)-difference
set in an abelian group G. If —1 is a multiplier of D, then v is even.

Theorem 6.5. ([43], p. 158) Let D be a nontrivial (v, k, \)-difference
set in an abelian group G. If —1 is a multiplier of D, then so is every
integer t relatively prime to v. Moreover, if D happens to be fized by
the multiplier —1, then D is fixed by every numerical multiplier.

Exercises

5. In Example 5, p = 2 is a multiplier for D. Find the element g so
that 2D =g+ D.

6. Let D be the (37,9, 2)-difference set determined in Exercise 4.13.
We know that 7 is a multiplier for D. Find the element g so that
7D =g+ D.

7. Find numerical multipliers other than 1 for these difference sets,
and justify your answers.

(a) D= {1,5,11,24,25,27} in Zs:. ®
(

)
b) The twin primes difference set in Zis.
(¢) The set D of quadratic residues in Zig.
)

(d) The set D of quadratic residues in Zag.

8. Deduce Corollary 6.3 from Theorem 6.2 by establishing the fol-
lowing:

(a) Suppose « is a multiplier of the abelian difference set D.
Show that « is also a multiplier of the complementary dif-
ference set D.

(b) Explain why the result of (a) tells us that in the proof of
Corollary 6.3 we may assume k < v/2.

(¢) Apply Theorem 6.2 with n = m to show that the prime p in
Corollary 6.3 is a numerical multiplier for D. ®
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6.3. Multipliers fix sD

We seek to show that any left multiplier must fix a difference set. For
an automorphism « to qualify as a left multiplier of D it need not fix
D, but it must map D to one of the blocks in the design devD. We
will study this design to find a difference set fixed by «.

Recall that the development of D, devD, is a symmetric design
with P = G and B = {¢gD | g € G}. Our next theorem states that a
left multiplier of D is an automorphism of devD.

Theorem 6.6. Let G be a group containing a difference set D, and
let o be a left multiplier for D. Then « is an automorphism of devD.

Proof. Since a acts as an automorphism of the group G, it is a
one-to-one mapping of points to points. First we claim that o maps
blocks to blocks. Since « is a multiplier for D, «(D) is a shift of D.
Say a(D) = hD. Now consider a general block of the design: ¢D.
Then a(gD) = a(g)a(D) = (a(g)h)D, which is a shift of D and so
is a block in devD. It follows that « is a 1-to-1 mapping on the set
of blocks. Therefore o acting on devD is an automorphism of the
design. 0

Having established that a left multiplier is an automorphism of
the design devD, we now invoke Theorem 3.5 to prove that every left
multiplier must fix at least one difference set.

Theorem 6.7. Let G be a group containing a difference set D, and
let « be a left multiplier for D. Then « fizes at least one of the blocks
in devD.

Proof. By Theorem 6.6, the left multiplier a acts as an automor-
phism of the design devD. Since « is an automorphism of G, it must
map the identity of G to itself. Therefore, as an automorphism of the
design, « fixes at least one point. Now Theorem 3.5 says that « fixes
equal numbers of points and blocks of the design. Therefore « fixes
at least one block of devD. O

In the special case that G is abelian and ged (v, k) = 1, McFarland
and Mann [53] proved a stronger result.
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Theorem 6.8. Let G be an abelian group and let D be a (v, k,\)-
difference set in G. If ged(v, k) = 1, then there is an element b € G
so that the difference set bD is fixed by every multiplier of D.

Proof. Let D = {dy,da,...,dy}. Note that ¢, : g — ¢g* is an auto-
morphism of G. So there is exactly one b € G so that

bk( I1 di) — 1.

d; €D

In words, b* is the inverse of the group element that is the product of
the elements in D. For any multiplier o, a(bD) = ¢D for some ¢ € G.
We will show b = ¢, and thus the multiplier « fixes the block bD.

1:a(bk H di) :a( H bdi) za( H gi)
d;eD d;€D gi €bD
== H hZ: H Cdi:Ck H di-
h; € cD d;€D dieD
We conclude that ¢* is the inverse of the group element that is the
product of the elements in D. Therefore b* = c¥, and so b = c. O

The next two theorems cover other cases and are presented here
without proof. If G is an abelian group that contains a difference
set, and v and k are not necessarily relatively prime, the following
theorem by McFarland and Rice [54] guarantees the existence of a
difference set fixed by all numerical multipliers.

Theorem 6.9. [54] If G is an abelian group that contains a difference
set D, then there is a translate of D that is fixed by all of its numerical
multipliers.

The following theorem is not restricted to numerical multipliers,
but does have a condition restricting v. It also does not require that
G be abelian, so may be of interest in the search for non-abelian
difference sets.

Theorem 6.10. ([35], p. 248, credited to Lander.) Let D be a
(v, k, \)-difference set in G, let M be a group of multipliers of D,
and assume that ged(|M|,v) = 1. Then there exists a translate of D
that is fized by every multiplier in M.
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This next example concerns multipliers that are not numerical
multipliers. It serves as a warning for us to carefully read the hy-
potheses of the theorems in this section.

Example 8. Let G = (a,b,c,d | a®> = b? = ¢ = d> = 1) and let
« and 8 be the multipliers defined in Example 4. In Exercise 9 you
will show that the automorphism group generated by « and g acts
transitively on the non-identity elements of G. This means that no
translate of D can be fixed by both a and 5. o

The following theorem gives insight into the interaction of multi-
pliers of a difference set in an abelian group. The proof is quite short
and involves showing that ¢; and o commute.

Theorem 6.11. [53] Let G be an abelian group with difference set
D. If ¢; is a numerical multiplier for D and o is any multiplier for
D, then o permutes the blocks in devD that are fized by ¢;.

Exercises

9. Refer to Example 8 and prove that the group of multipliers
generated by « and § acts transitively on the non-identity elements
of G.

10. Explain why Example 8 does not provide a counterexample to
Theorems 6.8 and 6.9.

11. Use Exercise 4.35 and Theorem 6.7 to show that if a nontrivial
abelian (v, k, \)-difference set D has multiplier —1 then v is even.
(This is a result in [52].)

12. Prove Theorem 6.11.

6.4. Using multipliers

The following fact may be obvious at this point. We state it as a
theorem so that it will not be overlooked, and so that we may easily
refer to it.



6.4. Using multipliers 97

Theorem 6.12. Let G be a group and let o be a multiplier of a
difference set D so that «(D) = D. Then D consists of a union of
orbits for a as a permutation of elements of G.

In the following example we use this simple fact to find a differ-
ence set.

Example 9. Let G = Z;15. We wish to find a nontrivial difference set
D in G. With v = 15, we discover the only choices for k and A with
1<k<wv/2and k(k—1) = A(v—1) are (v,k,\) = (15,7,3). Assume
such a difference set exists. Since n = 4 = 2% and ged(2,15) = 1,
Corollary 6.3 says that 2 is a numerical multiplier for D. Theorem 6.7
allows us to choose D to be a difference set fixed by multiplication by
2. The orbits® for ¢ acting on G are:

(0) (5,10)
(1,2,4,8) (3,6,12,9) (7,14,13,11).

Since D must have seven elements and must be the union of some of
these orbits, it must contain 0, 5, 10, and the elements of one of the 4-
cycles. It turns out that D = {0, 5,10, 1, 2,4, 8} is indeed a difference
set. (This is the twin primes difference set of Example 4.3.) o

Next we consider an example where parameters pass the BRC
test, but where multipliers show that no difference set exists.

Example 10. We wish to show that there is no (79, 13, 2)-difference
set.” Since 79 is prime, G must be Z79. These parameters do satisfy
the basic equation and pass the BRC test. Theorem 6.1 tells us that 11
is a numerical multiplier for any difference set with these parameters.
So we seek a difference set that is fixed by ¢11.

The orbits for ¢1; are (0) and two orbits each of length 39. Since
no orbits can be combined to get a set of size 13, there is no fixed
difference set with these parameters, and therefore no difference set
of size 13 in Zrg. o

Finally we look at an example in which we can find all the equiv-
alence classes of difference sets using multipliers.
SStrictly speaking we write the cycle decomposition of ¢¢. The orbits are the

subsets of elements that are in these cycles.
7 According to Lander [43] there is a symmetric design with these parameters.
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Example 11. We wish to find all the difference sets, up to equiva-
lence, in the cyclic group Zr3. The only parameters with 1 < k < v/2
that satisfy the basic equation are (73,9,1). Since 2 is a numerical
multiplier, we seek difference sets fixed by ¢o.

The orbits for ¢, are:
)

(

(1,2,4,8,16,32, 64,55, 37) (9,18, 36,72, 71,69, 65,57, 41)
(5,10,20,40,7,14,28,56,39) (17,34, 68,63, 53,33, 66,59, 45)
( (
(

(=]

25,50, 27,54, 35,70, 67, 61,49)  (3,6,12,24,48,23, 46, 19, 38)
13,26,52,31,62,51,29,58,43) (11,22,44,15,30,60, 47, 21, 42)

Any difference set fixed by ¢ must be the elements in one of the orbits
of size 9. The set {1,2,4,8,16,32,64,55,37} is the set of nonzero
eighth powers (octic residues), and is a difference set. The other
orbits are images of the first under automorphisms (multiplication
by powers of 5), so all are equivalent difference sets. Since every
difference set must be equivalent to one of these fixed difference sets,
there is only one (73,9, 1)-difference set up to equivalence. o

Exercises

13. Use multipliers to find a nontrivial difference set in Zi;, or to
show that none exists. ®

14. Refer to Example 9. Do any of the other 4-cycles combine with
{0,5,10} to form a difference set? If so, are they images of each
other under group automorphisms? Or shifts? Are they equivalent
difference sets?

15. The twin prime difference set in Zss has parameters (35,17, 8).
Use multipliers to see if this difference set is the only one in Z35 with
k < v/2 up to equivalence.

16. Use multipliers to find a nontrivial difference set in Zs;.

17. Use multipliers to find a nontrivial difference set in Z37;. Compare
this with the difference set constructed using Theorem 4.4, page 50.
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18. Prove that Zs9 does not contain a nontrivial difference set.
(Note: We still have not ruled out a difference set in Z7 @ Zr.)

19. Prove that, up to equivalence, Z43 has only two difference sets
with 1 < k < v/2, and that these two have parameters (43,21, 10).

20. Find all the nontrivial difference sets (up to equivalence) in the
cyclic group Zs; .

(a) Find all parameters (31,k,\) with 1 < k < v/2 that satisfy
the basic equation k(k — 1) = A(v — 1).

(b) Which of these triples pass the BRC test?

(c¢) For each triple of parameters that passes the BRC test, use
multipliers to determine the number of equivalence classes
of difference sets.

21. Find all the nontrivial difference sets (up to equivalence) in the
cyclic group Zg7. (Note that 67 is the number of this volume in the
AMS STML series.)

(a) Find all parameters (67, %k, \) with 1 < k < v/2 that satisfy
the basic equation k(k — 1) = AM(v —1).

(b) Which of these triples pass the BRC test?

(¢) For each triple of parameters that passes the BRC test, use

multipliers to determine the number of equivalence classes
of difference sets.

22.  Write a computer program to calculate the orbits for ¢; in
the cyclic group Z,. Allow the user to enter v and ¢. Your program
should check that ged(v,t) = 1 so that ¢; is an automorphism. For
output, list the sizes of the orbits and list the orbits themselves.

6.5. Multipliers in non-cyclic groups

To better understand multipliers in the context of abelian non-cyclic
difference sets we look at an extended example.
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Example 12. Consider the parameters (99,49, 24). Since 99 = 9x 11,
we will learn in Chapter 9 that the group Zq1 @ (Z3 @© Zs) contains
a twin prime powers difference set D. The corollary to the Second
Multiplier Theorem guarantees that 5 is a multiplier for any difference
set in this group. We will first look at the orbits for ¢5. For this we
represent group elements as triples (a;b,c¢), and we multiply by 5
(mod (11, 3, 3)) respectively. For instance

(1:0,1) - (5;0,2) — (3;0,1) > (4;0,2) —

This orbit is size 10. In all, we have 1 orbit of size 1, 4 of size 2, 2 of
size b, and 8 of size 10. (See Figure 6.1. The asterisks are explained
below.)

w1 (00, 0))
«1 ((0;0,1) (0;0,2)
« ((0;1,0) (0;2,0)
. (o 1,1) (0 2,2)
a (01,2 02,1)
(150,0) (5;0,0) (3;0,0) (4;0,0) (9;0,0))
(2:0,0) (10;0,0) (6;0,0) (8;0,0) (7;0,0))
w2 ((1;0,1) (5 0,2) (3;0,1) (4;0,2) (9:0,1) (1;0,2)...)
(1;1,0) (552,0).
o (L1 (5:2,2).
(131,2) (5:2,1).
(2:0,1) (10;0,2)...
w5 ((2:1,0 (10:2,0)...
(2:1,1) (10:2,2)...
w5 ((2:1,2) (10;2,1)...

Figure 6.1. Orbits for Example 12
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Theorem 6.9 says that, since there is a difference set in this group,
there must be a difference set fixed by ¢5. If we are lucky, the twin
prime powers difference set D will be fixed. If not, then a shift of this
difference set will be fixed.

All the elements in the orbits of sizes 1 and 2 belong to D since
these elements have Z; component equal to 0.

To find the other elements we need to find the quadratic residues
in Z1; = GF(11) and in GF(9). The quadratic residues of Z,; are
{1,5,3,4,9}. To identify the quadratic residues in GF(9) we need to
understand its structure as Zs[x]/(p(z)).

In Zs[z], the polynomial p(x) = x? + 2z + 2 is irreducible. We
construct the field Zz[x]/(p(z)), and note that the coset represented
by x is a generator of the multiplicative group of nonzero elements.
(See A.18.) In the table below we show the nonzero elements of GF(9)
in their forms as polynomials in  and as ordered pairs from Zs @ Z3:

1 = 1 = (0,1) r =z (1,0)
2 = z+1 = (1,1) ¥ = 2041 = (2,1)
rt = 2 = (0,2) ¥ = 22 = (2,0)
% = 2242 = (2,2) 2 = x+2 = (1,2).

From this construction the quadratic residues are (0,1), (1,1),
(0,2) and (2,2). In the table of orbits, those containing elements with
quadratic residues in both Z1; and Z3®Z3 are marked with *5. Those
with quadratic non-residues in both are marked with 3. We conclude
that the difference set D consists of the elements in the orbits of ¢s
that are marked, and D is indeed fixed by ¢s.

Note: This works because in both Z;; and GF(9), 5 is a quadratic
residue. (In the second field since 5 = 2 mod 3, we multiply by 2, and
2 =(0,2) = (22)2.) So multiplying an element by 5 takes squares to
squares and non-squares to non-squares in both fields. o

Exercises

23. Use multipliers to find a (49, 16, 5)-difference set in Z7 & Z7 or
to show that none exists. A computer may be useful.
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24. With the aid of a computer, use multipliers to explore possible
difference sets in the abelian, non-cyclic group Zos ® Zs & Zs.

Coda

Multipliers have been central to the study of difference sets from
the beginning. Marshall Hall began the systematic study of differ-
ence sets, and, in particular, he introduced multipliers in 1947. Since
then, multipliers have become an important tool for answering the
existence question for abelian difference sets and for providing infor-
mation about equivalence. In this chapter the emphasis is on using
multipliers for discovery and for proof of non-existence. Hall’s first
two multiplier theorems are stated without proof. This chapter pro-
vides opportunities for the use of the computer as an investigative
tool.



Chapter 7

Necessary Group
Conditions

Chapters 5 and 6 introduced necessary conditions for the existence of
difference sets with certain parameters and in certain groups. Here
we continue this discussion with three results that depend on the
structure of the group. There are two related topics in Section 1.
The first concerns the distribution of the elements of a difference set
among the cosets of a normal subgroup of G. The second considers
homomorphic images of D in the setting of the integral group ring.
In Section 2 we discuss Turyn’s “exponent bound”. In Section 3 we
describe Dillon’s “dihedral trick” linking the existence of a difference
set in a generalized dihedral group of size 2n to a difference set in an
abelian group of the same size.

7.1. Intersection numbers

Partitioning D. We start with a group G that contains a differ-
ence set D. When G has a normal subgroup N, the cosets mod N
partition the elements of G and correspondingly lead to a partition
of the elements of D. The main result of this section concerns the
possible sizes of these subsets of D. This theorem can be used both
to find difference sets and to rule out the existence of difference sets
in certain groups.

103
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We start by looking at an example found in Kibler’s list of differ-
ence sets.

Example 1. Let G be the elementary abelian 3-group of order 27
generated by a, b, and ¢, and consider the difference set from Kibler
[40]

D = {1,a,a?b,ab,b*, c,ac,bc, ac®, a*bc?, b*c?, a*b*c?}.

If we choose the subgroup N = (a,b), then G = N U Nc U Nc?
and D is partitioned into D = Dy U Dy U Dy where D; = D N N¢'.
We find that Dy = {1,a,a?,b,ab,b?}, D1 = {c,ac,bc}, and Dy =
{ac?,a?bc?, b?c?,a*b?c?}. The numbers of elements in these D; are
(respectively) 6, 3, and 4. o

Example 2. Let G be the group Zs ®Z7 and let D be the (35,17, 8)-
difference set based on the twin primes 5 and 7. (See Theorem 4.6.)
Let N1 = {(a,0) | @ € Zs} and let N = {(0,b) | b € Zz}. These are
normal subgroups in G. Figure 7.1 shows the elements of D and their
membership in the various cosets of these normal subgroups. For
instance, the second column shows that coset (0,1) + Ny (denoted
by (x,1) in the table) contains two elements of D, namely (1,1) and
(4,1). o

| (%,0) | (5, 1) | (+,2) | (3) | (4) | (,5) | (x,6) |
(0,%) || (0,0) 1
(1,*) (1,0) (1,1) (1,2) (1,4) 4
(2,%) || (2,0) (2,3) 2,5) | (2,6) ] 4
(3,%) || (3,0) (3,3) (3,5) ] (3,6) || 4
(4,%) || (4,0) [ (4,1) ] (4,2) (4,4) 4

5 [ 222 2]z2]¢:]|u

Figure 7.1. Array showing elements of the twin-prime difference set

The sizes of the intersections of a possible difference set D with
the various cosets of a normal subgroup are useful in tackling the
existence question.
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Definition. Let G be a group and N a normal subgroup of index 7.
Let {g1,...,9-} be a complete set of coset representatives for N in
G. If D is a difference set in G, then the numbers n; = |D N ¢;N| are
the intersection numbers for D with respect to V.

For short we sometimes call these the intersection numbers for D
mod N. In Figure 7.1 the numbers at the ends of the columns are
the intersection numbers mod Ny, and those at the ends of the rows
are the intersection numbers mod N;. It is clear that the sum of the
intersection numbers mod N for a (v, k, A)-difference set must be k.
What is less obvious is that the sum of their squares is predictable.

Theorem 7.1. Let D be a (v, k,\)-difference set in the group G,
and let N be a normal subgroup of index r in G with |[N| = s. Let
{91,-..,9:} be a complete set of coset representatives, and denote the
intersection numbers for D with respect to N byn; = |DNg;N|. Then

i=1

(ni)? = n+ds.
1

T

%

As illustrations of this theorem, we look again at the examples
above.

Example 3. In the (27,13, 6)-difference set of Example 1, we have
s=1(a,b)| =9, n =7, and

624+32+42=61=7+6-09.

In the (35,17, 8)-difference set of Example 2, when s = 5 we have
n+As=9+8-5=49. We check that Y n? =52 +6-22 = 49.

When s = 7 we have n + As = 9+ 8 -7 = 65. We check that
Sn? =12 +4-42 = 65. o

Our proof of Theorem 7.1 uses the integral group ring introduced
in Chapter 4. Recall that if D is a (v, k, A)-difference set in G, then
in the integral group ring ZG we know that DDV = nlg + A\G.
Our proof involves summing the coefficients of elements of NV on each
side of this equation.



106 7. Necessary Group Conditions

Proof. The right hand side of the equation DD"Y = nlg+AG may
be rewritten as nlg + AN + A(G \ N). So the sum of the coefficients
of elements in N is n + A|N| = n 4+ As. For the left hand side we
write D = Dy + Do + -+ + D, where r is the index of N in G and
D; =DnNg;N. Then

DDD (=1

(Di+ Dot D) (Dy 4+ Dy + -+ D)

S o, + Y b,V

i£] i

The terms D, D§71) have nonzero coefficients for elements in the coset
9; g;lN. These elements are in N if and only if ¢ = j. So in the
expression for DD~ the sum of the coefficients of elements in N is
the sum of coefficients in ), D, Dgfl), namely the sum of squares of
the intersection numbers. We conclude that

r

Z (n;)? =n+ As. O

i=1

Next we look at how this theorem can be used to limit the search
for a difference set in a particular group. If we suspect that a group
G might have a (v, k, A)-difference set, we could check each of the (})
subsets of G. This is prohibitively time consuming even for quite small
examples. If G contains such a difference set D, we could search for
an equivalent difference set g~'D where g € D. This guarantees that
1 is in g7 ' D, so we only need to examine k-subsets that include 1¢,
cutting the brute force search down to (Z:}) In a similar fashion, if
we know a supposed difference set in a group GG with normal subgroup
N must have certain intersection numbers, we can limit our search
based on these numbers.

Example 4. Continuing with Example 1, let G = {(a,b,c | a® =
b =c3 =1) and N = {(a,b). If we have a (27,13, 6)-difference set
D in G, we can show that the only intersection numbers that obey
Theorem 7.1 are 3, 4, 6 in some order. Further we can specify the
assignment of these numbers to specific cosets by looking at difference
sets equivalent to D. Let D be a difference set with intersection
numbers 3,4,6. By multiplying D by an appropriate power of ¢, we
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can find a difference set equivalent (by a shift) to one with [DNN| = 6.
Similarly the mapping

arra, brb, cc?

is a homomorphism that keeps the coset N fixed and interchanges the
cosets Nc and Nc?. So using this mapping if necessary, we can find
an equivalent difference set with |[D N Ne¢| = 4 and |D N N¢?| = 3.
Thus, we can limit our search to sets with 6 elements in N, 4 in N¢,
and 3 in Nc2. So we have cut the brute force search from @;) ~ 20
million to (2) (Z) (g) = 889,056. Of course this number is also large,
but computers may be able to tackle the smaller search in reasonable
time where the larger one may be intractable. o

Homomorphisms. To take advantage of the integral group ring as
a tool for studying intersection numbers, we start with a group ho-
momorphism ¢ : G — H and extend it to a mapping ¢ : ZG — ZH.
Let N be the kernel of ¢, so H = G/N. Then this mapping ¢ will
give us a slightly different approach to a proof of Theorem 7.1, and
will be useful in later chapters.

First we must prove that © is a ring homomorphism.

Theorem 7.2. Assume G and H are groups and ¢ : G — H is a
group homomorphism. Define ¢ : ZG — ZH by

1D agg | = age(g).

geG geG

Then @ is a ring homomorphism.

Let us look at some examples.

Example 5. One case of interest is when G is a group, H = {14},
and ¢(g) = 1¢ for all g € G. So N = G. Then ¢(3"az9) = > a4l
which we identify with the integer ) a4, € Z. By analogy to evaluat-
ing a polynomial f(z) € Z[z] at © = 1, this is sometimes called the
evaluation map. o

Example 6. Let G = (a,b | a” = b®> = 1, ba = a?b), and D =
{1,a,a3,b,a%b?}, a (21,5, 1)-difference set. We define H = (b), and
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consider the homomorphism ¢ from G to H defined by ¢(a) = 1,
o(b) = b. The kernel of ¢ is N = (a). Then ¢ : ZG — ZH with
?(G) =TH and (D) = 3-1+1-b+1-b%. Note that the coefficients
in p(D) are the intersection numbers of D mod N. o

The following theorem shows the result of applying @ to the in-
tegral group ring equation for a difference set. Note that it requires
that the group homomorphism map G onto H.

Theorem 7.3. Assume D is a (v, k, \)-difference set in G and ¢ :
G — H is an epimorphism of groups. Then the image D = $(D)
satisfies the following equation in ZH :

DDV = nlyg + sAH,
where s is the order of N = Ker .

Example 7. This example sets the stage for a slightly different proof
of Theorem 7.1 (see Exercise 11). Suppose the group G contains a
(v, k, X)-difference set D. Suppose further that G' contains a normal
subgroup N and let ¢ : G — G/N = H be the natural homomor-
phism. Assume {gi,...,¢g,} is a complete set of coset representatives
for N in G, and let n; = |D N g;N|. Write h; = ¢(g;). Then

D=§(D) =Y nih;. o
1=1

Difference lists. Motivated by Theorem 7.3, we have the following
generalization of a difference set.

Definition. Anelement E = )", aph in the integral group ring ZH is
called a difference list over H with parameters (r, k, s, \) if s and k are
positive integers, A and the a; are non-negative, |H| =1, >, ap =k,
and EECY = (k= \) 1y + s\H.

Difference lists were introduced in [2]. In that paper, the authors
interpreted E as a multiset of elements from H, with a,h regarded
as ajp copies of the element h. In the special case when s =1 and all
the coefficients aj, are 0 or 1, E interpreted as a subset of elements of
H is an (r, k, A)-difference set.

Write the image of a group G under a group homomorphism as
H ~ G/N. Tt is then clear that the image of a difference set D
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in ZG under the corresponding ring homomorphism is a difference
list £ =), aph in ZH. In this case the multiplicity a; counts the
number of elements of D in the coset mod N that corresponds to h.
In ([8], p- 332) we find the remark that not all difference lists can be
obtained in this way. We also find the following interesting theorem,
due to Hall and Ryser for cyclic groups and Bruck for general groups
([10], p. 469).

Theorem 7.4. Let E be an (r,k, s, \)-difference list over H, where
r is odd and n = k — X. Then the equation

x2 _ nyQ + (_1)(7"71)/2,,422
has a nontrivial solution in integers x,y, z.

This result is similar to the powerful and useful Bruck-Ryser-
Chowla Theorem for symmetric designs (and thereby for difference
sets).

Example 8. Can a (25,9, 3)-difference set exist? These parameters
satisfy BRC because 22 = 6y? + 322 has the solution z = 3 and
y =z = 1. It is a consequence of the class equation (A.10) that every
group of order equal to the square of a prime is abelian. Therefore a
group of order 25 has a normal subgroup of order 5. It follows that
if a difference set with these parameters existed, then a (5,9,5,3)-
difference list would also exist. Then by Theorem 7.4 the equation
2% = 6y? + 522 would have a nontrivial solution. However, by Theo-
rem 5.2, this is impossible. o

Exercises

1. Let D be the difference set in Example 1.

(a) Let N be the normal subgroup (a). Find the intersection
numbers for D with respect to N, and verify that these
numbers obey Theorem 7.1.

(b) Show that these nine intersection numbers form a subparti-
tion of the intersection numbers with respect to (a,b).
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2. Consider the non-abelian group G = {(a,b | a® = b*> =1, ba = a*b)
with (27,13, 6)-difference set given by Kibler

D ={1,a,a* a* a° a",b,ab,a®b, ab, a’b*, a®v?, a®b?}.
(a) Check whether the subgroups (a) and (b) are normal sub-
groups.

(b) For any normal subgroups found in part (a), find the corre-
sponding intersection numbers and confirm that they satisfy
the equations in Theorem 7.1. ®

3. In this exercise we return to Example 4 to verify the claim that the
only intersection numbers for a (27, 13, 6)-difference set G satisfying
the equations in Theorem 7.1 are 3,4,6. Suppose the intersection
numbers, in some order, are the non-negative integers x,y, z.

(a) Explain why, without loss of generality, we may assume x <
y<z<T.

(b) By examining cases, complete the verification.

4. In the proof of Theorem 7.1, where do we use the fact that N is a
normal subgroup of G7

5. Consider the non-abelian group
G={a,b|a'® =0>=1, ba=ad"b).

(a) Show that N = (a) is normal in G.

(b) Assume that there is a (57,8, 1)-difference set D in G, and
find all possible triples of intersection numbers using Theo-
rem 7.1.

(c) Show that we can assume without loss of generality that
ng > ni, na, where n; = [D N N|.

(d) Show that there is no homomorphism of G that fixes N
and interchanges the cosets bN and b>N. (This means we

cannot swap intersection numbers n; and ny without loss of
generality.)
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(e) Compare your results above to the two difference sets in G
given in Kibler’s list for this group [40]:
Dy = {1, a, a3, a8, b, a*b, a'3b, a'®b?},
D3 = {1, a, a®, a®, b, a®b?, ab?, a'®b?}.

6. Let G be a group of order 39. First look back at Example 5.7 to
see what we know so far about the existence of (39,19, 9)-difference
sets. Use Theorem 7.1 to show that G' cannot contain a (39,19, 9)-
difference set. ®

7. Let G be as in Example 6. Map G onto H = (b) by p(a'b?) = 7.
(a) Verify that ¢ is a group homomorphism.
(b) Calculate @((a? + 3ab — 5a2b)(2a° — b)).
(c) Calculate @(a® + 3ab — 5a?b)p(2a° — b).

8. Prove Theorem 7.2.

9. Start with the (40, 13, 4)-difference set
D = {1,a,a?b,a’b,ab?, a®b?, a*v?, ab*, ab®, a*b°, ab®, a*b7}
in the group G = (a,b | a® = b® = 1,ba = a’b).
(a) Explain why N = (a) is a normal subgroup in G.
(b) Find a complete set of coset representatives of G modulo N.
(c) Let ¢ : G — G/N = H be the natural homomorphism.
Find D = 3(D).

(d) How do the coefficients of D in ZH compare to the inter-
section numbers for D mod N?

10. Prove Theorem 7.3

11. Using the notation of Example 7, compare the coefficients of 15
on each side of the ZH equation in Theorem 7.3 to give another proof
of Theorem 7.1
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12. Recall from Section 5.1 that no projective plane of order n = 10
exists. It follows that no symmetric (111,11,1) design exists, even
though these parameters satisfy BRC. This fact implies that no dif-
ference set with these parameters exists. Using Theorem 7.4, give a
direct proof that no (111,11, 1)-difference set exists. ®

13. This exercise concerns the parameters (201, 25, 3).

(a) Show that these parameters satisfy BRC.

(b) Use Theorem 7.4 to show that no (201, 25, 3)-difference set
exists.

7.2. Turyn’s exponent bound

The aspect of the structure of a group G that is the focus of this
section is the exponent! of a Sylow p-subgroup of G. We also restrict
our attention to abelian groups. The first version of our main theo-
rem further restricts our discussion to difference sets with parameters
(4p®®, 2p?* — p?, p?* — p?) for a prime p. While this may sound nar-
row, these difference sets are in the important “Hadamard family”
with v = 4n. All of these difference sets can be shown to have param-
eters of the form (4u?, 2u® —u, u? —u). We study them in Section 9.3.
The second version of Turyn’s theorem is more general.

Turyn’s paper [69] is important not only for his very useful ex-
ponent bound, but also for his innovative use of tools from character
theory and from algebraic number theory. We give an elementary in-
troduction to some of these methods in Chapters 11 and 12. Here is
the first version of Turyn’s theorem as it is often given in the literature
(for example, in [8], p. 414).

Theorem 7.5. (Turyn’s exponent bound, first version) Let p be a
prime and assume the existence of a difference set with parameters

(4p*®, 2p®* — p®, p** —p%)

!See A.8 for the definition of the exponent of a group.
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in an abelian group G. Let P be the Sylow p-subgroup of G. Then
one has the following bounds on the exponent of P:

exp(P) < p° for p odd,
exp(P) < 4-2% forp=2.

Deducing this theorem from the second version is left as an ex-
ercise, and we give a proof of the second version in Chapter 12. For
now we concentrate on applying Theorem 7.5, as in the following
examples.

Example 9. Consider G = Zy¢, the cyclic group of order 16. In the
notation of the theorem, |G| = 16 = 4p** = 4 - 22 with a = 1. Since
exp(P) = exp(G) = 16, which exceeds the bound of 4 - 2! = 8, there
is no (16, 6, 2)-difference set in Zig. o

Example 10. Consider an abelian group G of order 100 = 4-5%, and
let P be the Sylow 5-subgroup of G. If G contains a (100,45, 20)-
difference set, then by the theorem exp(P) < 5, so P = Zs ® Zs5 is
possible, but P = Zsj is ruled out. o

For a cyclic group G of order 4p?¢, if p = 2, then P = G and
exp(P) = v. Otherwise, the Sylow p-subgroup P has exponent p?®. So
in either case, if G is cyclic, then P has the largest possible exponent.
For a = 0, the parameters in Theorem 7.5 are (4,1,0), and the cyclic
group with 4 elements does have a (trivial) difference set with these
parameters. But for ¢ > 1 and for any prime p, Turyn’s exponent
bound rules out difference sets in cyclic groups of order 4p® for all
a > 1 and all primes p. Together with Dillon’s “dihedral trick,”
discussed in the next section, this rules out difference sets in infinitely
many dihedral groups.

In 1993 Kraemer? showed that for abelian 2-groups, Turyn’s ex-
ponent bound is not only a necessary but also a sufficient condition
for the existence of a difference set [41].

Theorem 7.6. There exists a (4-22%, 2-22¢—2% 229 _2%)_djfference
set in an abelian group G if and only if exp(G) < 4-2%.

2The result is also in Jedwab’s 1991 doctoral thesis ([17], p. 137).
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In the same year, conclusive evidence appeared that non-abelian
difference sets are more exotic. Liebler and Smith constructed a non-
abelian (64, 28, 12)-difference set exceeding Turyn’s exponent bound.
(See [47] in [37].) They wrote, “Dillon has raised the question of
which 2-groups G admit difference sets, and his question has been
settled for all groups of order 64 except [one].” The open case was
G = (z,y | 232 = y*> = 1, yoy = 2'7), and Liebler and Smith
were actually trying to prove non-existence when they made their
surprising discovery. Their work was subsequently generalized by
Davis and Smith in [17]. Davis and Smith showed that the difference
set in [47] is a member of an infinite family of difference sets in non-
abelian groups of order 4 - 22¢ with exponent 4 - 29T, We will return
to a discussion of these developments in Section 9.3.

The second, more general version of Turyn’s exponent bound is
given here as stated in ([8], p. 440). We first need the definition of
a term used in its statement. (The motivation for this notion of self-
conjugacy comes from algebraic number theory and is discussed in
Chapter 12.)

Definition. Let p be a prime, and w an integer. Write w = p®w’
where w’ is not divisible by p. Then p is self-conjugate modulo w if
there exists a non-negative integer j with p = —1 (mod w'). An
integer ¢ is self-conjugate modulo w if every prime divisor of ¢ is
self-conjugate modulo w.

Example 11. Choose p = 5. We look at three choices for w. If
w = 85, then w’ = 13 and 52 = —1 (mod 13), so 5 is self-conjugate
modulo 85. If w = 125 then w’ =1 and 5 =1 = —1 (mod 1), so 5
is self-conjugate modulo 125. If w = 20 then w’ = 4 and since 5 = 1
(mod 4), no power of 5 can be congruent to —1 mod 4, and 5 is not
self-conjugate modulo 20. Notice too that for any positive integer a,
5% is self-conjugate modulo w whenever 5 is. o

Now we can state the stronger form of Turyn’s exponent bound.

Theorem 7.7. (Turyn’s exponent bound, second version) Assume
the existence of a (v, k, \)-difference set in an abelian group G. Let p
be a prime divisor of v and denote the Sylow p-subgroup of G by P.
Assume that p** divides n for some a > 1. Let U be any subgroup of
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G with UN P = {1}. If p is self-conjugate modulo e = exp(G/U),
then

P
cep(P) < U] 'p—'

We remark that one way to apply this version of Turyn’s exponent
bound is to choose U = {1}.

Exercises

14. List the abelian 2-groups that cannot contain a (64,28, 12)-
difference set.

15. Consider abelian groups of order 324.

(a) Find the exponent bound for the Sylow 3-subgroup given in
Theorem 7.5. ®

(b) Using this, list all abelian groups of order 324 that cannot
contain a (324, 153, 72)-difference set.

16. Consider the parameters (175,30, 5).

(a) List the possible abelian groups of order 175.
(b) Why does Theorem 7.5 not apply in this case?

(c) Based on Theorem 7.7, which of the groups in (a) cannot
contain a (175, 30, 5)-difference set?

17. Consider the parameters (160, 54, 18).

(a) List the possible abelian groups of order 160.
(b) Why does Theorem 7.5 not apply in this case?

(c) Based on Theorem 7.7, which of the groups in (a) cannot
contain a (160, 54, 18)-difference set?

18. In this exercise you will deduce Theorem 7.5 from Theorem 7.7.
Assume the abelian group G has a (4p2?, 2p?® —p?®, p?@ —p?)-difference
set for some prime p and positive integer a. Let P be the Sylow p-
subgroup of G.
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(a) Assume p = 2 and choose U = {1}. Explain why 2 is self-
conjugate modulo exp(G/U) and deduce exp(P) < 4p® from
Theorem 7.7.

(b) Assume p is odd and choose U to be a subgroup of G of
order 2. Explain why p is self-conjugate modulo exp(G/U)
and deduce exp(P) < p® from Theorem 7.7.

7.3. Dillon’s dihedral trick

Dillon [18] showed that if there is no cyclic difference set in a group
of order 2m, then there is no difference set in the dihedral group of
order 2m. His theorem is actually more general.

Definition. Let H be an abelian group. The group G is a generalized
dihedral extension of H if there is an element g ¢ H such that G =
H+gHinZG, g?> =1, and for all h € H, ghg = h™'.

Example 12. Let H = (a,b | a® = b*> = 1,ab = ba), and let G =
{a,bye| a® =b* =2 =1,ab = ba,ac = ca™!,bc = cb). Then G is a

generalized dihedral extension of H with g = c. o

Theorem 7.8. [18] Let H be an abelian group, and let G be a gen-
eralized dihedral extension of H. If G contains a difference set, then
any abelian group with H as a subgroup of index 2 also contains a
difference set.

The proof of this theorem relies heavily on calculations in the
integral group ring, and is a good demonstration of the usefulness of

7G.

Proof. Assume G = H + gH. Let D be a difference set in G, and
write D = X +gY for X and Y subsets of H. Since D is a difference
set, DD-Y = nlg + AG. We substitute the expression for D in
terms of the subsets X and Y to learn more about how these two
subsets interact. In this calculation note that g = g~'. We can freely
commute subsets of the abelian group H. However, we must be careful
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with g. Specifically Xg = gX (=1 and (gY)"!) = Y(-Yg =gV, so
(X +gY)(X +gY)V
= (X +gV)(XY+gY)
XXV 4yyED 4 gy x4 Xgy
XXED 4 yyED 4ogy x (D),

Since this must equal nlg + AG, we equate the summands involving
elements of H, which gives us Equation (1). Equating the summands
involving elements of gH gives Equation (2). Equation (3) is obtained
from (2) via XY ("D = (Y XYY = (2 /2)HEY = (V/2)H.

Thus

XXED4yyEh = plg+AH (1)
yx-h = %H (2)
Xy = %H (3)

Now let K be an abelian group with H a subgroup of index 2. We
can write K = H + kH for some element k ¢ H. Note here that k
need not have order 2, though k? € H, so k?H = H. We claim that
C = X +kY is a difference set in K. Since K is abelian we can freely
commute elements in the calculation below:

cctY = (X +KkY)(X +ky)D
(X +kY)(XD k- ty (D)
XXEY 4+yyE) 4 kyxCY 4k xy Y,

In this last term we replace k—! with kk—2 to get:
COD = XXV 4 yy D 4 k(YXCD 4k 2xy (),
Then using Equations (1)—(3) we get:
A A
cCY = nlg 4+ AH +k <§H + 5H)

= nlg+ \K.
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Thus a difference set in the generalized dihedral group G can be used

to construct a difference set in the abelian group K.

Exercises

O

19. Let G; = (a,b,c|a* = b* = ¢? = 1,bab = a®,ac = ca,bc = cb)
and let H = (a,c) C Gy .

Z
o

PO NS otE W=

20. Consider groups of order 64.

(a) Show that G is a generalized dihedral extension of H.

(b) Give generators and relations for an abelian group Gs that
has H as a subgroup of index 2. (There is more than one

()

way to do this.)

We know from Kibler’s list that Dy = {1, a,a?, b, ac,a?bc}
is a (16, 6, 2)-difference set in GG;. Use Dillon’s construction
to produce a (16,6, 2)-difference set Do in your group Gs.
Verify that D is a (16,6, 2)-difference set in Gs.

There are 8 difference sets in abelian groups of order 16 in
Kibler’s catalog [40]. They are listed below. (We omit the
commutativity of generators from the relations.) Which of

these groups is isomorphic to G3? Show that your difference
set D5 is equivalent to one listed below.

Difference Set

1,z, xz, x4, Yy, xﬁy
1,2, 22, 2%, y, 2%
1,z, x2, Y, xy2, x2y3
1,x,22,y,4%, 2392
1,z,v, xzy, ;va, a:2y
1, z, 22, Y, 2, a:3yz

1, z, 22, Ty, T2, x3yz
1, z,y,z,w, xyzw

2

(a) Show that the dihedral group D32 cannot contain a differ-
ence set with parameters (64, 28, 12).
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(b) Write G1 = {(a,b | a®® = b* = 1,ab = ba). Give generators
and relations for a non-cyclic subgroup H of index 2 in G;.

(¢) Specify generators and relations for a generalized dihedral
extension GG of H that is not isomorphic to Dss.

(d) Show that G5 cannot contain a (64, 28, 12)-difference set.

Coda

In this chapter we continue our focus on the existence question for
difference sets. Here we ask if a group G contains a difference set
D, what does that imply about the structure of G7? This emphasis
on group structure is in contrast to the emphasis on the parameters
(v, k,\) in the two preceding chapters.

In Section 1 we look at the distribution of elements of a difference
set in the cosets of a normal subgroup. A useful strategy is to con-
struct a sieve of smaller and smaller normal subgroups of G, leading
to finer and finer constraints on the possible elements of a difference
set. Sometimes this strategy by itself suffices to prove non-existence.
Sometimes it restricts the possibilities enough to make tractable a
computer search that either produces a difference set or shows that
none can exist. In this way this sieve strategy is similar to the analysis
of unions of orbits of multipliers in Chapter 6.

Section 2 concerns the exponent of the Sylow p-subgroup for a
prime p. Turyn’s exponent bound may prove non-existence, but it
provides no help in constructing a difference set if one is possible.
This section focuses on applying Turyn’s theorem. The proof uses
deep ideas from representation theory and algebraic number theory,
and it is our culminating application of these tools in Chapter 12.

Dillon’s “dihedral trick” in Section 3 links existence of a differ-
ence set in a generalized dihedral extension of an abelian group H
to existence in an abelian extension of H. It can be used either to
prove non-existence or to produce an abelian difference set if the non-
abelian one is known.

Chapters 5—7 contain clear necessary conditions for existence, and
the latter two provide methods to narrow the search for a difference
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set to the point where a computer search may be feasible. In contrast,
the next two chapters give explicit constructions for difference sets.



Chapter 8

Difference Sets from
Geometry

In Chapter 2 we introduced finite affine and projective geometries.
While we know from Chapter 4 that the existence of a symmetric
(v, k, A) design is necessary for the existence of a (v, k, A)-difference
set, we have not yet explicitly used geometry to produce a difference
set. This is the goal of the present chapter. We begin with Singer’s
construction [62] and then describe two more recent constructions
due to Turyn [69] and McFarland [50] respectively. Each of these
three authors uses geometry in a different way. Singer begins with
a projective geometry and produces a cyclic group acting regularly
on the points and blocks of the associated symmetric design, which
in turn leads to a difference set. Turyn describes a set algebraically
but then uses affine geometry to prove that it is a difference set.
McFarland literally uses geometry to construct a difference set.

8.1. Singer difference sets

In this section we look at Singer’s construction of the family of cyclic
difference sets bearing his name. Following the structure of his paper
[62], we look first at the (¢® +q+ 1, ¢+ 1, 1)-difference set associated
with the projective plane PG(2,q), for a prime power ¢q. Toward the
end of his paper (page 384), Singer writes, “The preceding concepts

121
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are susceptible of immediate generalization.” We also look at this gen-
eralization, associating a cyclic (v, k, A)-difference set with PG(m, q)
for m > 2, with

m+1 _ 1 m _ 1 m—1 _ 1
v = g N ]{j = a , )\ — qf
q—1 q—1 q—1
The key to both arguments is the vector space isomorphism between
a space V of dimension m + 1 over F, and the finite field GF(¢™*!).

We know PG(2, q) gives a symmetric design whose points are the
projective points and whose blocks are the projective lines. Singer’s
first theorem is the following (written in our language, not his).

Theorem 8.1. Let g be a prime power. Then the symmetric design
of PG(2,q) has an automorphism 7 of order ¢> + q + 1. The cyclic
group G = (1) acts regularly on the points of PG(2,q).

Proof. We know that the multiplicative group of nonzero elements
of a finite field is cyclic. The proof of Singer’s first theorem depends
on the representation of points of PG(2,q) as powers of a generator
of GF(¢3)*. We also know that GF(¢®) is a 3-dimensional vector
space over the field Fy; we call it V' to emphasize this structure. We
can construct V' as F,[z]/(p(x)) for an irreducible monic polynomial
p(x) € Fylx] of degree 3. In fact, it is always possible to choose p(x)
so that the coset represented by z is a generator of the multiplicative
group GF(¢®)*. (See A.16 and A.18.)

As we did in Exercise 4.12, we identify the elements of V =
F,[z]/(p(z)) with their quadratic coset representatives. It then fol-
lows that every element of V' can be written as an F,-linear combi-
nation of 22, 2!, 2%, Since these three vectors span the 3-dimensional
vector space V, they therefore form a basis.

The multiplicative group Fy is the unique subgroup of order ¢ —1
in the cyclic group () of order ¢° — 1, and this subgroup is generated
by 2" for r = (¢* —1)/(q — 1) = ¢*> + ¢ + 1. The powers of x which
correspond to elements of the ground field F, are therefore 7" for
j=0,1,...,qg — 2. It follows that * and ! correspond to linearly
dependent vectors in V if and only if 257" € Fy; in other words,
they are linearly dependent vectors if and only if the exponents s = ¢
(mod r). However, we know PG(2,q) has exactly r points, so we
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may take 2%, z', 22, ..., 2"~ as the vectors generating them. This is

our rationale for denoting the projective point determined by x° by
s € Z,. (We write 2! and 2° instead of z and 1 to keep the link to
this notation clear.)

Next, consider the transformation 7, : V' — V defined by multi-
plication by x. Thus T,,(0) = 0 and T, (2*) = x*T!. This is in fact a
non-singular linear transformation of V' and so determines an auto-
morphism 7 of PG(2,q). We see that 7(s) = s+1fors=0,...,r—2
and 7(r —1) = 0. The group G = (7) thus acts transitively on the
r points of PG(2,q). Since |G| also equals r, G acts regularly on the
points by the orbit-stabilizer theorem (Theorem 3.2, p. 39). O

Example 1. Choose g =4,s07 = (¢*—1)/(¢q—1) = ¢*+q+1 = 21.
For the ground field we have Fy = {0,1,w,w?} with w? + w+1 = 0.
To construct GF(64) = Fy[x]/(p(x)) we choose p(z) = 2®+ 22+ +w.
Since p(x) has no zeroes in Fy, it is irreducible in Fy[x]. We then have
2% = 22+ 2! +wa®. More generally, the vectors 22, 2!, 2° form a basis
for the 3-dimensional vector space V. We still need to check that x
is a generator for GF(64)*. To do this, we express the other powers
of = as linear combinations of the basis vectors. (Note that 20 =1 is

actually in the ground field F4.) We show one calculation in detail:

zt = 23 +x2 —|—wx1
= 22+ 2! +wa® + 2% + wat
= w?z! + w2l
Similarly, we find that 2° = w?z? + wa', 26 = 22 + w2a! 4 29,
27 = wa? + wx?, .... Checking the exponents that are multiples of
21 we find what we expect: 22! = w, #*? = w?, and 2% = 1 are
all elements of the base field Fs. We can thus choose 20,21, ..., 220

as generators of the 21 points of PG(2,4), and we label the point
represented by x° by s. The points are then denoted 0,1,...,20.

Since z2! 0

= w2 determines the same projective point as x
that 7(s) = s 4+ 1, with addition modulo 21, defines a regular action

on the 21 points of PG(2,4). o

, We see

Singer’s theorem tells us that the automorphism group G = (7)
acts regularly on the points of the symmetric design PG(2,¢q). By
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Corollary 3.7, GG also acts regularly on the blocks. Now Theorem 4.8
implies that G contains a difference set with the same parameters as
the design, namely (¢ + ¢+ 1, +1,1).
We conclude with the generalization of Theorem 8.1 that yields
the cyclic (v, k, A)-difference set with
m+1 __ 1 mo_ 1 m—1 __ 1
v=1 k=L - a=1 -
q—1 q—1 q—1
We know PG(m,q) gives a symmetric design whose points are the
projective points and whose blocks are the projective (m — 1)-spaces.

Theorem 8.2. Let q be a prime power. Then the symmetric design
of PG(m, q) has an automorphism T of order (¢ —1)/(q—1). The
cyclic group G = (1) acts regularly on the points of PG(m,q).

The proof is essentially the same as that for Theorem 8.1, and it
is left for the exercises.

Exercises

1. Carry out Singer’s construction of the (7,3, 1)-difference set by

constructing GF(8) = Fa[z]/(p(x)) using the irreducible polynomial
pr) =2 +z+ 1.

(a) Find 2°,2',..., 25 as linear combinations of 22, z!, 2% with

coefficients in Fy = {0,1}. ®

(b) Write the matrix of T, with respect to the ordered basis

(x2, 2%, 2°) of V. Compare this to the matrix M in Chapter

1. ®
(¢) Identifying the point represented by x* with the integer s €
Z7, find the line B = {dp,d;,d2} of PG(2,2) containing
do=0and dy = 1.
(d) How does the difference set {dg,d1,ds} compare to the dif-
ference set Dq in Example 1.17

2. Construct GF(27) as in Exercise 4.12 using p(z) = 23 + 2z + 1.
Repeat the previous exercise for ¢ = 3 (omitting the references to
Chapter 1). In particular, do the following:
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(a) Verify that 2'3 = 2 and = has order 26 in the multiplicative
group GF(27)*. Find 2%, 2,..., 2% as linear combinations
of 2,21, 20 with coefficients in F3 = {0, 1, 2}.

(b) Find the line B = {do,d;,dz2,d3} of PG(2,3) containing
doz()anddlzl.

(¢) Compare the difference set {dy,d1,ds,ds} to the one con-
structed in Z,3 in Exercise 4.13 on page 53.

3. In this exercise you will carry out Singer’s construction of a
(15,7, 3)-difference set in Z;5 using PG(3,2). Construct GF(16) as
Fo[z]/(p(z)) for p(x) = x* + 2® + 1. Identify powers of = with their
representations ax® + bx? + cx! + da® written (a,b, c,d). Let 7 be the
automorphism of PG(3,2) determined by the linear transformation
T, and let G = (7).

(a) Verify that p(z) = 2% + 2% + 1 is irreducible over Z,.
(b) Verify the following:

2> = (1,0,1,1) 210 (1,0,1,0)
20 = (1,1,1,1) 2= (1,1,0,1)
27 = (0,1,1,1) 22 = (0,0,1,1)
¥ = (1,1,1,0) 23 = (0,1,1,0)
2 = (0,1,0,1) x4 (1,1,0,0)

(¢) Let P be the point (1-space) spanned by x = (0,0, 1,0), and
choose the block (3-space) B spanned by x!, 2% x%. Find
the subset D of G consisting of automorphisms mapping P
to a point in B.

(d) Confirm that D is a (15,7, 3) difference set in G.
4. Prove Theorem 8.2. Use the notation in the proof of Theorem 8.1.

8.2. Turyn’s construction

In his 1965 paper ([69], p. 336) Turyn gave a construction for dif-
ference sets in the additive group G = GF(q) ® GF(q) where ¢ is a
power of 2. His proof is an appealing tour of some of the geometry of
the affine plane GF(q) x GF(q).
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Theorem 8.3. (Turyn) Let ¢ = 2" for h > 1 and let G = GF(q) ©
GF(q). Let

D ={(c1 +c2,c102) | c1,¢2 € GF(q)}.
Then D is a (v, k, \)-difference set in G with v = 4n andn = (2"=1)2.

From this description, the size of the set D is not immediately
apparent. Clearly the element (¢1 + co,c1¢2) is the same when the
choices of ¢; and ¢y are interchanged. If these were the only repeats,
we would have ¢ elements of D with ¢; = ¢2 and then g(¢—1)/2 more
elements of D corresponding to unordered pairs {c;, co} with ¢; # ca,
for a total of ¢(¢+1)/2. In the next example we determine D for the
special case g = 4.

Example 2. Choose ¢ = 4 and GF(4) = {0,1,w,w?} with w? +w +
1 =0. In this case ¢(¢ +1)/2 = 10. Is this the size of D? We list the
elements of D below to check:

c1  co element in D
0 0 (0,0)
0 1 (1,0)
0 w (w,0)
0 w? (w?,0)
11 (0,1)
1w (w2, w)
1 w? (w,w?)
wow (0,w?)
w o w? (1,1)
w? w? (0,w).

We do find that all 10 choices of ¢y, ¢o give distinct elements of D. ¢

The proof that this way of determining |D| works in general is
left for the exercises. Turyn himself makes a different argument for
the size of D. We outline his entire proof below.

Proof. To begin, note two useful properties of the field GF(¢q) when
q is a power of 2, and thus GF(q) has characteristic 2. First, —z = x
for every z € GF(q). Second, x — z? is a field automorphism. (The
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lack of these special properties is the obstruction to directly extending
this argument to odd values of ¢.)

Recall from Section 2.3 the following properties of the affine plane
GF(q) X GF(q). (These properties hold for any prime power ¢.) The
plane contains ¢2 points (z,y). The lines of this affine plane are the
point sets satisfying linear equations. A line of slope m for m € GF(q)
has equation y = ma + b for some b € GF(q). A line of slope denoted
oo has equation z = ¢ for some ¢ € GF(q). Each line contains ¢
points. Distinct lines of the same slope are parallel (i.e., pairwise
disjoint). Two lines of different slopes meet at a unique point.

Now we again specialize to the case when ¢ is a power of 2. Select
one line from each parallel class as follows:

{,, has equation y = mx +m? for m € GF(q),
l+ has equation z = 0.

See Figure 8.1 for an illustration of these lines when ¢ = 4. Observe
that for each p € GF(q) U {00}, the points in ¢,, are contained in D.
Further, each point of D lies on exactly two of the ¢-+1 lines £,,. These
two observations tell us that k = |D| = q(¢+ 1)/2 = 2h71(2" + 1).
(Notice that this agrees with the count preceding Example 2.)

Figure 8.1. Lines from Turyn construction, ¢ = 4

We need to show that D is a difference set in G. First observe
that for a non-identity element a € G, a = dy — ds for dy,dy € D if
and only if d; = a+ds € D N (a+ D). Therefore, to verify that each
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non-identity element of G appears the same number of times in the
multiset of differences of distinct elements of D, it is sufficient to show
that |D N (a + D)| is independent of the choice of the non-identity
element a € G. To show this independence, we will make use of the
lines in D and calculate |¢, N (a + ¢,,)| for each p.

To make this calculation, it is useful to assign a slope to a point.
We say a point a = (a1,as) # (0,0) has slope m if a; # 0 and
as = mazy, and we say it has infinite slope if a; = 0.

We make the following observations:

(i) If a # (0,0) has slope p then a + ¢, =¢,,.

(ii) For all @ € G, a+¢, is a line of slope p, but a + ¢, = ¢, for
a # (0,0) only if a has slope p.

(iii) Suppose a # (0,0) is a point of slope not equal to p. Then
£, and a + ¢, are disjoint.

Choose a € G, a # (0,0). Suppose a has slope u. Choose a slope
v # . We know a + £, is a line €’7 # £, and therefore not equal to
any of the selected £5. We claim ¢/, contains exactly q/2 points of D.
To see why, first observe that £/ intersects {4 for each of the g choices
of 8 # . Since each point of D lies on two of these lines, we get only
q/2 points of D on £ .

We are ready to count the size of DN (a + D). Since a has slope
i, we get ¢ points in the intersection from a 4 ¢, = ¢, C D. Now
we have ¢ choices for v # pu, and each choice of v gives ¢/2 points
of D from a + £, = (.. This gives g + q(¢q/2) points. However, since
each point of D is on two of the lines {3, this double-counts the size
of DN (a+ D). Our conclusion is

1 2 2 9

Since |D N (a + D)| is thus independent of the choice of a, our proof
is complete. 1
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Exercises

5. This exercise concerns Turyn’s construction for ¢ = 4, with
GF(4) = {0,1,w,w?} where 1 + w + w? = 0. Refer to Example 2
for a list of the elements of D.

(a) What are the parameters of this difference set?
(b) List the elements of £, for each m € GF(4). Also list the
elements of /. ®

(¢) Verify that each of these five lines is a subset of D and that
each element of D lies on two of these lines.

6. In general, what are the parameters of the difference set in Theo-
rem 8.3 in terms of A7

7. Assume ¢ is a power of 2. Show that if (¢ +d, cd) = (a + b, ab) for
a,b,c,d € GF(q), then either ¢ = d = a = b or the 2-sets {a,b} and
{c,d} are equal. (This gives another argument for k = ¢(¢+ 1)/2 in
Turyn’s construction.)

8. Complete the arguments in the proof of Theorem 8.3 as follows:

a) Show ¢, C D for each p € GF(q) U {oo}.

(
(b) Show each point of D is on exactly two lines ¢,,.

)

)

(¢) Verify observation (i).

(d) Verify observation (ii).
)

(e) Verify observation (iii).

8.3. McFarland difference sets

The first two constructions in this chapter produced difference sets
in very specific types of abelian groups. In contrast, this next con-
struction produces difference sets in groups with much less restric-
tive structure and provides our first family of non-abelian difference
sets. McFarland’s paper “A Family of Difference Sets in Non-cyclic
Groups” [50] is exceptionally readable. We follow it closely and even
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quote from it. In this paper McFarland constructs difference sets with
parameters

s+1_1 s+1_1 s _ 1
’U_q5+1(—q —|—1>, k_qs<—q >, /\_qs(q )
q—1 q—1 q—1

McFarland’s construction begins with a vector space V' of dimen-
sion s + 1 over a finite field F = GF(q), where s is a positive integer.
Write

qs+1 —1

g—1 "~
We know from Theorem 2.16 that r is both the number of 1-spaces in
V and also the number of hyperplanes in V. Let Hy,..., H, be the
hyperplanes of V. Let E denote the additive group of V', and regard
each H; as a subgroup of E. Here is the surprising part: choose for
K any group of order r+ 1. Let G = E x K. Note that if K is chosen
non-abelian, G will be non-abelian.

T =

Now we define D C G. Choose r distinct elements k1, ..., k. in
K. Choose r not necessarily distinct elements eq, ..., e, in E. Write
(H; + e;,k;) for the coset of H; x 1) in G with coset representative
(eiyki). We set D equal to the union of these cosets:

=1

Theorem 8.4. (McFarland, [50]) Define the group G, the set D, and
the parameters v, k, X\ as above. Then D is a (v, k, \)-difference set
in G.

Proof. We will show D"YND = (k- \)1g + AG in ZG.' We begin
with the following observations about multisets in the group E:

(i) The multiset Hy U --- U H, contains the identity of E (i.e.,
the zero vector of V) exactly r times, and contains each
non-identity element of E exactly (¢° —1)/(¢ — 1) times.

(ii) For i = 1,...,r, each element of H; appears ¢° times in
H,+ H; :{a+b|a,b6H1-}.

"We write D(~) on the left because McFarland does. We know from Theorem 4.9
that it doesn’t matter which side we put the inverse on.
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(iii) If i # 7, then x € E appears ¢°~! times in H; + H; =
{a+bla e H;,be H;}.

Now we change notation and write all of our group operations
multiplicatively, with identities 1z, 1 and 15 in E, K, G respectively,
reserving addition for the integral group ring. In this notation D €
ZG can be written D = ), H;e;k; and the observations (i)—(iii) above
can be rewritten in ZFE as follows:

s 1
() Hy+---+H, —r1E+<qq_1)(E—1E)

s —1
(iii) For i # j, H;H; = ¢* ' E.

We depart slightly from McFarland’s notation (in order to reserve
k for the size of D) and write K = {ko, k1,...,k,}. However when
we sum over i, it is for ¢ = 1,...,r. Here is what McFarland writes
to complete the argument:

“D(_l)D = <Z Hz eilki1> Z Hj ejkj

= ZH21K + ZHH]eZ ejk; 1k;

i#]
S ILATERED STy
i#]
—1
= 9281E1K+q8(q )ElK
qg—1

¢ —1
s F(K -1
+q<q 1> ( K)

s 1
q—1

Thus D is a difference set in the group G = E'x K with the parameters
[given above].” O




132 8. Difference Sets from Geometry

McFarland’s paper contains two other interesting results. He
shows that when ¢ is odd, his construction produces at least (¢°+1)/2
inequivalent difference sets in the same group. He also shows that for
g = 5 and s = 2 he gets a difference set which has minus one as
a multiplier. He writes, “this is the first (and so far only) example
of a difference set having minus one as a multiplier which is not a
Hadamard difference set.” A Hadamard difference set is one with
v = 4n; we discuss these in Section 9.3. When ¢ = 2, McFarland’s
construction gives a Hadamard difference set. The Turyn construc-
tion in the previous section also gives difference sets in the Hadamard
family.

Exercises

9. Verify the first three observations in the proof of Theorem 8.4 as
follows:
(a) Verify statement (i). ®
(b) Verify statement (ii).
(¢) Verify statement (iii).

10. Verify that the ZFE versions of the three statements in the pre-
ceding exercise are as claimed.

11. Let K = {ko,k1,... k. } and 1 < 4,5 <r, and verify that

Zk;lkj = (r—1)(K —1x). ®
i

12. Verify the equations quoted on p. 131 from McFarland [50].

13. Carry out McFarland’s construction with ¢ = 2 and s = 2 as
follows:

(a) Choose K abelian and choose kg = 1.

(b) Choose K non-abelian and choose kg = 1.
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14. Carry out McFarland’s construction with ¢ = 5 and s = 1.
Choose ky = 1k.

15. Look up Dillon’s generalization of McFarland’s construction [18].
Give a specific example of a group to which Dillon’s construction
applies, but McFarland’s does not.

Coda

The three constructions in this chapter use geometry in different ways
to produce infinite families of difference sets in groups of varying
kinds. Not only do these constructions address the existence question,
but they also exemplify the interweaving of group theory, geometry
(projective, affine and linear) and combinatorics.

In the first construction, Singer identifies a vector space V' of di-
mension m + 1 over the finite field GF(q) with the field GF(¢™*1).
He uses this identification to construct a cyclic subgroup of order
(g™t —1)/(q — 1) acting regularly on the symmetric design defined
by the points and projective (m — 1)-spaces of the projective space
PG(m,q) coming from V. We see the Singer family of cyclic differ-
ence sets again in the next chapter because when ¢ is a power of 2,
the parameters of the Singer difference set have the special “Paley-
Hadamard” relationship v = 4n — 1. We also see these difference sets
in Chapter 13, where they are used to produce binary sequences with
useful properties.

Turyn’s construction gives a difference set D in the non-cyclic
abelian 2-group GF(q) ® GF(q) for ¢ = 2" and h > 1. Although
Turyn’s description of the elements of D is purely algebraic, his proof
that D is a difference set involves an analysis of the affine plane
GF(q) x GF(q), including careful counting.

For the third construction, McFarland, like Singer, begins with a
vector space V over a finite field. However, McFarland exploits the
vector space structure directly, using the r hyperplanes (subspaces)
of V' to construct a difference set in G = F x K, where E is the
additive group of V and K is any group of order r 4+ 1, so G can be
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non-abelian. McFarland’s construction was subsequently generalized
by Dillon in [18]. When ¢ = 2, the McFarland difference sets have
parameters satisfying the special “Hadamard” relationship v = 4n,
so they reappear in the next chapter.



Chapter 9

Families from
Hadamard Matrices

Some important and intriguing families of symmetric designs and
difference sets are linked to Hadamard matrices. In Section 1 we
introduce Hadamard matrices. In Section 2 we study the family of
(4n—1,2n—1,n—1)-difference sets associated with Hadamard matri-
ces, including the quadratic residue sets from Chapter 4. In Section 3
we examine (v, k, A)-difference sets with v = 4n, which are related to
special Hadamard matrices. In addition, we briefly revisit constraints
on abelian difference sets in this second family and some surprising
results in non-abelian groups. In Chapter 13 we see an application of
some difference sets from these families.

9.1. Hadamard matrices

Hadamard matrices are special square matrices with entries £1. Had-
amard originally studied them while trying to find the maximum ab-
solute value for the determinant of a square matrix with complex
entries h;; satisfying |h,;;| < 1.

Definition. A Hadamard matrix of order m is an m X m matrix
with entries +1 satisfying

HHT = mI,,.

135
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An immediate consequence is that H'H = ml,,. The entries
along the diagonal of HHT (and of HT H) are simply sums of m
squares 12 and (—1)2. The zeroes off the diagonal mean that each
pair of rows (and each pair of columns) is orthogonal in R™ (or in

cm).

Example 1. Here are four small Hadamard matrices:

11
1= [1] 2 [1_1}
1 -1 -1 1 1 -1 -1 -1
1 -1 1 1 -1 1 -1 -1
Hs = H, —
3 1 1 -1 1 4 -1 -1 1 -1
1 1 11 1 -1 -1 1] »

If we permute the rows or columns of a Hadamard matrix, or
if we multiply any row or column by —1, we get another Hadamard
matrix. By repeatedly applying these operations to any Hadamard
matrix, we can obtain one whose first row and first column consist
entirely of +1’s.

Definition. Two Hadamard matrices are equivalent if we can obtain
one from the other by a series of operations of permuting rows or
columns or multiplying a row or column by —1. A Hadamard matrix
is normalized if it contains only +1’s in its first row and first column.

If we choose a positive integer m, does a Hadamard matrix of
order m exist? It is relatively easy to prove the following necessary
condition on m.

Theorem 9.1. If H is a Hadamard matriz of order m, then m =1,
m =2, orm=0(mod 4).

It is also believed that these conditions are sufficient.

Conjecture: If m = 0 (mod 4), then there exists a Hadamard matrix
of order m.

Lander [43] reported in 1983 that this conjecture was known to
be true for m < 264; that is, the first unknown case at that time was
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m = 268. In 1992 VanLint and Wilson [70] reported that the first
unknown case was m = 428.

In trying to prove this conjecture, people have developed tech-
niques for constructing Hadamard matrices. We examine some con-
structions via difference sets in the next two sections, but for now,
we note the following example. In Section 2 we prove that this con-
struction always produces a Hadamard matrix.

Example 2. Our goal is a Hadamard matrix H of order p + 1 for a
prime p =3 (mod 4). Let D be the difference set of nonzero squares
mod p, and let A be the incidence matrix for devD. We replace each
zero by —1 to obtain a matrix we call A*. Label the rows and columns
with 0,1,---p—1. Then our description of A* is equivalent to defining
its entries by a;; = +1if j € i + D and —1 otherwise. (Equivalently,
a;j = +1if (j—i) € D and —1 otherwise.) Next we attach a first row
and first column of +1’s to A* to produce H. The example below is
for p="7and D ={1,2,4}:

Il
e T = T = T = S =S S

L 1 1 -1 1 -1 -1 -1 | o
To construct larger Hadamard matrices from smaller ones we de-
fine the following matrix product.

Definition. Suppose A is an m X n matrix and B is r X ¢. The
Kronecker product of these matrices, denoted A ® B, consists of mn
blocks, where the 4, j block is a;; B:

allB algB s alnB

a1 B axpB -+ a2, B
AR B =

am1B  amaB - amnB
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1 2 10
Example 3. LetA—[3 4} andB—[O 1}Then
10 2 0
01 0 2
AoB = 3040
0 3 0 4 o

Theorem 9.2. If Hy and Hs are Hadamard matrices, then Hy ® Hy
is a Hadamard matrix.

In the next two sections we study the close connections between
Hadamard matrices and two families of symmetric designs. For the
second family we need to limit ourselves to a particular type of Had-
amard matrix.

Definition. A regular Hadamard matrix is a Hadamard matrix hav-

ing all its row and column sums equal.

Of the matrices in Example 1, only H; and H,4 are regular. Note
that a normalized Hadamard matrix of order greater than 1 is not
regular. Indeed, regularity is not preserved by multiplying a row or a
column by —1, so the notion of equivalence does not apply to regular
Hadamard matrices.

The next two theorems, which are restated as Theorems 9.3 and
9.8 and proved in Sections 2 and 3 respectively, make explicit the link
between symmetric designs with special parameters and Hadamard
matrices.

Theorem. A symmetric (4n —1,2n — 1,n — 1) design exists if and
only if a Hadamard matrix of order 4n exists.

Theorem. A symmetric (v,k,\) design with v = 4n exists if and
only if a regular Hadamard matrix of order 4n exists.

We say difference sets with parameters (4n —1,2n —1,n— 1) are
in the Paley-Hadamard family. We call (v, k, A)-difference sets with
v = 4n Hadamard difference sets.!

Some authors use the less confusing name Menon difference sets when v = 4n.
We use the more common, albeit somewhat confusing, name above.
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Exercises
1. Prove that if H is an m x m Hadamard matrix, then HT H = mI,,,.

2. Show that matrix Hj in Example 1 is equivalent to the normalized

matrix
1 1 1 1
11 -1 -1
Hs = 1 -1 1 -1
1 -1 -1 1

3. Verify that the 8 x 8 matrix in Example 2 is a Hadamard matrix.

4. This exercise, based on [28], yields a proof that if a Hadamard
matrix of order m exists for m > 2, then m is a multiple of 4. (Similar
arguments are used in the proofs of Theorems 9.3 and 9.8.) Suppose
that H is a normalized Hadamard matrix of order m > 2. Assume
further that the second and third rows of H have +1s in the first x
columns. Also assume the second row has +1s in the next y columns,
while the third row has —1s in those y columns, with the reverse in
the next z columns: —1s in the second row, +1s in the third row.
Finally assume both the second and third rows have —1s in the last
w columns. Schematically the second and third rows would look like
this:
x Yy z w

—N——
+++..+_ ........ —

++_.._++_._
S——

T Yy z w

(a) Explain why there is no loss of generality in making the
assumptions above.

(b) Explain why z, y, z and w satisfy the following equations:

r+y+z+w = m,
r+y—z—w 0,
rT—y+z—w 0,
r—y—z+w = 0. ®
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(¢) Solve the system of equations in (b) to obtain z =y = z =
w=m/4.

5. Examine the properties of the Kronecker product. Is it defined
for any pair of matrices? Is the operation commutative? associative?
Does this operation have an identity? inverses?

6. Verify the following properties of the Kronecker product:

(a) (aA) ® (bB) = ab(A ® B) for any matrices A, B and any
scalars a, b.

(b) (A® B)T = AT @ BT for any matrices A, B.

(¢) The Kronecker product of identity matrices is again an iden-
tity matrix: I,,, ® I, = L.

(d) (A® B)(C ® D) = (AC) ® (BD) where matrices A and C
are mxm and B and D are nxn. (Use block multiplication
for matrices as follows: if P;; and @);; are n x n matrices
for 7,7 =1,...,m and P and @ are nm X nm with blocks

P;; and Q;; respectively, then PQ is nm x nm with blocks

>y PiQjk-)
1

7. Let H = [1

Hadamard matrix. Now compute H ® (H ® H) and show that this is
a Hadamard matrix.

_11]. Compute H ® H and show that this is a

8. Prove Theorem 9.2.

9. If H; and H, are regular Hadamard matrices, is H; ® Hy a regular
Hadamard matrix? If not, give a counter-example. If yes, provide a
proof.

10. Assume that H is a regular Hadamard matrix. Show that the
number of +1s in each row and in each column is a constant.
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11. Recall that the original motivation for defining Hadamard ma-
trices was the search for the maximum absolute value of the determi-
nant of a square matrix whose complex entries are in absolute value
no greater than 1. What is the determinant of a Hadamard matrix
of order m?

12. Trace the progress of the Conjecture on existence of Hadamard
matrices. Find a paper after 1983 that improves on the result reported
by Lander. Find a more recent result than reported in 1992. Try to
find results in refereed journals.

9.2. Paley-Hadamard family: v =4n — 1

In this section we focus on the Paley-Hadamard family of difference
sets with the parameters (4n —1,2n — 1,n — 1). Baumert ([5], p. 90)
notes that these difference sets have been extensively studied for rea-
sons including the following:

e They are relatively abundant. (In this section we see four
families within this larger family: Paley, Singer for suitable
q, twin prime powers, and a family due to Hall.)

e If a nontrivial (v, k, A)-difference set exists with k < v/2,
then 1 < A < (v —3)/4. “Thus planar difference sets and
[Paley-]Hadamard difference sets present the extreme values
of \.7

e They have led to several digital communications applica-
tions by means of associated “autocorrelation functions”.
(We discuss these in Chapter 13.)

e The existence of such difference sets casts light on the exis-
tence of Hadamard matrices.

‘We make the link to Hadamard matrices explicit with the follow-
ing theorem.

Theorem 9.3. A symmetric (4n — 1,2n — 1,n — 1) design exists if
and only if there exists a Hadamard matrixz of order 4n.

Proof. First, assume H is a Hadamard matrix of order 4n. Recall
that we can multiply a row or a column by —1 without changing the
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values of HTH or HH™, so we may assume without loss of generality
that our matrix has been normalized and the first column and first
row of H consist entirely of +1s.

Let M be the (4n —1) x (4n — 1) matrix obtained by deleting the
first row and first column of H. Let A be the matrix obtained from
M by replacing —1 by 0 wherever it occurs. Then A is the incidence
matrix of an incidence structure with +1 in row ¢ and column j if
and only if the ith block contains the jth point. We will show that A
is the incidence matrix of a symmetric (4n — 1,2n — 1,n — 1) design.

Because the rows of H are orthogonal, the number of +1s in each
row of H after the first must be 2n, so the number of +1s in each
row of M must be 2n — 1. By Exercise 1, the number of +1s in each
column of M is also 2n — 1. Thus the structure with incidence matrix
A has k = 2n — 1 points per block and k blocks per point. Further,
because the dot product of two rows of H is 0, the dot product of two
rows of M must be —1.

Now consider two rows of M (chosen arbitrarily). We want to
show that the number of +1s these rows have in common is n — 1.
To do that, we set up notation to count the numbers of columns in
which:

x: both rows have +1,
y: the first row has +1 and the second —1,
z: the first row has —1 and the second +1,

w: both rows have —1.

By permuting columns appropriately, we can assume that schemati-
cally the two rows look like the following. For economy of notation,
we write + and — instead of +1 and —1,

—N——
b _
o — e —

—
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Using what we know about M, we have the following equations
in the variables x, vy, z, w:

r4+y+z+w = 4n—1,
r+y = 2n-—1,
r+z = 2n-—1,

r—y—z4+w = -—1.

Solving these equations yields y = z = w =n and = n — 1. In par-
ticular, two distinct blocks have exactly A = n — 1 points in common.
By the redundancy of the axioms for a symmetric design, it follows
that A is the incidence matrix of a symmetric (4n —1,2n — 1,n — 1)
design.

For the converse, assume D is a symmetric (4n—1,2n—1,n—1)
design and A is its incidence matrix. Let M be the matrix obtained
from A by replacing 0s by —1s. Let H be the 4n x 4n matrix obtained
from M by adding an initial row and an initial column of +1s. We
claim H is Hadamard of order 4n. Choose two rows of M and define
x,y, z,w as above. The properties of A imply

r+y+z+w = 4n—1,
T A= n-—1,
r+y = k = 2n-—1, so y=mn,
r+z = k = 2n—-1, so z=n.

It follows that w = n, so we have
r=n—1 and y=z=w=n.

To find HHT we need to calculate the dot product of any two rows of
H. First we calculate the dot product of the two rows of H described
above and for which we have the values:

l+r—y—z+w=1+Mn—-1)-n—-n+n=0.

We also need to find the dot product of one of these rows with the
first row of H consisting entirely of +1s:

l+z4+y—2z—w=0.
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What about the diagonal entries of HHT? The square of each entry in
H is 1, so the dot product of any row of H with itself is 4n. Therefore
we have HHT = 4nly,, and H is a Hadamard matrix. O

Remark: The existence of a Hadamard matrix of order 4n implies
that a symmetric design with parameters (4n—1,2n—1,n—1) exists.
It does not imply that a difference set with these parameters neces-
sarily exists. For example, for n = 10 there indeed exists a symmetric
design with parameters (39,19,9). However, an analysis of possible
intersection numbers in Exercise 7.6 shows that a (39, 19, 9)-difference
set cannot exist.

The Paley family. We know that for ¢ a prime power and ¢ = 3
(mod 4), the nonzero squares in the finite field GF(q) form a difference
set in the additive group of GF'(q) with parameters (¢, (¢—1)/2, (¢—
3)/4). We call these difference sets the Paley family. Since n =
k— X = (¢ + 1)/4, the parameters of the corresponding symmetric
design are (4n—1,2n—1,n—1). By Theorem 9.3, each Paley difference
set leads to a Hadamard matrix of order 4n. The origin of these ideas,
in matrix form, goes back to Paley in 1933 [57].2

Several authors have studied subsets of a finite field obtained by
raising nonzero elements to the eth power,® for e having a value other
than 2. In certain circumstances fourth powers and eighth powers give
difference sets in the additive group of GF(q). See Theorems 4.4 and
4.5 and Example 6.11 for examples with ¢ = 1 (mod 4). Nonzero
squares have also been studied in GF(q) for ¢ = 1 (mod 4). The
result is a weaker version of a difference set called a partial difference
set.

Definition. A subset D of a group G is called a partial difference set
with parameters (v, k, A\, ) if |G| = v, |D| = k, every non-identity el-
ement of D appears A times in the multiset A of “differences” of
distinct elements of D, and every non-identity element of G\ D ap-
pears p times in A. When A = p, D is a difference set.

2The existence of this infinite Paley family is the source of the name Paley-
Hadamard for the larger family of all (4n — 1,2n — 1, n — 1)-difference sets.

3Difference sets consisting of eth powers of elements of a finite field are sometimes
called cyclotomic or residue difference sets.
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When D is the set of nonzero squares in G = GF(q) for ¢ = 1
(mod 4), we find that D is a partial difference set with parameters
v=qgand k=(¢—1)/2, A=(¢—5)/4, and p= (¢ —1)/4.

The Singer family. We know that the lines and hyperplanes of a
(m + 1)-dimensional vector space over the finite field GF(q) are the
points and blocks of a symmetric (v, k, ) design where

Ut ST e S W it
q—1 q—1 q—1
From Singer’s construction in Chapter 8, we also know that a cyclic
group of order v acts regularly on this design, giving us a difference
set with these parameters. In the special case when ¢ = 2 we have
n=2""land thusv=4n—1,k=2n—1and A =n — 1.

Note that a Singer difference set gives the same parameters as a
quadratic residue difference set in GF(¢') if and only if ¢ = 2™+ —1.
In the cyclic case, ¢’ is prime, and primes of this form are called
Mersenne primes. It can be shown ([8], p. 362) that for m > 2,
the developments of the Singer and the Paley difference sets are not
isomorphic designs, so the difference sets themselves are not equiva-
lent. Many authors have studied the construction of difference sets
that have the classical Singer parameters but are not equivalent to a
Singer difference set. We do not consider this question in generality,
but we do examine a special case in Exercise 17.4

mfl_l

The twin prime powers family. Whenever ¢ and ¢ + 2 are odd
prime powers, a twin prime powers difference set exists in the additive
group G of the ring R = GF(q) ® GF(q+ 2). Note that G is cyclic
if and only if ¢ and ¢ + 2 are primes. We saw a special case of this
construction in Chapter 3. Discovery of this family is credited to
Stanton and Sprott in 1958 ([66]), but Baumert ([5], p. 131) says
these difference sets were also independently discovered by Menon
[55], A. Brauer (1953), Chowla (1945), and “perhaps first” by Gruner
(1939).

Assume ¢ and g + 2 are odd prime powers. Let R be the ring
R=GF(q)®GF(q+2) = { (a,b) | a € GF(q),b e GF(q+2) }

4For a general survey, see [8], Section 17 of Chapter VI.
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with addition and multiplication defined component-wise:

(a1,01) + (a2,b2) = (a1 + az,b1 + ba)
(a1,b1)(az,ba) = (a1az,b1bs).

To keep track of squares and non-squares in a field F, we define
the function y on F by

0 ifa=0
x(a) = 1 if a is a square in F*

—1 if a is a non-square in F*

where F* is the multiplicative group of nonzero elements of F. The
function y restricted to F* defines a homomorphism from F* to the
subgroup {1,—1} of F*. Thus in a finite field with an odd number
of elements, we see again that exactly half the nonzero elements are
squares.

We can now state the theorem for twin prime powers difference
sets.

Theorem 9.4. Assume q and q + 2 are odd prime powers, and let
G be the additive group of the ring R = GF(q) ® GF(q + 2). Define
D C G as follows:

D ={(a,b) € G| x(a)x(®) =1} U {(a,0) | a € GF(q) }.
Then D is a (4n — 1, 2n — 1, n — 1)-difference set in G.
Proof. Notice that ¢ =1 (mod 4) if and only if ¢ + 2 = 3 (mod 4).
This tells us two useful things.

e First, v = ¢(¢+2) = 3 (mod 4), so we may write v = 4N —1
for some positive integer N.

e Second, —1 is a square in GF(q) if and only if —1 is a non-
square in GF(q+ 2). (See A.17.)

We see that the cardinality of D is

_(a-1\(atl a—1\ (g1 _v-1l o
k_(2)(2)+(2)(2)+q_ ooy
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To make the argument that D is a difference set, it is helpful to
define the set M,

M = {(a,b) € D | b 0}.

By the second observation above, (—1, —1) is not in M. It is straight-
forward to check that M is a group under the ring multiplication.
Also notice that M D = D, where by M D we mean the set of all
products mx for m € M and x € D. Now we use M to define an
equivalence relation on G by

(a,b) ~ (c,d) if there exists m € M with m(a,b) = (¢, d).

There are five equivalence classes in G:

S = {(a;b) | x(a)x(b) =1},
Sy = {(a,b) | x(a)x(b) = -1},
S = {(a,0)]a+# 0},

Ss = {(0,b) | b#0},

S5 = {(070)}'

We observe that |Si| = S| = (¢ — 1)(¢ +1)/2, |S5] = ¢ — 1, and
|S4] = ¢ + 1. Also notice that D = &1 US3 U Ss.

Let A be the multi-set of differences of distinct elements of D.
For a non-identity group element (a,b), we have (a,b) = x1 — 25 for
z1,x9 € D if and only if m(a,b) = mzy; — mas for m € M. This tells

us that each non-identity group element in class &; occurs the same
number of times in A, say A; times, for j = 1,...,4. The heart of
the proof is showing A1 = Ay = A3 = A\4; the common value is A.

First we show A\; = Xo. Since (—1,-1) ¢ M, (a,b) € S; if
and only if (—a,—b) € Sy. Since (a,b) = z1 — x2 exactly when
(—a,—b) = x9 — x1, we conclude that \; = \.

Next we determine A3. First we count differences (a1,b) — (az, b)
for a1 # as and ay,as,b nonzero. There are ¢ + 1 choices for b €
GF(q+2),b+#0; (¢—1)/2 choices for a; € GF(q) with x(a1) = x(b);
and (g — 3)/2 choices for ay € GF(q) with x(a2) = x(b) and as # a;.
Thus there are (¢+1)(q—1)(¢ — 3)/4 differences like this. Second we
count differences (a1,0) — (az,0) with a1 # az. There are ¢ choices
for a; and ¢ — 1 choices for ay # aq, so there are ¢(q — 1) differences
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like this. Since there are ¢ — 1 choices for (a,0) € Ss3, each appearing
the same number of times in A, we have

A = <q11) K(QH)(Q;D((]_?))) +q(q_1)].

This expression for A3 can be simplified to give
v—3
4
A similar argument shows that Ay = N — 1 = \A3.
Since the size of the multiset A is k(k — 1), we have

As = —N-1

4
(k= 1) =Y _I85[A;.
j=1

Using k = (v —1)/2 and the sizes noted above for the classes S; gives

k= 1) = (0~ D/2((0 ~ 3)/2) =
-0 (%) 2+ a0 (555 ) e 0= D g+ D

Because A\; = Ag and A3 = Ay = (v — 3)/4, when we solve for \;
we find Ay also equals (v — 3)/4, so we have A = (v —3)/4 = N — 1,
completing the verification that D is a (4n—1,2n—1,n—1)-difference
set in G (with N = n). O

The Hall family. In Chapter 6 we found difference sets by forming
unions of orbits of multipliers. We now consider some work of Mar-
shall Hall, who constructed difference sets in the additive group of a
finite field by using special orbits. The following example introduces
some of Hall’s ideas.

Example 4. Consider the search for a (19,9, 4)-difference set D in
GF(19). By Theorem 6.1, we know that 5 is a numerical multiplier
for D. We also know that the multiplicative group GF(19)* is cyclic,
and it is straightforward to check that w = 3 is a generator and
w* = 5. In this language, we say that w* is a multiplier for D; further,
each element of the cyclic group (w?) = {1,w?, w8 w!? W' W2 =

w? Wl Wl Wt} is a multiplier for D. We can also use powers of
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w (and some notation due to Hall) to write out both orbits of the
multiplier w? in GF(19)*:

Co = {1,wh,wd w'? Wb w2 =w? Wb WY W} (orbit of W?),
C = {w,w’, w? w3 W W = w3 w’ wn w!®}  (orbit of wt).

Hall would call these orbits “residues with indices 0,1 (mod 2).” (In
fact, we see that in this case Cy is the set of squares and C; is the set
of non-squares in GF(19)*.) o

Hall used similar ideas in a situation with six orbits, so he refers
to residues (mod 6). Here is what Hall wrote in his 1956 survey of
difference sets ([27], p. 979):

In calculating difference sets of the [Paley-] Hadamard type
withv=4t—-1, k=2t —1, A=t — 1, it was found that for
v = 31 and v = 43 not only the quadratic residues but also
residues with indices = 0,1,3 (mod 6) gave difference sets.
On investigation these turned out to be instances of a general
theorem.

Hall’s proof that his construction gives difference sets is long and
intricate, and while we state the first version of his “general theorem”
(Theorem 9.5), we do not include a proof.> However, we describe some
of the ideas he used in his proof of this theorem.

We begin with the finite field GF'(q), for an odd prime power g.
Let w be a generator of the cyclic group GF(q)*. Assume ¢—1 =ef,
with neither e nor f equal to 1.

Definition. The cyclotomic classes of order e are the sets

Ci={w*"|s=0,....,f =1}, fori=0,...,e—1.

In other words, Cp = {1,w® w?,...,wlf=Del = (e, and C; is the
coset w'Cy in GF(q)*. We call the elements of Cy the eth power
residues or eth residues. (The elements of C; are the residues of index
¢ (mod e) to which Hall was referring in the passage quoted above.)

5For a proof, see Hall’s book [28], pp. 194-195. This may look short, but Hall’s
argument depends on much of the preceding 20 pages. This proof is for ¢ = p® a prime
power, while his first version, in his 1956 paper, was for ¢ = p prime, but that proof
was long too.
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Example 5. Suppose ¢ = 19, so ¢ — 1 = 18 and choose ¢ = 2 and
f=9. We choose w = 3 as in Example 4. Then the two cyclotomic
classes of order 2 are the orbits Cy and C; listed there. o

The next example involves a difference set outside the Paley-
Hadamard family. We include it here as an easily accessible use of
cyclotomic classes.

Example 6. Suppose ¢ = 13, so ¢ — 1 = 12, and choose e = 4 and
f = 3. Assume w is a generator of the cyclic group GF(13)*. Then
the cyclotomic classes of order 4 are

Co = {l,w w8},
€ = {ww, W,
Co = {w? b w0},
C; = {ww, w}

The field GF(13) is isomorphic to Zi3. On page 88 we saw Zi3
contains the difference set D = {0,1,3,9}. If we choose w = 2, then
Co ={1,3,9} and D = {0} U Cp. o

Example 7. Suppose ¢ = 31 and choose e = 6 and f = 5. Assume w
is a generator of GF'(31)*. We list the first two of the six cyclotomic
classes of order 6:

6 .12 18 24
CO = {1,(4.)7&) YW, W }a

7,13 19 25
Cl = {w>w7w , W, w }7

In this case D = Cy U C; U C3 is a difference set in the additive group
GF(31). (See Exercise 24.) o

The following theorem describes the Hall family of difference sets
in GF(p). Example 7 is a difference set in this family.

Theorem 9.5. (Hall, [28], p. 170) Assume p is a prime with p =1
(mod 6) and with p = 4x>+27 for some integer x. Choose a generator
w for the multiplicative group GF(p)* so that 3 = w%*! for some
integer s. (This can always be done.’) Now form the cyclotomic

SHall uses the notation Ind,, (3) for the exponent ¢ so that w? = 3. In this notation
the condition is written Ind,, (3) = 1.
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classes of order 6: Cy, C1, ..., C5. Then
D =CyUCiUCs
is a difference set in GF(p).

Notice that the parameters of the Hall difference sets are the same
as the parameters of the Paley difference sets.”

The proof of Hall’s theorem requires the following lemma due to
Emma Lehmer ([44]).

Lemma 9.6. (Lehmer) Let ¢ =ef + 1 be an odd prime power, with
e # 1,f # 1. If a union of cyclotomic classes of order e forms a
nontriwvial difference set D in the additive group of GF(q), then f is
odd and e is even.

Lehmer goes on to prove a theorem giving conditions under which
either Cy or Cp U {0} is a difference set in GF(¢). Her theorem then
implies theorems Theorems 4.4 and 4.5, the special cases when Cy is
the set of fourth powers.

What is the relationship of Hall’s difference sets to Singer differ-
ence sets? The only Mersenne primes of the form 422 + 27 are 31,
127 and 131071, and the Singer and Hall difference sets sharing the
same parameters are equivalent only for the case v = 31.

It is conjectured that every cyclic difference set which has pa-
rameters (4n — 1,2n — 1,n — 1) has parameters of one of the kinds
described above:

v is a prime power and v = 3 (mod 4),
v is a Mersenne prime with v = 291 — 1,
v =q(q+ 2) with ¢ and ¢ + 2 odd primes.

The conjecture has been verified for v < 10,000, with 17 possible
exceptions. This is not to say that every difference set with these
parameters is equivalent to one given by one of the four constructions

"Hall’s paper says the Hall and Paley difference sets are “distinct,” although his

paper does not prove inequivalence. In special cases, for example when p = 31, we can
say more. See Exercise 17.
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above. In fact there are six inequivalent difference sets with v = 127,
and three of them do not arise from the constructions in this section.®

Exercises

13. Assume a nontrivial (v, k, A)-difference set exists with v odd and
k <wv/2. Show that 1 <\ < (v —3)/4. ®

14. Although the proof of Theorem 9.3 is complete as written, an-
alyze columns to show directly that in the incidence structure with

incidence matrix A, two distinct points appear together in exactly A
blocks.

15. Show that any two Hadamard matrices of order 12 are equivalent.
(This challenging exercise is a good one to work on collaboratively.)

®

16. Assume ¢ is an odd prime power and let D be the set of nonzero
squares in GF(q).

(a) Show that D is a (¢, (¢ — 1)/2, A\, p)-partial difference set
with A+ p = (¢ — 3)/2.

(b) We know that if ¢ = 3 (mod 4), then A = p = (¢ — 3)/4
and we have a difference set. Assume ¢ =1 (mod 4). Show
(A= pl=1s0{App={(g-5)/4,(¢—1)/4}.

(¢) Assume the following fact from number theory: 2 is a square
in GF(q) if and only if ¢ = £1 (mod 8). (See [20], p. 58.)
Use this fact to show A = (¢ — 5)/4 and p = (¢ — 1)/4.

17. (This argument is due to Hall and appears on page 983 in [27].)
Let D be the (31,15, 7)-difference set of nonzero squares in Zsz;. Let
D’ be a (31,15, 7)-difference set coming from Singer’s construction in
the vector space (Zz)?.

(a) Let By =D, B; =1+ D and Bz = 3+ D, blocks of devD.
Find BO n B1 N B3.

8Qur sources are [5], p. 91, and [8], p. 355-356, although neither presents a proof.
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(b) Recall that the blocks of the Singer design devD’ are 4-
dimensional subspaces in the vector space (Zz)®, and the
points are 1-dimensional subspaces. How many points can
there be in the intersection of three distinct blocks of devD’?

Explain.
(¢) Explain why devD and devD’ are not isomorphic designs.

(d) Are D and D’ equivalent difference sets? Explain your an-
swer.

18. Assume ¢ and g+2 are odd prime powers. Show that the additive
group of the ring GF(q) ® GF(q + 2) is cyclic if and only if ¢ and
q + 2 are primes.

19. In Exercise 8.3 you used the Singer construction to find a cyclic
(15, 7, 3)-difference set. Now use the twin primes construction. Are
these difference sets equivalent?

Exercises 20-22 fill in some of the details of the proof of Theo-
rem 9.4 on the twin prime powers family.

20. Show that the set M is a group under multiplication. Also verify
that M D = D.

21. Show that ~ is an equivalence relation on G and that the equiv-
alence classes are as described.

22. Prove that Ay = (v — 3)/4.

23. Prove Lehmer’s lemma by establishing the following statements.
(Note that by Exercise 6.11 we know that if a nontrivial abelian
(v, k, X)-difference set D has multiplier —1 then v is even.)

(a) The translate w®*D = D; that is, the elements of Cy are
multipliers.

(b) If f is even, then —1 € Cy.

(c) It follows that f is odd and e is even.
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24. The field GF'(31) is isomorphic to the ring Zg;. Using multiplica-
tion mod 31, verify that 3 is an element of order 30. In other words,
in Example 7 we can choose w = 3.

(a) Determine the integers (mod 31) in D = Cy UC; UCs and
verify that D is a (31,15, 7)-difference set in the additive
group Zsi.

(b) Compare the cyclotomic classes in (a) with the orbits of the
multiplier 2 from Exercise 6.20.

25. In Hall’s statement of his Theorem 9.5, he requires p = 7 (mod
12). (Indeed, in his proof he shows that if p = 1 (mod 12) then a
Hall difference set cannot exist.) Show that if p = 1 (mod 6) and
p = 422 + 27 for some integer z, then p = 7 (mod 12).

26. Exercise 17 tells us that the Paley and Singer difference sets in
731 are not equivalent. From Exercise 6.20 we know D = CoUC; UC3
is equivalent to either the Paley or Singer difference set. Which is it?
How do you know?

27. This exercise invites you to use the computer to explore difference
sets in the field GF(43) = Z43. (We previously considered difference
sets in the additive group of this field in Exercise 6.19, but don’t
look back at that for now.) Find the cyclotomic classes of order 6
in GF(43) for a variety of generators of GF(43)*. For each of your
generators:

e Which cyclotomic class contains 37

e Which unions of cyclotomic classes form difference sets in
the additive group of this field? Are the difference sets you
obtain of the Hall or Paley type?

Do you see any patterns?

28. This is another invitation to explore using the computer. Choose
a prime p with p — 1 = ¢ef for e = 18 and f > 1 and odd. Find the
cyclotomic classes of order 18. Which unions of cyclotomic classes
give difference sets in GF'(p)? Are they of the Hall or Paley type?
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9.3. Hadamard family: v = 4n

In this section we focus on Hadamard difference sets. These are
(v, k, \)-difference sets satisfying v = 4n for n = k — X\. They have
been and still are much studied. At the end of this section we re-
visit and extend some constraints on these difference sets in abelian

groups, along with some surprising non-abelian results.

We know from the Bruck-Ryser-Chowla Theorem that a symmet-
ric design with v = 4n satisfies n = u? for some integer u. It turns
out that every parameter of such a design can be written in terms of
U.

Lemma 9.7. If a symmetric (v, k,\) design exists with v = 4n, then
(v, k, \) = (4u?, 2u® — u,u® — u) for some integer u.

Difference sets with v = 4n are called Hadamard because of the
following theorem. Recall from Section 1 that a Hadamard matrix is
regular if all its row and column sums are equal and, as a consequence,
each row and column has the same number of +1s.

Theorem 9.8. A symmetric (v, k, \) design with v = 4n exists if and
only if a reqular Hadamard matriz of order 4n exists.

Proof. The proof is similar to that of Theorem 9.3, but it is actually
easier. First assume H is a regular Hadamard matrix of order 4n.
Let k£ be the number of +1s in each row and each column of H.
Create the matrix A from H by replacing each —1 by 0, so A is the
incidence matrix of an incidence structure. Choose two rows of H.
Let x be the number of columns with +1 in both rows and y be the
number of columns with —1 in both rows. We know these two rows
are orthogonal and +1 appears in each row k times. Schematically
we represent the two rows as follows, where we write + and — for the
entries of H:
x k—x 4n—k—y Yy

—N—
+++..+_ ........ —

++_.._++_._
S——

T k—x 4n—k—y Y
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Since the number of +1s in the second row is k and the dot product
of the rows is 0, we get the following equations:

x4+ dn—k—vy) = k,
z—(k—z)—(dAn—-k—-—y) +y =
We find x = k —n and y = 3n — k. In other words, two rows of
A share the entry 1 in A = k& — n positions. (A similar analysis of

the columns of H gives the dual conditions.) Thus A is the incidence
matrix of a symmetric (v, k, ) design with v = 4n.

For the converse, assume we have a symmetric (v, k, \) design
with v = 4n. Let A be the incidence matrix of the design and let H
be the matrix obtained from A by replacing zeroes by —1s. Choose
two distinct rows of H and count the numbers of columns in which:

z: both rows have +1,
y: the first row has +1 and the second has —1,
z: the first row has —1 and the second has +1, and

w: both rows have —1.

Now the two rows appear as follows:

Y
e e e |
_|_+++_ ........ —

o — e —
—_—

T Y z w

By Lemma 9.7, there is an integer u for which we have the following

equations:
r4+y+z+w = v = 4du
r+y = k 2u? —u,
r+z = k 2u? — u,
r = A = u-—u

From this we find that the dot product of the two rows is t—y—z4+w =
0. Also the dot product of a row with itself is v = 4u?, so we have
HHT = vI,. Further, every row sum equals 2+ — z —w = —2u, and
similarly for columns. Therefore H is a regular Hadamard matrix. [
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A much simpler argument, based on calculations in the integral
group ring, shows that a (v, k, A)-difference set gives rise to a Hada-
mard matrix of order v if and only if v = 4n. However, this is a weaker
result than Theorem 9.8, since the existence of a difference set implies
the existence of a symmetric design with the same parameters, but
the converse does not hold.

Small examples. We look first at isolated examples of Hadamard
difference sets for small values of u. Normally we restrict our attention
to difference sets with k& < v/2. However, for Hadamard difference
sets, the choice of the sign of u is equivalent to the choice of a smaller
difference set or its larger complement. In this context, it is usual to
include either or both.

Example 8. For v = 1, the trivial difference set with parameters
(4,1,0) exists in both Z4 and Zg X Zs. The complementary difference
set for u = —1 has parameters (4, 3,2). o

Example 9. For v = 2, Kibler ([40], p. 64) lists 27 inequivalent
(16,6, 2)-difference sets which occur in twelve of the fourteen non-
isomorphic groups of order 16.° Here is one discovered by Kibler
in the non-abelian group G = (a,b,c | a* = b*> = ¢* = 1, ba =
a=tb, ac = ca, bc = cb):

Dy = {1,a,a? b, ac, a’bc}.

(Note that a and b generate a dihedral group of order 8, and G is
isomorphic to the direct product of this dihedral group and Z,.) ¢

Example 10. For u = 3, here is an example due to Menon ([55],
p. 742), who writes (using ¢ instead of u):

In attempting to discover difference sets corresponding to var-
ious values of £, the author has come across one corresponding
to £ = 3. It was found almost by accident, by a happy choice
of the basic group and a still luckier choice of the elements
forming the difference set.

9The exceptions are the cyclic group and the dihedral group. In Chapter 7 we
see why these exceptions occur.
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Menon chose G = G| x Gy where G; = Gy = (a,b|a® =0*> =1, ba =
a®b), the dihedral group of order 6. He chose D to be the following
set of fifteen elements of G:

1,1),  (a,a®), (a* a),
(1,b), (1,ab), (1,ab),
(b,1), (ab,1), (a®b,1),
(b,ab), (ab,a®b), (a?b,b),
(ab,b), (a®b,ab), (b,a?b).

Then D is a (36, 15, 6)-difference set in G “as may be easily verified,”
Menon writes. o

Recall from Chapter 4 the conjecture that no dihedral group con-
tains a difference set. However, Examples 9 and 10 show that a
difference set can exist in a group that has a dihedral group as a
homomorphic image. As you might suspect, a group with a dihedral
image can contain a difference set only in rather special circumstances.
(In Chapter 11 we use representation theory to explore this existence
question.)

Infinite families. Now we turn to three infinite families of Hada-
mard difference sets, two of which we have already seen.

Example 11. Turyn’s construction from Chapter 8 gives difference
sets in the group G = GF(q) ®GF(q) for ¢ = 2". For these v = 22" =
4-220=2 50 they are Hadamard difference sets with u = 2"~1. o

Example 12. The McFarland construction of Chapter 8 with g = 2
gives difference sets with v = 2272 = 4(2%)? and u = 2° for any
positive integer s. These difference sets are in groups of the form
G = FE x K, where K need not be abelian. o

Now we consider a new construction, due to Dillon. The following
theorem was proved in his 1974 doctoral dissertation.

Theorem 9.9. (Dillon) Let G be a group of order 4u?. Assume G
contains u subgroups K1, ..., K, each of order 2u and that K;NK; =
{1} whenever i # j. Then the set

D= (KiU...UK,)\{l¢}
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is a difference set in G.

The proof of Theorem 9.9 is a nice exercise working in the integral
group ring Z(G. Unfortunately, the range of application of Dillon’s
construction is narrow. It is restricted to certain groups of order 36,
one group of order 64, and any group which is the direct sum of an
even number of copies of Zy. (See [8], p. 367.) However, Kantor
has shown that in this last category there are exponentially many
inequivalent difference sets! (See [35], p. 284, and [38].)

Menon’s construction. In his paper [55], Menon proves a compo-
sition theorem showing how to construct a Hadamard difference set
in G = G1 x G2 from Hadamard difference sets in the G;. Although
this is the primary result, Menon actually proves a bit more. He
also shows that if his construction gives a difference set in G from
difference sets in the G, then the difference sets in the G; must be
Hadamard.

Theorem 9.10. (Menon) For j = 1,2, assume D; is a (vj, kj, \j)-
difference set in the group G;. Write D; for the complement of D; in
Gj, so Dj is a (v;,v; — k;, \;)-difference set in G;. Let G = Gy x G
and D = (Dy x Do) U (D1 x D). Then D is a difference set in G if
and only if v; = 4ny for j = 1,2. Furthermore, when D is a difference
set, its parameters satisfy v = 4n for n = 4dnins.

Proof. Write the group operations multiplicatively, and let 1; be the
identity element of G, so 1¢ = (11, 12). We work in the ring ZG.
We follow the usual convention and write S both for a subset of G
and for the element of ZG written Zses s. f S=XxY C G with
X C Gy and Y C Ge, we also write S = (X,Y) € ZG,

(va): Z (Iay): Z'ra Zy :

zeX, yey reX yey

This notation can be extended in a natural way to multisets X and Y,
or, equivalently, elements of the ZG; with non-negative coefficients.
Although this notation has to be used with care, the following state-
ments are true for X, Z C G; and Y, W C G5, and for m a positive
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integer:

(X, Y)(Z,W) = (XZ,YW), (1)
(X+2Y) = (X,Y)+(ZY), (2)
XYy+w) = ( Y)+ (X, W),

(mX,)Y) = m(X,Y) = (X,mY). (3)
Since D; is a difference set in Gj, we know that for j = 1,2
DjDJ(»_l) = njlj + )\jGj, (4)
5]‘5;_1) = njlj +XjGj,

—(-1) _

D;D; Y = DG -DyY) = ni(Gy-1y),
DY = (G =Dy)DiY = (G- 1),

In the ring ZG we have D = (D1, D3) + (D1, D3), and therefore
DY = (Dg_l),Dé_l))—i-(ﬁg_l),ﬁé_l)). Multiply out DD using
equations (1) and (4) to obtain equation (5):

DDV = (5)
(n111 + )\1G1,n212 + )\QGQ) + (nl(Gl — 11),n2(G2 — 12)) +
(nl(Gl — 11),%2(G2 — 12)) + (n111 —|—X1G1,n212 +X2G2).

Enumerating terms we see that:

(G1 —11,G2 — 13) = (G1,G2) — (G1,12) — (11,G2) + (11, 12). (6)

Multiply out the right side of equation (5) using (2), (3) and (6) and
then reorganize by collecting the terms involving (11, 12), (11,G2),
(G1,13), and (G1, G2). The result is equation (7):
DDV = (7)
4n1n2(11, 12) + nl()\z + Xz — 2712)(11, GQ) +
ng(/\l + Xl - 2’111)(G1, 12) + (2’/7,1?’7/2 + Ao + X1X2)(G1, Gg)
For our primary result, we assume the D; are Hadamard differ-

ence sets, and we want to show that D is a difference set. To do this,
we must show that for appropriate n and A,

DD(il) = n(ll, 12) —+ )\(Gl, GQ)
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Since the D; are Hadamard, we have v; = 4n; for j = 1,2. Further,
there are integers u; with n; = u?, k;j = 2u? —uj, A\j = u? — uj, and
for the complementary cases Xj = u? + uj, s0 A\j + Xj = 2n;. Write
uw = 2uiug; then v = 4u? and k = 2u? + u. Substituting these values
into equation (7) gives

DDY = n(11,15) + MGy, Ga)

for A = u? + u. In other words, D is a Hadamard difference set
in G = Gy x Gy with paramaters (4u?,2u? + u,u? + u). Since the
integers u; can each be positive or negative, u can be positive or
negative. (This observation means there is no change in the result if
one or both of the D; is replaced by its complement in G;.)

Conversely, assume D is a difference set in G. This requires the
coefficients of (11, G2) and (G1, 12) in equation (7) to be zero. This
in turn forces \; + Xj = 2n; which implies v; = 4n;, and the D; are
Hadamard difference sets. O

Menon’s construction (in [55], pp. 741-743) gives the following
corollaries.

Corollary 9.11. The following statements are true:

(i) If there exists a difference set with parameters (v, ko, \o)
with vy = 4ng for ng = ud, then there exists a difference
set with parameters (v,k,\) and v = 4n for n = u? with
u = 2ug.

(i) If there exists a difference set with parameters (v, ko, Ao)
with vg = 4ng for ng = u3, then for r = 1,2,..., there
exists a difference set with parameters (v,k,\) and v = 4n
for n = u? with u = 2" tu.

(iii) There exist difference sets with parameters (v, k,\) and v =
4n for n = u? with uw = 27 for all positive integers .

(iv) There exist difference sets with parameters (v,k,\) and v =
4n for n = u? with u = 2"3° for all integers r > s —1 > 0.

Other results. We conclude with a brief look at some other results
about Hadamard difference sets. Turyn’s 1965 paper [69] is of spe-
cial importance because of his innovative use of tools from character
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theory and algebraic number theory. It contains his useful exponent
bound, discussed in Section 7.2. (We give an elementary introduc-
tion to some of these methods in Chapters 11 and 12, culminating
in a proof of Turyn’s exponent bound.) For convenience, we restate
Theorem 7.5, the first version of Turyn’s result.

Theorem (Turyn) Let p be a prime and assume G is an abelian
group of order 4p*®. Let P be a Sylow p-subgroup of G. Assume G
contains a Hadamard difference set. If p = 2, then the exponent of P
is at most 2472, If p is odd, then the exponent of P is at most p®.

We suggest revisiting Section 7.2 for the description of the sub-
sequent work showing that Turyn’s bound guarantees the existence
of a Hadamard difference set in abelian 2-groups, as well as of other
researchers’ discoveries of difference sets in non-abelian groups that
exceed Turyn’s exponent bound.

McFarland extended the work of Turyn and of his own teacher
Mann and expanded the use of characters and algebraic number the-
ory in the study of difference sets. In [51], a lengthy tour de force,
McFarland proved the following theorem.

Theorem 9.12. (McFarland) Assume G is an abelian group of order
4p? for p an odd prime. If G contains a difference set, then p = 3.

Example 13. When p = 5, Turyn’s exponent bound shows that for
any group H of order 4 there is no abelian (100,45, 20)-difference
set in H @ Zss. McFarland’s theorem shows that there is none in
H @ Zs @® Zs, so there is no abelian (100, 45, 20)-difference set of any
kind. o

Once again, non-abelian groups really are different. In [65],
Smith constructed a (100, 45, 20)-difference set in a non-abelian group.
We will look at a portion of Smith’s construction in Chapter 11.

The decade of the 1990s was a period of finding (interesting!) non-
abelian complexities where there had been simplicities in the abelian
case. It was also a period of consolidation and generalization. In
particular, Davis and Jedwab [16] found a uniform construction for
difference sets with ged(v,n) > 1, including the Hadamard family
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along with others. Indeed, they discovered new families of difference
sets in the process.

Exercises

29. Prove Lemma 9.7. Also show that the choice of the sign of u
corresponds to the choice of the parameters for a difference set or for
its complement. ®

30. In this exercise, use difference sets to construct regular Hadamard
matrices.

(a) Write out the regular Hadamard matrices determined by the
difference sets in Example 8.

(b) Write out the first five rows of the Hadamard matrix deter-
mined by the difference set in Example 9, where the points
(elements of G) are in the order:

1,a,a?,a®,b,ab, a®b, a®b, ¢, ac, a’c, a’c, be, abe, abe, a’be,

and the first five blocks are D, aD,a?D,a*D,bD.

31. Assume D is a (v, k, \)-difference set. Let G act on itself by
left multiplication and write 7,(z) = gz for z,g € G. Then 7, is a
permutation, and we let [g] be the corresponding v X v (permutation)
matrix of w,. We know this G-action is regular; equivalently, m,(z) =
7 (x) for some x € G implies g = h.

(a) Show that ¢(g) = [¢] defines a group homomorphism from
G to the group of invertible v x v matrices over the real
numbers. Also show [g] ! = [g]T for g € G.

(b) By Theorem 10.11 (p. 192), ¢ gives a ring homomorphism
@ from ZG to the ring of all v x v matrices over R by

(X" ag9) = > agp(g). Show that §(1g) = I, and §(G) =
Jy, the all 1s matrix.

(c) Let M = p(G—D)—@(D). Show MMT = 4nl,+(v—4n)J,.
(d) Conclude that M is a Hadamard matrix of order 4n if and
only if v = 4n.
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32. Prove Theorem 9.9.

33. Theorem 9.9 can be used to construct (36,15, 6)-difference sets
in K x K for K a group of order 6.

(a) Carry out Dillon’s construction for K = {(a,b|a® = b =
1,bab~! = a?), the dihedral group of order 6.

(b) Is the difference set constructed in (a) equivalent to Menon’s
in Example 10 on page 1577 Justify your answer.

(¢) Now carry out Dillon’s construction for K = Zg.

34. Fill in the missing details in the proof of Theorem 9.10 as follows.
(a) Verify equations (1), (2) and (3).
(b) Verify the equations in (4).
(¢) Verify equation (7).

35. Use Theorem 9.10 and Example 8 to construct at least two more
specific Hadamard difference sets.

36. Prove Corollary 9.11.

Coda

In 1893, Hadamard gave an upper bound on the determinant of a
matrix whose complex entries have absolute value at most 1. When
the matrix entries are integers, the upper bound is attained by what
are now known as Hadamard matrices. Our interest in these matrices
is quite different from Hadamard’s. For us, the key facts are the fol-
lowing theorems, and our interest is in the existence or non-existence
of corresponding difference sets.

e A Hadamard matrix of order 4n exists if and only if a sym-
metric (4n —1,2n — 1,n — 1) design exists.

e A regular Hadamard matrix of order 4n exists if and only if
a symmetric (v, k, ) design exists with v = 4n.
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The Paley-Hadamard family consists of difference sets with pa-
rameters (4n—1,2n—1,n—1). Section 2 describes four subfamilies of
this larger family, all abelian and all constructed from finite fields: the
Paley family of nonzero squares in GF(q), the Singer family for ¢ = 2,
the twin prime powers family of difference sets in GF(q) ® GF(q+2),
and the Hall family of unions of special cyclotomic classes in GF(p)
for suitable primes p.

Difference sets in the Hadamard family have parameters with
v = 4n. Section 3 includes both abelian and non-abelian examples.
The McFarland construction (with ¢ = 2) and the Turyn construction
from Chapter 8 produce difference sets in this family. The main
result in this section is Menon’s direct product construction, which
builds new Hadamard difference sets from smaller ones. Although
it is beyond the scope of this book, Davis and Jedwab’s unifying
construction for all difference sets for which ged(v,n) > 1 ([16]) places
Hadamard difference sets in a larger context.



Chapter 10

Representation Theory

Representation theory is an essential tool for the study of algebraic
structures, especially groups. We use representations of finite groups
to discover and explore difference sets. Recall that in Section 9.3 we
mentioned Smith’s surprising discovery of a non-abelian (100, 45, 20)-
difference set. He made substantial use of group representations and
characters in his work.

Representation theory has important applications to many areas
of mathematics, and to physics and chemistry as well. Because the
subject is so beautiful and so widely used, we decided against simply
quoting the results we need. Instead, in this chapter and the next
we offer a brief primer on representations of finite groups and their
characters. As in the proof of the Bruck-Ryser-Chowla Theorem,
many of the arguments in these two chapters display the power of
linear algebra.

10.1. Definitions and examples

Recall from abstract algebra that GL(m,K), the set of invertible m x
m matrices with elements from the field K, is a group under matrix
multiplication. This is known as the general linear group. We may

interpret these matrices as invertible linear transformations from K
to K", where for A € GL(m,K), each vector x € K" is mapped to

167



168 10. Representation Theory

Ax. The identification of the group GL(m,K) of matrices with the
group of invertible linear transformations of an m-dimensional vector
space V over K assumes that we have chosen a basis for V. More
generally, if V' is an m-dimensional vector space over K, we define
GL(V) to be the set of invertible linear transformations from V' to
V. This set is a group under composition, and it is isomorphic to
GL(m,K).

Definition. A linear representation of a group G in a vector space
V over a field K is a group homomorphism p : G — GL(V). The
dimension of V is called the degree of the representation. The rep-

resentation is faithful if the homomorphism is one-to-one (i.e., if the
kernel of the representation is {1¢}).

Throughout this chapter, G is a finite group, V is a vector space of
positive finite dimension over K, and K is either R or C. Usually
we omit the word “linear” and simply refer to a representation of
G. Once a basis is chosen for V, we can identify the groups GL(V)
and GL(m,K). Therefore, we often think of a representation as a
homomorphism from the group G to the group of matrices GL(m,K).
In the special case m = 1 we identify the matrix [a] and the element
a € K, identifying GL(1,K) and K*.

Example 1. Let G be the symmetric group S; and V = R3.  We
use the standard basis vectors ey, eq, e3, so GL(V) =2 GL(3,R). For
example, the transformation that swaps vectors e; and e, and fixes
e3 corresponds to the matrix

M =

o = O
o O =
— o O

With this understanding, we define the “natural” representation of
S3, mapping a permutation in S3 to a transformation that permutes
the standard basis vectors according to the given permutation,

p:Ss — GL(3,R), where

p 7+ My, the matrix of the transformation e; — e, ;.
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This is indeed a group homomorphism; that is, for all w1, 71 € S,
p(mima) = p(m)p(me). Tt is easiest to show this for the corresponding
linear transformations acting on the standard basis vectors, and then
to extend this linearly to all of R3.

Since these six linear transformations simply permute the basis vec-
tors, the matrices are permutation matrices. The complete mapping
p from S5 to GL(3,R) is shown here:

10 0 0 1 01 0
()~ (0 1 0] (123)— |1 0 0| (132)— |0 0 1
00 1 0 1 0] 100
010 1 0 0] 00 1
(12)—~ |1 0 0] (23— |0 0 1| (13)— [0 1 0
00 1 0 1 0] 100 o

Example 2. Let G = S5 and V = R. Define p(7) = 1 if 7 is an even
permutation and p(7) = —1 if 7 is an odd permutation. The map p
is @ homomorphism. This representation has degree 1, and it is not
faithful. Although by applying p we lose much of the group structure,
we do retain some information about the group. o

Example 3. Let G = (a | a* = 1) and V = R?. Define p by

0 -1
Then p is a homomorphism. This representation is faithful and has
degree 2. Notice that p(a) is the matrix of a counter-clockwise rota-

tion of the plane about the origin through 90 degrees. See Figure 10.1.
o

Example 4. Let G be any finite group and let K be any field. Define
p(g) =1 € Kforall g € G. This is called the trivial representation of
G. It has degree 1. If G has more than a single element, the trivial
representation is not faithful. o
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€2

€1

Figure 10.1. Rotate plane through 90 degrees, Example 3

Example 5. Let G = (a | a* = 1), and let V = R?® with standard
basis eq, €3, e3. Define p: G — GL(3,R) by

0 -1 0
play=11 0 0
0 0 1

Then p is a homomorphism. The transformation given by p(a) rotates
3-space around the axis spanned by es. See Figure 10.2. Let W be
the subspace spanned by e; and es. The rotations p(a’) all map W
to itself. Notice that the subspace U spanned by es is also mapped
to itself by all the p(a’), and that U = W=. o

The preceding example leads to an important concept.

Definition. An invariant subspace (or stable subspace) of a repre-
sentation p of G in V is a subspace of V' that is mapped to itself
by all the transformations p(g) for g € G. We also use the language
G-invariant subspace when it is clear which representation of G is
under discussion.

For any representation of a group G, the subspaces {0} and V" are
always G-invariant. These are called the trivial subspaces. In Exam-
ple 5 both W = span{e;,es} and U = span{ez} are G-invariant.
In Example 1 where G = S5, each p(g) permutes the basis vec-
tors ey, ez, es, so the 1-dimensional subspace spanned by their sum
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€3

Figure 10.2. Rotate 3-space about the vertical axis 90 de-
grees, Example 5

e +es+ ez is also G-invariant. In Example 3, there are no nontrivial
G-invariant subspaces.

Note that it is not required that individual vectors of a G-invariant
subspace are fixed by each p(g) for g € G. It is only required that
the subspace as a whole is mapped into itself by each p(g), as the
G-invariant subspace W in Example 5 shows. Indeed, none of the
nonzero vectors in W is fixed by all the p(g) in that case.

We need one more definition to explain our first main goal.

Definition. An irreducible representation of G in V' is a represen-
tation whose only G-invariant subspaces are the trivial subspaces V'
and {0}. Otherwise the representation is reducible.

All representations of degree 1 are irreducible because a vector
space of dimension 1 has no nontrivial subspaces. The representations
in Examples 2, 3 and 4 are irreducible, but those in Examples 1 and
5 are reducible. We look more closely at these reducible examples.

In Example 5, every matrix p(g) for g € G has the form

plg) = {Aég ) (1)] ,

where A(g) describes a rotation of the plane spanned by e; and es.
Notice that all the matrices p(g) are block diagonal. We can view
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the blocks themselves as providing representations of the group G—
one of degree 2 in W and one of degree 1 in U = W+ (the trivial
representation).

As in Example 5, the representation in Example 1 is reducible.
We know that the span of vi = e;+es+e3 is an invariant subspace. In
Exercise 2 we see that the plane orthogonal to vy is also an invariant
subspace. In Figure 10.3 the vectors e;, es, and e3 are drawn as
edges of a unit cube. The vector v; lies along the diagonal of the
cube and is shown as a dashed line segment. It is fixed by all the
p(g), for g € S3. Let vy and v3 span the plane orthogonal to vi.
With respect to the new basis {v1,va, vs} for V| the matrix for each
transformation p(g) for g € S3 has the form

{(1) B(()g)] '

Again all the matrices p(g) are block diagonal, and the blocks them-
selves provide representations of the group Ss, one of degree 1 and
one of degree 2.

Figure 10.3. Rotate 3-space to cyclically permute eq, ez, e3.
Example 1.

In general we seek to decompose complex representations into ir-
reducible representations and to study these building blocks. We find
that any finite group has a finite number of irreducible representa-
tions, and that any of its representations can be decomposed into a
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“sum” of irreducible complex representations. The formal statement
is Maschke’s Theorem.

Before we proceed with our analysis, we expand our library of
examples of group representations.

Example 6. We generalize Example 1. Let G = S, and let V be
the vector space K™ with standard basis {ej,ea,...,e,}. Then the
natural representation of .S,, in V maps the permutation = € S,, to

the representation that permutes the basis vectors according to m;
that is:

p:Sm — GL(m,K), where
p:m— My  the matrix of the transformation e; — e ;).

The map p is a group homomorphism. As for the case m = 3, it
is enough to show that this is true for the basis vectors, and then
to extend linearly to all of V. Since the nonzero vector ;€5 is
fixed by p(m) for all 7, this representation is reducible. Since only
the identity permutation fixes all the basis vectors, this is a faithful
representation. The representation has degree m. o

Example 7. Choose G = (a | a® = 1) and V = C, so GL(V) =
GL(1,C) = C*, the multiplicative group of nonzero complex numbers.
Define a map p: G — C* by

p(a) _ €2Tri/5.

27i/5 s of order 5 in C*, p is a group homomorphism. (See A.15

Since e
for a review of complex roots of unity.) Since the degree is 1, this is
an irreducible representation of G. Also, p is faithful. o

In the next two examples we consider two representations of the
dihedral group Ds, one of degree 1 and one of degree 2.

Example 8. Let G = (a,b | a® = > = 1, bab~! = a1). Choose
V = C and define

pla)=1 and p(b)=—1.

This defines a homomorphism from G to C*. It is irreducible because
it has degree 1; it has kernel (a), so it is not faithful. o
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Example 9. Let G be as in Example 8. Choose V = C? and define
im0 101
R R B RN

where 7 is a primitive fifth root of unity (i.e., n = (2™/%) for some
j €{1,2,3,4}). This defines a homomorphism from G to GL(2,C).
We show that p is irreducible. This time V does have nontrivial
subspaces, so there is something to check. Suppose that v = (z,y)
spans a nontrivial G-invariant subspace for this representation; we
show that this leads to a contradiction. By our assumption p(b)(v) =
sv for some s € C. Since p(b) is invertible, v # 0 implies s # 0. Thus
we have (y,r) = (sx,sy), which tells us that s> = 1 and y = +x.
Similarly, p(a)(v) = tv for some ¢t € C, and ¢ # 0. This tells us
that nz = tr and 'y = ty. Since we are assuming v # 0, this
tells us n = t = ! and n? = 1, which is impossible. Therefore p is
irreducible. It is also faithful. o

The preceding examples generalize.

Example 10. Every cyclic group has a faithful representation of
degree 1 generalizing that in Example 7. Let G = (a | a™ = 1) and
define

27ri/m.

pla) =e o

Example 11. Every dihedral group has representations of degree 2,
generalizing those in Example 9. Let
G={(a,b|a™=0b>=1,bab" ' =a™ 1),

and let n = (€2™/™)J for some integer j. Define

sy = [0 L] e =[] ]

If m does not divide 2j then n? # 1 and the representation is irre-
ducible. If ged(j,m) = 1, this representation is faithful. o

We know by Cayley’s Theorem that every finite group G is iso-
morphic to a group of permutations, where we associate g € G with
the function 7, : G — G, with 74(x) = gr. We find G = H = {n, |
g € G} C Sy, for m = |G|. We now combine this isomorphism with
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the natural representation of S, to get the left regular representation
of a group.

Definition. Let G be a finite group of order m. Fix a field K and let
V be a vector space of dimension m over K with basis {e;, | h € G}.
We define “the” left regular representation p,.qy of G in V' by

Preg(g) 1 ep ey, for geG.

In the definition above, we do not specify the field. There is
actually a different left regular representation for each field. We limit
our discussion to the left regular representation over the field C, and
often simply call this the regular representation.!

Example 12. Let G = (a | a® = 1). Choose V = C® with the
standard basis e, €., €,2, €43, €44, SO

0 0 0 0 1
1 0 0 0 O
Pregla)=10 1 0 0 O
0 0 1 0 0
0 0 0 1 0

Thus, we have identified the group element a with the permutation
a’ + a7t of the elements of G and then associated that permutation
with the matrix of the linear transformation that maps e; to ej1,
where we interpret the subscripts modulo 5. o

Exercises

1. Let G = D4 = {RQ, Rgo, ngo, }%2707 FH7 FV7 Fl; FQ} The dihedral
group of order 8 is described here as the group of symmetries of a
square. The element Ry is the counterclockwise rotation about the
center of the square through 6 degrees; Fy, Fy are reflections in
horizontal, vertical lines through the center of the square; Fy, Fy are
reflections in the diagonal lines [y, [o where [ goes from lower left to
upper right. (To rewrite in our usual notation Dy = (a,b | a* = b* =
1, bab=! = a™1), we can choose a = Rgg and b = Fy.)

' The right regular representation is defined in a similar way, but with multipli-
cation on the right by the inverse.
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Let p be the representation of G in R? suggested by the motions of
the square centered at the origin. Using the standard basis vectors,
find matrices for the transformations p(g) for all g in G.

2. In Example 1, determine a basis v, vg for the plane orthogonal
to the vector vi = e; + es + e3. Find a matrix A that changes the
standard basis to your new basis vi,ve,v3. Then with respect to
your new basis, determine the six matrices that realize the six linear
transformations in GL(3,R) that are images under p of elements in
53.

3. Assume m > 2 and let G be the symmetric group S, acting on
V' = C™ by the natural representation p. Choose the standard basis
eq,...,e, for V. Define

W:{Ej:ajej zj:ajzo}. ®

(a) Show that W is a G-invariant subspace of V.

(b) Give an example of w € W and g € G with p(g)(w) # w.

4. Representations of degree 1 over R and C.

(a) Let G be a finite group of odd order. Show that if p: G —
GL(1,R) = R* is a representation of degree 1, then p must
be the trivial representation.

(b) Give an example of a finite group G of odd order and a
nontrivial representation

p:G— GL(1,C) = C".

(¢) Give an example of a nontrivial representation p : G —
GL(1,R) = R* for the group G = (a | a* = 1). Can you
find a faithful representation?

(d) Let G = (a | a* = 1), and give an example of a faithful
representation p : G — GL(1,C) = C*.
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10.2. Equivalent representations

The “natural” representation of .S, is in the vector space of dimen-
sion m. The left regular representation of S,, is in a vector space
of dimension m!, the number of elements in the group S,,. So for
m > 1 these representations are different. Since a group typically
has many representations, we need to specify when we regard two
representations as “the same.”

Definition. Let G be a finite group and let V7 and V5 be vector
spaces over a field K. Two representations p; : G — GL(V;) and
p2: G — GL(V3) are called equivalent if there exists an invertible
(one-to-one, onto) linear transformation 7 : V3 — V5 such that

pa(g) =7 pi(g) 7" for all g € G.

This last condition can be rewritten as p2(g)7 = 7p1(g), for all g € G,
although we must require that 7 be invertible. Then for every g € G,
the following diagram commutes:

v p1(9) W

J p2(9) J

Vo ——m— V1,

This defines an equivalence relation on the set of representations of

G.

Example 13. Choose G = (a | a* = 1) and let V = C? with standard
basis e;,es. We consider two different representations p; and po
defined by the following:

pi(a): e — —ey p2(a): ey —ie;
€ > e ey > —ies.

These are both faithful representations of G. In fact, they are equiva-
lent. To find the transformation 7 that demonstrates the equivalence,
we find the eigenvalues of A, the matrix of p;(a) with respect to the
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[

The eigenvalues are the zeroes of the characteristic polynomial det(A—

basis eq, ea,

xl) = 22 + 1, namely i and —i. If we choose f; to be an eigenvec-
tor for the eigenvalue i and fy for —i, then we know f; and f; are
independent, so we can define an invertible linear transformation by
7(f;) = e; for j = 1,2. You should check that ps(a) and 7p1(a)7*
have the same effect on e; and e;. Convince yourself that it follows
that p; and po are equivalent. o

Remark: Note that in general a single representation G — GL(V)
in an m-dimensional K-space V' could define different (but equiva-
lent) representations G — GL(m,K) if the corresponding matrices
were written with respect to different bases of V. Since we normally
interpret matrices as transformations using the standard basis of V,
our convention is that we say two representations of a group G in
a space V are equal or equivalent according as the representations
G — GL(V) are equal or equivalent.

Exercises

5. In Example 13, let B be the matrix of p2(a) with respect to the
basis {e1, e2}. Find a matrix C for 7 with respect to this basis, and
verify that B = CAC~!.

6. Equivalent representations:

(a) Let p; : G — GL(V) be any representation of a group G in
a vector space V, and let 7 € GL(V) be a fixed transforma-
tion. Define a function py : G — GL(V) by

p2(g) =Tpr(g) 7"

for all g € G. Show that po is again a representation of G
inV.

(b) Let G be any group and let V' be any vector space. Define
a relation ~ on the set of all representations of G in V' by
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p1 ~ po if and only if there exists a 7 € GL(V') such that for
allg € G, p2(g9) = 7p1(g)7~1. Show that ~ is an equivalence
relation on the set of all representations of G in V.

7. Let G be the Klein-four group: G = (a,b | a* = b* = (ab)? = 1),
and let p,.cq be the regular representation of G. Write down the matri-
ces for the different p,.q4(g) with respect to the basis {e1, €4, €p, €qp }-
(Note that the relation ab = ba is a consequence of (ab)?> =1.) (©®

8. Let G = S3 = {(1),(12),(13),(23), (123), (132)}, and let p,e4 be
the regular representation of G.

(a) Write down the matrices for preg((12)) and preq((13)) with
respect to the basis {e, | h € G}. (Use the same order for
the basis vectors that was used above in listing the elements

of G.)
(b) Find two (linearly independent) vectors that are eigenvec-
tors for both preq((12)) and preg((13)). ®

(¢) Use your work from part (b) to find a nontrivial representa-
tion of degree 1 of G (that is, a nontrivial homomorphism
G — C*). What is the kernel of this homomorphism? Does
this homomorphism look familiar?

10.3. Maschke’s Theorem

Sums of representations. Irreducible representations are the build-
ing blocks for all representations, much as the prime numbers are the
building blocks for all integers > 2. In the case of the integers, we
build by multiplying. In this section we define what we mean by
adding representations. For integers, we know every integer > 2 can
be factored into primes, and this factorization is unique up to the
order of factors. For representations, Maschke’s Theorem guarantees
that an arbitrary representation can be decomposed into a sum of
irreducible representations. In Chapter 11 we see that the irreducible
components are uniquely determined up to equivalence and order of
the summands.
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To begin, we define direct sums of vector spaces. Just as with
groups, we have the concept of external direct sum (adding two vector
spaces that exist independently) and internal direct sum (breaking an
existing vector space into a sum of vector subspaces). We then use the
direct sums of vector spaces to define direct sums of representations.

Definition. Let V; and V5 be two vector spaces over the field K. The
external direct sum of V; and V5, denoted by V; & V5, is the Cartesian
product of V; and V5. Let vj,w; € V; for j = 1,2 and c € K. We
then define addition and scalar multiplication on V; & Vs:

(vi,ve) + (Wi, wa2) = (Vi+ Wi, Vo + W)

c(vi,va) = (evi,cva).

These definitions make Vi @ V5 a vector space over K. We write
0; and 0y for the zero vectors of V4 and Vs, so 0 = (01,02) is the
zero vector of vector space Vi @ V5. We can use bases of Vi and V5
to construct a basis for V3 @ V5, as in the following theorem.

Theorem 10.1. Let {e;,es,...,e,} be a basis for Vi and let
{f1,£2,..., £} be a basis for Vo. Then

{(e1,02), (€2,02).., (e, 02), (01, ), (01, £2), .., (01, £,)

is a basis for Vi & Vs, where 01 and Oy are the zero vectors of Vi and
Vo respectively.

Note that the subspace V/ = {(v1,02) | vi € V1} of the exter-
nal direct sum is isomorphic to V;. Similarly, the subspace Vi =
{(01,v3) | vo2 € Va} is isomorphic to V,. We often identify V{ with
Vi and V5 with V2. Although V] NV = {0}, this is not in general
true for subspaces V7 and V5 of a vector space V. This accounts for
the second hypothesis in the following theorem.

Theorem 10.2. If a vector space V has two subspaces Vi and V;
such that

(i) Any vector in V' can be written as the sum of a vector in Vi
and a vector in Vo (in shorthand, V =V + V3), and

(i) ViNVa = {0},
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then the transformation Vi ® Vo — V defined by (v1,va) — vi + vy is
an isomorphism of vector spaces. In other words, the transformation
18 one-to-one and onto as well as linear.

In this situation V is called the internal direct sum of V; and V5,
and we write V' = V3 @ V5. The second condition guarantees that each
vector in V' is represented uniquely as a sum vy + vy with v; € V; for
j=1,2.

Example 14. Let V = R™ with the usual dot product, and assume
W is a subspace of V. We know from linear algebra that

Wt={veV|v-w=0forallweW}

is a subspace of V, and V is the internal direct sum of W and W+.
o

Now we link sums of vector spaces with sums of representations.
We know how to start with two vector spaces and form a new vector
space, their direct sum. Similarly, we start with two representations
of a group G and form a new representation, their direct sum. Under
certain conditions we can decompose a single vector space into a direct
sum of two subspaces. Similarly, we start with a single representation
and, under suitable conditions, decompose it into a direct sum of
representations.

Definition. Let p; and ps be representations of G in vector spaces
V1 and V5 respectively over K. The direct sum of representations p;
and pa, denoted p1 @ pa, is the function from G to GL(V; @ Va) such
that for any (vi,va) € V1 @ Vs,

(b1 p2)(9) : (vi,v2) = (pr(9)(v): palg)(v2) ).

Theorem 10.3. Let p1 and ps be representations of the finite group
G in vector spaces Vi and Va respectively over the field K.
(i) The direct sum p1 & po is a representation of G in Vi & Va.
(ii) The representations p1 @ py and ps ® p1 are equivalent.

(111) Assume e; and f; are bases for Vi and Vs respectively, as in
Theorem 10.1. For g € G, assume A(g) and B(g) are the
matrices of p1(g) and pa(g) respectively with respect to these
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bases. Then the matriz of (p1 & p2)(g) with respect to the
basis (€;,02),(01,f;) of Vi ® Vs is

[ A(()g) B(()g) ]

where the Os denote zero matrices of the appropriate size.

We are now ready to state the fundamental theorem of group
representations. We state it for representations over the complex
numbers, since that is the version we will prove. It is actually true
over any field of characteristic 0 or of prime characteristic not dividing
the order of G.

Theorem 10.4. (Maschke, 1898) Every representation of a finite
group G in a finite-dimensional vector space V' over C can be written
as a direct sum of irreducible representations.

We conclude this subsection with a definition and a theorem that
we use in the proof of Maschke’s Theorem. At one step of our argu-
ment, we need to break a representation into parts. We begin that
decomposition by restricting the domain of the representation. We
can restrict a representation of G in V' to a G-invariant subspace W
of V' and obtain a representation of G in W. More formally, we have
the following definition.

Definition. Let p be a representation of G in the vector space V', and
let W be a G-invariant subspace of V. The restriction pl|y;, of p is the
mapping from G to transformations of W defined by p|y, (9)(w) =
p(g)(w) for w e W.

Theorem 10.5. For a G-invariant subspace W, the restriction ply,
of p is a representation of G in W.

In Figure 10.2 the degree 3 representation p maps the generator of
the group to a 90-degree rotation of R® around the z-axis (i.e., around
the line spanned by e3). In this case the plane W = span{e;, es} is
G-invariant, and the restriction ply; is the degree 2 representation of
Example 3.
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Complex inner products. Our discussion of Examples 1 and 5
provides hints that choosing an orthogonal complement is useful for
decomposing a representation. Indeed, this is a crucial ingredient in
our proof of Maschke’s Theorem. Our representations are in complex
vector spaces, so we need to define orthogonality for such spaces. The
first step is to define inner products on complex vector spaces.

We begin by noting that simply adopting the familiar dot product
on R™ for C™ is problematic, since we would then find that it is
possible for a nonzero vector v.€ C™ to satisfy v-v = 0. (You should
find such an example, say in C2.) This would be a major impediment
to defining “length” of a vector in a meaningful way. So we need a
different approach.

In the special case of the 1-dimensional complex space C, we
already have a useful geometric interpretation based on identifying
the complex number z = a + bi with the vector (a,b) in R?. In that
identification, the length of z is the positive square root of zZ, where
Z = a — bi is the complex conjugate of z. Combining this observation
with the connection between length and dot product in R suggests
the following definition. To avoid confusion? with the dot product on
R™, we write (v,w) for the inner product of v and w in C™.

Definition. Consider vectors v, w € C™, written here as row vectors
v =(21,..,&m), W= (Y1, ..,Ym). Then the standard inner product
of v and w is given by

m
(v,w) = Z ;7.
j=1

Notice that this definition is equivalent to calculating the dot
product of v and the complex conjugate of w:

(v,w) =v - -W.
2Context should make clear when we are using this notation for the inner product

of two vectors and when we are using it for the subgroup or subspace generated by
elements.
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We enumerate the essential properties of this complex inner prod-
uct by making a formal definition as follows.?

Definition. An inner product ( , ) on a complex vector space V is a
function from V' x V to C, such that for all vectors u,v,w € V and
all scalars ¢ € C:

(1) (v,w) = (w,v),

(2) (utv,w)=(a,w)+(v,w),
(3) {ev,w) =c{v,w),

(4) (v,v) >0 for all v # 0.

The standard inner product on C™ in fact has all of these proper-
ties. Note that we have lost part of the bilinearity of the dot product
over R. Instead this inner product is called “sesquilinear.” (Sesqui
means one and one half.%)

From property 1 we know that (v,v) = (v,v), so (v,v) € R. It
is this that allows us to compare (v,v) with 0 in property 4. As a
consequence of these properties we have the following result.

Theorem 10.6. If (,) is an inner product on the complex vector
space V, and if u,v,w € V and c € C, then

(5) (u,v—i—w} = <u,v> + <U.,W>,
(6) (v,ew) =¢(v,w),
(7) (v,v) =0 if and only if v=20

For a complex vector space, we can use the inner product to define
the following geometric concepts.

Definition. Assume V is a complex vector space with inner product
(,), and v,w € V. The length of v is the positive square root of
(v,v). We say v and w are orthogonal if (v, w) = 0.

3This is the usual definition in mathematics, with linearity in the first compo-
nent. The convention in physics is linearity in the second component, so (3) becomes
(v,ew) = c(v,w).
For example, Grinnell College celebrated its sesquicentennial (i.e., its 150-year
anniversary) in 1996, and Mount Holyoke College celebrated its in 1987.
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Since (v,v) > 0 for all v € V and (v,w) = 0 if and only if
(w,v) =0, these are reasonable definitions of length and of orthogo-
nality. Exactly as in the real case, if V' is a finite-dimensional complex
vector space with an inner product, we can find an orthonormal basis
for V' using the Gram-Schmidt process. (See A.5.)

We can now define the orthogonal complement of a subspace.

Definition. Let V be a complex vector space, W a subspace of V,
and ( , ) an inner product on V. Then the orthogonal complement of
W in V with respect to ( , ) is

Wt ={veV|(v,w) =0 forall we W}

This language is justified by the following theorem.

Theorem 10.7. If V is a complex vector space with an inner product
and W is a subspace, then W+ is a subspace and V =W & W=,

Given this geometry on complex vector spaces, we wish to con-
sider linear transformations that “preserve” the geometry, in the fol-
lowing sense.

Definition. Let V be a complex vector space with inner product ( , ).
A linear transformation S : V' — V is called a unitary transformation
with respect to ( , ) if it preserves the inner product:

(S(v), 5(w)) = {v,w)

for all v,w e V.

How do we recognize a matrix that describes a unitary transfor-
mation?

Theorem 10.8. Let V' be a complex vector space with an inner prod-
uct, and suppose Vi,Va, ...,V is an orthonormal basis for V. Let
SV = V be a linear transformation, and let A be the matriz of
S with respect to this basis. Then S is a unitary transformation if
and only if AAT =A"A = I,, (where A" denotes the conjugate
transpose of A). Such a matriz is called a unitary matriz.
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Continuing the notation of the preceding theorem, we can always
regard V as a real vector space by restricting scalars to R. If the
entries of A are all real, then we can regard S as a linear transfor-
mation of this real space. In that case S preserves the real inner
product on the real space V if and only if A is an orthogonal matrix:
AAT = ATA = I,,,. Thus our definitions of an inner product on a
complex space and of transformations preserving the inner product
are natural generalizations of those for real vector spaces.

The reward for our introduction of this complex geometry is the
following theorem.

Theorem 10.9. Let p be a representation of the group G in a com-
plex space V' with an inner product. Assume that p(g) is a unitary
transformation for each g € G. Let W be a G-invariant subspace of
V. Then W+ is also G-invariant.

The proof of Maschke’s Theorem. We introduced the complex
inner product to help us prove Maschke’s Theorem. However, as
Theorem 10.9 suggests, the inner product will only be helpful if the
transformations p(g) for a representation p of G in V' are actually uni-
tary. Remarkably enough, given a finite group G and a representation
p of G in a complex vector space V' with an inner product, it is possi-
ble to define a new inner product on V for which each transformation
p(g) is indeed a unitary transformation.

Theorem 10.10. Let {, ) be an inner product on the finite dimen-
sional complex vector space V- and let p : G — GL(V) be a represen-
tation of the finite group G. Then the new function < ,> defined
by

1
<viws = @gezgwg)(v), plg)(w) )

is an inner product on V. Further, for every g in G, p(g) is a unitary
transformation with respect to this new inner product.

Proof. The properties required for < ,> to be an inner product
follow directly from ( , ) being an inner product and from p(g) being
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a linear transformation. As a sample, here we prove property 3:

Cevaw> = o >~ (plg)(ev), plg)w) )

= KLV, W >

We must also show that each linear transformation p(g) is a uni-
tary transformation. Thus we must show that for any g € G,

<L v, w > =< p(g)(v), p(g)(w) >

<viw> = |i S {p)(w). plh)(w) ), amd

<oldW)pla)w) > = 1223 (el 2 pla) () )
heG
1
- @z { p(hg)(v), p(hg)(w) )
1 ! !
- ﬁh,€G<p(h)(v)’p(h)(w>>

In the last line we substitute h’ = hg. Since h' runs over all the
elements in G as h does, this last sum is equal to < v, w >>. 1

Remark: We can think of this new inner product as an average over
G of the old one. In this approach to representation theory, we will
use this trick of taking averages (or sums) over G in many situations.
(The proof of Theorem 10.12 is another example.) It thus becomes a
valuable strategy, not just a trick.
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In Example 1 we used the standard basis {e;,es,es}. In the
complex version, this is an orthonormal basis with respect to the
standard inner product on C?. Each M, is a unitary matrix, so
each transformation p(w) is unitary. The plane orthogonal to the
vector e; + e; + eg is thus an invariant subspace for all six linear
transformations. (Compare Exercise 3.)

We are now ready to prove Theorem 10.4, which we restate for
reference.

Theorem (Maschke): Every representation of a finite group G in a
finite-dimensional vector space V' over C can be written as a direct
sum of irreducible representations.

Proof. Let p be a representation of G in V' over C. We proceed by
induction on the dimension m of V. If m = 1, then p is irreducible.
Now let m > 1 and assume that the theorem is true for representations
of degree less than m.

If p is irreducible, we are done. If not, there is a nontrivial sub-
space W of V that is invariant for p(g) for all g € G. We use The-
orem 10.10 to define an inner product on V so that each transfor-
mation p(g) is unitary. Define W+ to be the orthogonal complement
of W with respect to this new inner product. By Theorems 10.9
and 10.7, we know that W+ is also a G-invariant subspace and that
V=WaoeWw

Next we define p; to be p restricted to W and ps to be p restricted
to W+. Then p is equal to the direct sum p; @ ps. Both W and W+
have dimension smaller than m, so by our induction hypothesis,

pL=p1, D Dp1, and p2 = pa, ® - D po,

for irreducible representations p;, of G. Therefore p is the direct sum
of the p;,. Figure 10.4 illustrates the decomposition of the matrix
p(g) (where we omit the argument g). O

Maschke’s Theorem guarantees the decomposition of an arbitrary
complex representation into its irreducible constituents. However,
finding those irreducibles is not always easy. In the next chapter we
introduce the theory of group characters to aid this work.
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P14
P1y:
I .
.
P2,
P2

P2,
N (a) Partial de- B (b) Complete N

composition decomposition

Figure 10.4. Decomposition into irreducible representations

Exercises

9. Let p be a representation of G in V, and let W be a G-invariant
subspace of V. Show that the restriction p|y;, is a representation of
Gin W.

10. Prove Theorem 10.1.

11. Prove Theorem 10.2.

12. Prove Theorem 10.3.

(a) Prove part (i). ®
(b) Prove part (ii).
(c) Prove part (iii).

13. Prove Theorem 10.6.
14. Prove Theorem 10.8. ®

15. Prove Theorem 10.9.
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16. Complete the proof of Theorem 10.10.

17. Let G be the group (a | a®> = 1) and let V = C2.

(a) Show that there exists a representation p of G in V = C?
for which the matrix of p(a) with respect to the standard

.. |-1 0
basis is [ 9 1].

(b) Using the standard inner product on C? as the “original” in-
ner product (, ) on V, let <, > be the “new” inner product
on V defined in Theorem 10.10. Find explicit formulas for
< (x1,x2), (y1,y2)> and < (21, 22), (x1,22)>. (Note that
the vectors here are really column vectors.)

(¢) Find an orthonormal basis of V' with respect to <, >.

ind the matrix of p(a) with respect to your basis from part
d) Find th ix of ith basis fi
(¢). (It should be a unitary matrix!)

(e) Find two 1-dimensional invariant subspaces of V = C? (un-
der p), and show that they are orthogonal complements of
each other with respect to <, >.

18. Prove Theorem 10.7 by proceeding as follows:
(a) Show that W N W+ = {0}.

(b) Show that every vector in V' can be written as the sum of a
vector in W and a vector in W+,

19. Let G be any finite group, and let p..q : G — GL(V) be the
regular representation over C. This means that vector space V has
basis {ey | h € G}.

a) Show that the vector v = ey, is an eigenvector for
heG
preg(g) for each g € G. (Hence v spans an invariant sub-
space of V under preg4.)

(b) Suppose that G is a subgroup of G of index 2. Show that

the vector
W = Z e, — Z e

heG1 heG\G,
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is an eigenvector for each of the p,.4(g), for g € G. ®

(c¢) Explain why the results of Exercise 8 are really examples of
parts (a) and (b) of this exercise.

20. Let G be the symmetric group S,, and let p be the natural
representation of G in V = C™. Let ey, ..., e,, be the standard basis
of V and let U be the 1-space spanned by e; + - + e,,.

(a) Show that the subspace W = {Z] ajej‘ >0 = O} is
equal to U+ with respect to the standard inner product.

(b) Compare this to your answers to Exercises 2 and 3.

21. Let G = (a,b | a® = b? = (ab)? = 1) be the “Klein four-group”
(as in Exercise 7), and let p,e, be the regular representation of G in
V = C* Write Preg as a direct sum of irreducible representations.

®

10.4. Representations and difference sets

We apply representation theory to the study of difference sets by
extending a group representation p : G — GL(m,C) to a ring homo-
morphism p from the integral group ring ZG to the ring M(m, C) of
m X m matrices with entries in C. The following example illustrates
the idea. In the example, the degree of the representation is 1, and
we identify M(1,C) with C.

Example 15. Let G = (a,b|a* = b* = 1,ab = ba). The set
D = {a?,b,ab,a’b,b?, ab’} is a (16,6, 2)-difference set in G. Define
a representation p of G by p(a) = 1 and p(b) = i, so the kernel of
pis N = (a). Let n; = [DNVN| for j = 0,...,3. Notice that the

intersection numbers for D modulo N are (ng,...,n3) = (1,3,1,1).
Consider the following sums:
dplg) = 1) +30) +1EE) +16) = 2 = 2
geD
SoolgTH) = W43+ +160) = -2 = u
geD

We find that v = z and 2z =4 = n. o
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Factoring 4 in this way is an instance of a general pattern. The
key to the generalization is the following definition.

Definition. Let G be a group and p : G — GL(m,C) a representa~
tion of G. Define p : ZG — M(m,C) by

D agg | = agplg)

geG geG

Theorem 10.11. If p : G — GL(m,C) is a representation of the
group G, then the mapping p : ZG — M(m,C) is a ring homomor-
phism.

When we apply p to the integral group ring equation DD(=1) =
nlg + MG we get

AD)F(DY) = nl + Ap(G). (®)

Returning to our example,

p(D) = 1) +3(0)+1(*) +1(%) = 20 = z
DY)y = 1) +3(@3) +1(:2) +1() = -2 = % and
p(G) = 4(1) +40) +4(=1) + 4(—i) =

Equation 8 therefore implies 2z = 4, as we had previously observed.

Three aspects of this example generalize. First, the intersection
numbers for D modulo the kernel of p can be seen as coefficients in
p(D), so knowing the possible values of p(D) constrains the possible
values of these intersection numbers. Second, we have the following
theorem.

Theorem 10.12. Let p: G — GL(m,C) be a nontrivial irreducible
representation of the finite group G. Then

geG

By Theorem 10.12, whenever a group G contains a (v,k, A)-
difference set D, and p is any nontrivial irreducible representation
of G of degree m, we have

A(D)p(D'Y) = n. (9)
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Equation 9 restricts the possible values of p(D), and we use it often.

We also know that we can define an inner product on C™ for
which p(g) is a unitary matrix for every ¢ € G. In particular, this

tells us that p(d~!) = (d)T for each d € D. Therefore if M = p(D)
then M= = p(D(Y), and we have

MM =ul,,.
We have proved the following theorem—our third generalization.

Theorem 10.13. Let G be a group and D a (v, k, \)-difference set in
G. Let p: G — GL(m,C) be a nontrivial irreducible representation of
G and p the corresponding ring homomorphism from ZG to the ring
M(m,C). Write M = 3(D). Then 5(D"V) = M' and MM =
nil,.

In the special case m = 1, the image of D under p is a complex
number z, and we have zZ = n. In Chapter 12, we use both this
special case and also the matrix equation, along with some algebraic
number theory, either to search for difference sets or to rule out their
existence. In Section 11.4, we obtain useful preliminary results.

Another useful fact for the study of difference sets is that every
element g € G is determined by its image under the regular represen-
tation prey. This is because

preg(g) @1, €y

More generally, we have the following theorem, which we apply in
Section 11.4.

Theorem 10.14. Let G be a finite group and prcq the reqular repre-
sentation of G. Suppose A, B € ZG with prey(A) = preg(B). Then
A= B.

Exercises

22. This exercise produces a proof of Theorem 10.11 that takes ad-
vantage of our work on the integral group ring in Section 7.1. As-
sume p : G — GL(m,C) is a representation of the group G, and let
H = p(G) € GL(m,C).
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(a)

(b)

Define a function ® : ZH — M(m, C) taking the formal sum
>~ anh to the corresponding actual sum of scalar multiples
of matrices. Show that ® is a ring homomorphism.

Recall from Section 7.1 that we used the homomorphism
p: G — H to define a ring homomorphism p : ZG — ZH

by p(>_, ag9) = >_, ag p(g). Show that ® o p = p.

23. Prove Theorem 10.12.

24. Prove Theorem 10.14.

25. Let G = (a,b | a* = b* = 1, ab = ba), and suppose G contains
a (16,6, 2)-difference set D (not assumed to be the difference set in
Example 15). Define the homomorphism p : G — C* by p(a) = 1
and p(b) = i. Let z = p(D) and u = p(DY). Both z and u are in
Z[i] = {a+bi| a,b € Z}, the ring of Gaussian integers.

(a)

(b)

Explain why v = Zz and 2z = 4. Use what you know about
arithmetic in Z[i] to explain why 2z = 4 implies z = £2 or
+2i.

Let N = (a), and suppose n; = |[D NV N|. Explain why the
fact that z must equal either +2 or 427 implies that either
nNg = Ny Or N1 = N3.

Show that, in some order, the four intersection numbers
mod N must be either 1,1,1,3 or 2,2,2,0. Also, explain
why, without loss of generality, we may assume ng is the
different value among the four.

Look at the difference sets in this group on Kibler’s list:

Ds = {1,a,d? b, ab® a*b’},
Dy, = {1,a,d? b, b3 a®b?},
Ds {1, a, b, a®b, ab*, a*b*}.

What are the intersection numbers mod N for each of these
difference sets?
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Coda

Just as the primes are the (multiplicative) building blocks for the in-
tegers, irreducible representations are the (additive) building blocks
for representations of finite groups. Maschke’s Theorem is our key
result. It says that every representation is expressible as a sum of
irreducible representations. The proof of Maschke’s Theorem is com-
plicated. Running through many of the arguments is the potent idea
of averaging (more generally, summing) over a group.

We work over the complex numbers. The powerful facts that
the field C is algebraically closed and has characteristic 0 give us
an efficient route to the proof of Maschke’s Theorem—one exploiting
the nice properties of inner products in complex vector spaces and of
unitary transformations of those spaces.

This chapter concludes by linking representation theory to the
existence question for difference sets. Extending a representation
p: G — GL(m,C) to a ring homomorphism ¢ : ZG — M (m,C)
translates the existence question to one in algebraic number theory.

A more general version of Maschke’s Theorem applies over arbi-
trary fields with characteristic 0 or p relatively prime to the order of
the group. The proof of this version of the theorem uses projections
onto subspaces. A source for the proof of this stronger theorem is
Curtis and Reiner’s classic monograph [15], Section 10.8.

It takes us well beyond the scope of our work, but a theory of
representations of infinite groups does exist—part of what is called
“harmonic analysis.” Representations of infinite “Lie groups” are im-
portant in physics. Under suitable hypotheses, satisfied by Lie groups,
finite sums over the group can be replaced by integrals. There is also
a “modular theory” of representations of finite groups over fields of
characteristic p dividing the group order. Modular representation
theory played an important role in early work on the classification of
the finite simple groups.



Chapter 11

Group Characters

In this chapter we shift our attention from a complex representation
p of G and the transformations p(g) to a new function x, : G — C,
called the character of p, given by the trace: x,(g9) = Tr(p(g)) for
g € G. It might seem that starting with a group representation and
computing its character throws away much of the information about
that representation. On the contrary, we find that the character “de-
termines the representation;” that is, two representations having the
same character must be equivalent. Moreover, properties of charac-
ters enable us to determine whether a representation is irreducible
and to find its irreducible components when it is not.

After definitions, examples and some preliminary results in Sec-
tion 1, we state in Section 2 what we call the Fundamental Theorem
of Character Theory and look at some important consequences. The
proof of the Fundamental Theorem is in Section 3. We return to
difference sets and group rings in Section 4, where we consider exam-
ples drawn from Smith’s paper [65] and also theorems culminating in
characterizations of difference sets using representations. In Section
5 we take a brief look at character tables. Throughout, our vector
spaces are over C and our groups are finite.

197
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11.1. Definitions and examples

Let T be a linear transformation of a vector space V', and let M be
the matrix for 7" with respect to a fixed basis for V. Recall from
linear algebra that the trace of T"is Tr(M). (See A.1.)

Definition. Let G be a finite group and let p : G — GL(V) be
a representation of GG in a finite-dimensional complex vector space.
The character x, of p is the function x, : G — C defined by x,(g) =
Tr(p(g)) for all g € G. The degree of x,, is the degree of p, namely the
dimension of the vector space V. If p is irreducible, then ¥, is called
an irreducible character. If p is the trivial representation (mapping
each group element to 1), then x|, is the trivial character.

When the degree of x, is 1, then x, = p (identifying a 1 x 1
matrix [a] and its trace a), and x, is a homomorphism from G to
the multiplicative group C*. However, for degrees greater than 1,
characters are not homomorphisms. Since for any representation p of
degree m, p(1g) = I,,, we have that x,(1¢) gives the degree of x,.

Example 1. Let p be the natural representation of G = Ss given
in Example 10.1 (but work over the complex numbers). Since p(g)
is a permutation matrix for each g € G, its trace x,(g) counts the
elements that are fixed by the permutation. So we have

xo(la) = 3,
Xp((12)) 1,
Xp((13)) L,
X ((23)) L,
Xp((m?’)) 0,
(1) = 0
In this case, the values of the character are integers. o

Example 2. Recall the representation of the group G = {(a | a® = 1)
with p(a) = €2™/5. Since the representation is degree 1 the character
coincides with the representation. In this case the character is a
homomorphism, and the values it takes are fifth roots of unity. o
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Example 3. Recall the representation p of the dihedral group
G ={a,b|a®=0b%>=1,bab~! =a~1') in Example 10.9:

p=[ 0 V] wa =] ]
where n = €?™/5. (Call its character y. Convince yourself that
x(a?b) = 0 for j = 0,1,...,4. What about the values of x on the
rotations a/? We have x(a’) = 7/ + n77, a sum of roots of unity.
Since the inverse of a root of unity is its complex conjugate, we see
that x(a’) is a real number. Of course x(1g) = 2, but the other
values x(a’) are not integers. Still,

doxte) = C+D+m+n)+@+7°)+ P+ 0P+ (' +n)
geG
= 0,

since 1+n+---+n* = (n°—1)/(n—1) = 0. We encounter other nice
character sums later. o

Example 4. Let G be any group, and let p,.., be the regular repre-
sentation of GG in the complex vector space V. If G has m elements,
then V has dimension m, and with respect to the basis {e, | h € G},
each prey(g) is an m x m permutation matrix. The trace of a per-
mutation matrix is the number of fixed points, s0 xreq(1lg) = m, and

Xreg(g) = 0 for all g # 1¢. )

Recall that Maschke’s Theorem tells us that every representation
is a sum of irreducible representations. The next theorem describes
the character of a sum of representations.

Theorem 11.1. Let x1 and x2 be characters of G associated with
representations p1 and ps respectively. Define the function x1 + X2 :

G = C by (xa + x2)(9) = x1(9) + x2(9) for g € G. Then x1 + x2 is
the character of G associated with the representation py & ps.

Along with Maschke’s Theorem, Theorem 11.1 tells us that every
character is a sum of irreducible characters. We combine this decom-
position with the Fundamental Theorem of Character Theory (in the
next section) to obtain powerful results.
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In the examples that we have seen thus far, x(g) is equal to a
sum of roots of unity for g € G. The following lemma helps us show
that this is true in general. This fact enables us to prove that for any
representation p of a finite group G over C, the value of x,(g™!) is
the complex conjugate of x,(g).

Lemma 11.2. If G is a finite group of order m, and if p: G —
GL(V) is a representation, then for any transformation p(g), if A is
an eigenvalue, then X\ is an mth root of unity. In particular, |\| = 1
s0 /A= \.

Proof. Let A be an eigenvalue for p(g) with eigenvector v. So
p(9)(v) = Av. Since g™ = lg, we know that p(¢™) = p(lg) = I,
the identity map. Therefore, p(¢")(v) = p(g)™(v) = X"v = v. We
conclude that A™ =1, and |A| = 1. O

Theorem 11.3. If G is a finite group, g € G, and p is a representa-
tion of G over C, then

Xp(97) = x,(9).

Proof. Fix a basis for V, and let p(g) = A with respect to this
basis. Since p is a group homomorphism, p(g~') = A~1. Let A; be
the eigenvalues for matrix A, counting algebraic multiplicities. From
linear algebra we know that x,(g) = Tr(A) = >_Aj. (See A.2.)
The eigenvalues of A~! are the inverses of the A\;s. So x,(¢7!) =
Tr(A~') =" 1/)A;. By Lemma 11.2, 1/X\; = ); for each j, so

wlg™) = Te(AY) = Z%j =Y N =3

= Tr(4) = x,(9)-

O

Note that the previous theorem makes no assumption that the
matrix for p(g) is unitary.



11.2. The Fundamental Theorem 201

Exercises
1. Let G = (a | a® = 1) and let p be the representation of G given by

= -

Let x, be the character of p. What is the value of x,(a)? Write this
value as a sum of eigenvalues of p(a).

2. Let G = 54 and let p be the natural representation of G of degree
4, and let x, be its character. List the elements g € G for which:

) Xp(9) = 1.
(c) Xxp(g) =2. ®
(d) xo(9) = 3.
(e) xp(9) = 4.

3. Let G = D4 = {RQ, Rgo, R1807 R270, FH, F\/, Fl, FQ}, the dihedral
group of order 8 described as the group of symmetries of a square,
and let p be the corresponding representation of degree 2. (See Ex-
ercise 10.1, page 175.) Find x,(g) for each g € G.

4. Prove Theorem 11.1.

11.2. The Fundamental Theorem

We study group characters to investigate the irreducible representa-
tions of a group. As often happens in mathematics, we will learn
more about characters if we step back and study a more general set
of functions that includes the characters. The Fundamental Theorem
of Character Theory describes the relationship of the characters to
this larger set. We state it after introducing the necessary ideas.

Since homomorphisms map conjugate group elements to conju-
gates, and representations are homomorphisms, representations take
conjugate group elements to similar matrices. Since similar matrices
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have equal traces, group characters are functions that are constant
on conjugacy classes.

Definition. A function « from the group G to the complex numbers
is called a class function if it is constant on each conjugacy class of
G; that is, if g, h € G are conjugate, then a(g) = a(h).

Characters of representations are thus class functions. The set V of
all class functions on a group G has algebraic structure. If o and 8
are class functions on G, define their sum by (a+)(g) = a(g9) + 5(g)
for ¢ € G. For a complex scalar ¢, define (ca)(g) = ca(g). With
these definitions, we have the following theorem.

Theorem 11.4. The set V of class functions on a finite group G is a
complex vector space with dimension equal to the number of conjugacy
classes in G.

Proof. We claim that V is indeed a vector space. To show that its
dimension equals the number of conjugacy classes, we provide a basis
for V. Let a; : G — C be the function that takes the value 1 on
elements of the jth conjugacy class, and 0 elsewhere. The functions
a; are independent, since if ) c¢ja; = 0, then, in particular, for
each j the sum has value zero on ¢ in the jth conjugacy class. This
forces ¢; = 0. Further, these functions span the vector space of class
functions: if 5 € V has value ¢; on the jth conjugacy class, then

B:chjaj' O

Next we define an inner product on V. We refer to the inner
product space V as the space of class functions on G.

Definition. Let «, 3 be class functions from G to C. We define the
inner product of two class functions

1 -
(@.8) = 1 > alg) Blg).

geG

This really is an inner product on the complex space V. Notice
that if |G| = m and if you think of a class function « as an m-tuple of
complex numbers whose components are the values a(g) as g ranges
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over the elements of G, then this inner product resembles the standard
inner product on C™.

The main result in this chapter, which we call the Fundamental
Theorem of Character Theory!, is that the set of irreducible charac-
ters of G is an orthonormal basis for the space V of class functions
on G.

Theorem 11.5. (Fundamental Theorem of Character Theory) Let G
be a finite group and let V be the space of class functions on G.

(i) Let x1 and x=2 be the characters of two inequivalent irre-
ducible representations of G. Then (x1,x2) = 0.

(ii) If x is an irreducible character of G, then {x,x) = 1.

(111) The irreducible characters span V.

In this section we examine some important consequences of this
theorem. We postpone the proof to Section 3.

Our first result leads to the addition of a uniqueness statement
to the decomposition into irreducibles guaranteed by Maschke’s The-
orem in Chapter 10.

Theorem 11.6. Let G be a finite group, and let p be a representation
of G with character x,. Let ¢ be an irreducible representation of G
with character x,. Then the number of irreducible components of p
equivalent to ¢ is equal to (X,, Xy)-

Proof. We decompose p into its irreducible summands. By Theo-
rem 10.3, we may rearrange the summands, grouping them by equiv-
alence, and write the following:

t mg
p~ @ @ij
s=1 \j=1

We choose notation so that for fixed s, the p,; are all equivalent, but
for 7 # s, ps; is not equivalent to p;.,. It follows that

t
Xp = Z MsXs,
s=1

'n this language, we follow Isaacs ([33], p, 217).
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where Y, is the character of each Ps; - We now calculate the inner
product

<vaX<p> = <ZmSX87X<P>
= ZmS<X37X¢>~

By the Fundamental Theorem, we know that (xs, x,) = 1 if and only
if the p,, are equivalent to . Therefore, (x,,X,) = ms, the number
of irreducible components of p equivalent to ¢. 0

Now we can state and prove the augmented version of Maschke’s
Theorem.

Theorem 11.7. Every representation of a finite group in a finite-
dimensional complex vector space can be written as a direct sum of
irreducible representations, and the decomposition is unique up to or-
der and equivalence.

Proof. We need only establish the uniqueness claim. To do so, we
use the notation introduced in the proof of Theorem 11.6. Suppose
the representation p can be written in two ways as a sum of irreducible
representations,

z

t ms Ny
pN@ EBpsj NEB EBSOTj )
s=1 \Jj=1 r=1 \j=1

where we have grouped the irreducible representations according to
equivalence. We then have the corresponding sums for the character

X, of p:

t z
Xp = Z MmsXs = Z Ny,
s=1 r=1

where x; is the character of the ps;, ¥, is the character of the ¢, ,
and the multiplicities ms and n,. are positive.

By Theorem 11.6, we have (¢, x,) = n, > 0, so there is an s
with ps, ~ ., and mgs = n,. Proceeding in this way, we verify
that all of the ¢, occur, up to equivalence, among the ps;, and all
of the ps, occur, up to equivalence, among the ¢,,. Thus the two
decompositions of p are the same up to order and equivalence. O
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The preceding theorem gives us a key result: characters really do
tell us all we need to know about representations, in the following
sense.

Theorem 11.8. Let ¢ and 1) be representations of the finite group
G, and let x, and x. be the corresponding characters. Then ¢ and
Y are equivalent if and only if X, = Xy -

Now that we know that every character can be written uniquely as
a sum of irreducible characters, we have a useful test for irreducibility.

Theorem 11.9. Let x be a character of a finite group. Then x is
irreducible if and only if (x,x) = 1.

Since the regular representation comes from the complete multi-
plication table for a group, we might expect it to hold all the infor-
mation for the representations of the group. Indeed it does, as the
following theorem shows.

Theorem 11.10. FEwvery irreducible representation of a finite group
G is a component of the left reqular representation.

Proof. Using the notation of Theorem 11.7, the regular representa-
tion prey is equivalent to a sum of irreducible representations that
are themselves grouped by equivalence. Since traces are additive, we
have a corresponding sum for the character x;.q,

t
Xreg = E msXs-
j=0

We prove the theorem by contradiction. Suppose the irreducible rep-
resentation ps does not occur in preq, S0 X does not occur in Xreq
and ms = 0. Then we have

t
<XsaXreg> = Z(Xsaijj>
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Recall that x,eq(g9) = 0 for g # 1g, and x,eq(1g) = |G|. Using the
definition of the inner product to calculate (xs, Xreg) = 0 thus gives

1
@(XSQGNGD = xs(lg) = 0.
This implies that the degree of the irreducible representation pg is 0,
which is impossible. O

The next theorem relates the degrees of the irreducible represen-
tations to the size of the group and identifies them as the multiplicities
of the irreducible components of the regular representation.

Theorem 11.11. Let {p; | j =0,...,t} be the irreducible represen-
tations of the finite group G, and let d; be the degree of p;. Then

t
> di =1,
j=0

and d; is the multiplicity of p; in the decomposition of the regular
representation.

Proof. From Theorem 11.10 we know that each irreducible repre-
sentation p; appears in the decomposition of p,.s. Therefore p,eq =
mg po @ - - - ®my py for some positive integers my, ..., My, and Xreq =
moXo + m1x1 + -+ my xe. Since the irreducible characters form
an orthonormal set, we can find the coefficient m; by calculating the
inner product. As in the proof of the preceding theorem, we find
that (X;,Xreg) = m;. On the other hand, again as in the proof of
Theorem 11.10, since X,eq(lg) = |G| and xreq(g9) = 0 for g # 1g,
(Xis Xreg) = Xi(1) = d;. So dj =m;.

Finally we calculate (Xreg, Xreg) two different ways. On the one
hand, (Xreg, Xreg) = (1/|G])|G]?> = |G|. On the other hand, if we
write xreg as the weighted sum of the irreducible characters, then

<XTeg7X7‘eg> = szjmé <Xj7X€> - Zmi - Zd_?
j L J J
So 37, a2 = |G|. O

A useful consequence of Theorem 11.11 is the following charac-
terization of an abelian group.
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Theorem 11.12. Let G be a finite group. Then G is abelian if and
only if all of its irreducible characters have degree 1.

Exercises

5. Prove Theorem 11.8.
6. Prove Theorem 11.9.
7. Prove Theorem 11.12.

8. Recall the representation p of degree 2 of the dihedral group D,,, =
{a,b]a™ =0b*>=1, bab~! = a~1) in Example 10.11, page 174. Select
j so that % # 1, and use the inner product of characters to verify
that p is irreducible.

9. Let p be a representation of the group G and let x, be the corre-
sponding character.

(a) Show that if x, : G — C* is a homomorphism, then the
degree of p must be 1.

(b) Can x, be a homomorphism from G to the additive group
of C?

10. Characters of G = Ss.

(a) How many conjugacy classes does G have?

(b) Let p be the natural representation of G = S3 in C3. Cal-
culate (x,, Xp)- ®

(c) Let xo be the trivial character on G. Calculate (x,, xo)-

(d) Let x1 be the character of the representation of G that maps
even permutations to 1 and odd permutations to —1. Cal-
culate (x,, x1)-

(e) Look back at Exercise 10.2. Let vo = e; — €2 and vy =
e; — eg. Verify that span{vy,v3} = span{e; + e; + ez},
and let py be the representation of G in this 2-dimensional
space. Write out the matrices pa(m) for 7 € G and use them
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to calculate the values of the corresponding character ys.
Calculate (x2,x2). Also calculate (x,, x2)-

(f) What do you conclude about the decomposition of p as a
sum of irreducible representations?

11. Repeat Exercise 10 for G = 54, modifying part (e) as appropriate.

12. The conjugacy classes of D, were determined in Exercise 3.2. In
this exercise you will find the conjugacy classes of the other dihedral
groups D,,, where D, = (a,b | a™ = b?> = 1, bab~! = a~1). Recall
that the size of the conjugacy class containing an element = € G is
the index of its centralizer, [G : Ci(x)]. (See Exercise 3.6.)

(a) Find the conjugacy classes of Dj.
(b) Find the conjugacy classes of D,, for m = 2j + 1.

(¢) Find the conjugacy classes of D,, for m = 2j.

13. Let G be a finite group.

(a) Let V = C and suppose that p: G — GL(V) and 0 : G —
GL(V) are degree 1 representations of G. Show that we can
create another degree 1 representation 7 : G — GL(V) by
defining 7(g) = p(g)o(g) for all g € G (where we multiply
complex numbers as usual).

(b) How is the character of T related to the characters of p and
o?

(c) Suppose that p : G — GL(C?) is any representation of G,
with character x,, and that x’ is a character of degree 1 of
G. Show that the product x,x’ is a character of G.

(d) Explain why, in general, the construction from part (a) does
not work if p and o are both representations of G of degree
d>1.

Remark: It turns out that the product of any two characters of G
is again a character. To prove this requires a construction called the
“tensor product.”
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14. Let G be a finite abelian group, and let G* be the set of irre-
ducible characters of G. Recall that by Theorem 11.12, all irreducible
characters of G have degree 1. As this exercise will show, G* is a group
called the character group of G.

(a) Explain why G and G* have the same cardinality.

(b) As in Exercise 13a, define a binary operation on G* by
(x¥)(g9) = x(g9)¥(g). Show that G* is a group under this
operation. ®

(¢) Assume G = (a) is cyclic of order r, and let w be a primitive
rth root of unity. Show that G* = («), where a(a) = w, and
G~G* viag=al — x, =l

(d) Assume G = (a,b|a” =b° = 1,ab = ba). Let w,n be primi-
tive rth and sth roots of unity respectively and define homo-
morphisms « and § mapping G — C* by a(a) = w, a(b) =
1,B8(a) = 1, and B(b) = n. Show that G* = («a,f|a” =
B*=1,a8 = Ba) and G ~ G* via g = a’b* — x, = oI B*.

Note that in this correspondence gh — xgn = XgXn and
gt = xg-1 = (xg)~*'. This observation will be used in
Chapter 13.

(e) Explain, informally, why G ~ G* for any abelian group G,
and why there is a natural way to identify elements of G with
elements of G*. (This isomorphism is not canonical, since it
depends on a choice of generators for G and of corresponding
primitive roots of unity.)

11.3. Proof of the Fundamental Theorem

In this section we prove the Fundamental Theorem of Character The-
ory.
Theorem 11.5 Let G be a finite group and let V be the space of

class functions on G.

(i) Let x1 and x2 be characters of two inequivalent irreducible
representations of G. Then (x1,x2) = 0.

(ii) If x is an irreducible character of G then (x,x) = 1.
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(iii) The irreducible characters span V.
Our argument makes heavy use of the following concept.

Definition. Given representations p; : G — GL(V;) and ps : G —
GL(V3) of G in vector spaces over the same field, a linear trans-
formation 7 : V3 — V4 is called an intertwining transformation (or
intertwining operator) from py to po (in that order) if p2(g)7 = 7p1(9)
for all g € G. In other words, for all g € G, the following diagram
commutes:

v p1(9) W

J p2(9) J

Vo ——m—V;

Note that if 7 is an invertible intertwining transformation, then p;
and po are equivalent.

Proof of orthogonality. Our first goal is to prove part (i) of The-
orem 11.5, showing that if p; and py are inequivalent irreducible rep-
resentations with characters x; and x» respectively, then

(x1,x2) = |G|ZX1 2(9) ‘G|ZX1 1) =0

geG geG

This part of Theorem 11.5 has a complicated proof, so we outline the
steps that bring us to our goal.

(1) We prove Schur’s Lemma, which tells us that the intertwin-
ing transformations between two irreducible representations
are very restricted: (i) if the irreducible representations are
not equivalent, the intertwining transformation is zero; (ii)
if they are equivalent, it is a scalar times the identity trans-
formation. [Theorem 11.13]

(2) Given representations in spaces V4 and V; respectively and
a linear transformation o : Vi — V5, we show how to build

a transformation that intertwines the representations.
[Theorem 11.14]
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(3) This is the key tool. For any linear transformation o : V4 —
V5, by using the first part of Schur’s Lemma and the con-
struction in step 2 of an intertwining operator based on o,
we show that if p; and py are inequivalent irreducible rep-
resentations, then

> palgopi(g) =0.
geG
[Theorem 11.15]

(4) We convert to matrix notation, writing p1(g) = A(g) =

(ase(g9)) and pa(97") = B(g™') = (bse(9™")). By making
simple choices for the matrix corresponding to o we show
that for any s,t, 7, k,

Z bsg akt ) =0.
geG
Specifically, when j = s and k = t, we have
Z bss att ) =0.
geG
[Lemma 11.16]
(5) From this last equation, it is a short step to {x1, x2) = 0.
[Theorem 11.5(i)]

Now, off we go!

Step 1:

Theorem 11.13. (Schur’s Lemma) Let p1, p2 be irreducible repre-
sentations of a finite group G in vector spaces Vi, Vy over C.

(i) If p1 and ps are not equivalent, then the only intertwining
transformation from py to ps is T = 0. (This much is true
over any field.)

(ii) If p1 = pa2, then the only intertwining transformations (that
18, the only linear transformations T : Vi — Vi that commute
with all the p1(g)) are scalar multiples of the identity.

Proof. Part (i): Assume p; and py are inequivalent, irreducible rep-
resentations of G and p2(g)T = 7p1(g) for all g € G. We note that
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Ker(r) € V; must be an invariant subspace for p;. Since p;p is irre-
ducible, Ker(7) must be either {0} or all of V;. A similar argument
shows that Im(7) must be either {0} or all of V5. Putting these re-
sults together, if Ker(7) is {0}, then 7 is an invertible transformation
from V; to V4, and p; and po are equivalent. This contradicts our
hypothesis, so Ker(7) = V4, and 7 = 0.

Part (ii): Suppose that 7p1(g) = p1(g)7 for all g € G. Since we
are working over C, 7 must have at least one eigenvalue A. We will
show that 7 = AI. There is a nonzero eigenvector v € V such that
Tv = Av. So (1 — AI)v = 0. Consider the transformation 7 — AI.
Since py is irreducible and Ker(7—AI) is a nonzero invariant subspace
for p1, Ker(t —AI) =V. Thus 7 — A\I =0, and 7 = AI. O

Step 2: We show how to construct intertwining transformations so
that we can use Schur’s Lemma. The property we want for an in-
tertwining transformation 7 from p; to py is that pa(g)T = 7p1(9)
for all ¢ € G. This would mean that 7 = pa(g~1)7p1(g). Certainly
p2(g7H)7p1(g) is a linear transformation from Vi to Va. We also note
that the sum of linear transformations is again a linear transforma-
tion. So we are again prompted to sum over all elements in G, our
trick elevated to strategy.

Theorem 11.14. If G is a finite group and if p1 : G — GL(V}) and
p2 : G = GL(V3) are representations of G over K, then for any linear
transformation o : Vi — Vs,

T=> pAg ) oplg)
geG

is an intertwining transformation from py to ps.
Proof. We show that for all h € G, p2(h)T = Tp1(h):
p2(h)T = (Z p2(9~opi(g ))

geG

= Z p2(h “Napi(g)

geG

= Y palhg ")opi(g), and
geG



11.3. Proof of the Fundamental Theorem 213

Tpi(h) = (ZPQ Jopi(g ))Pl(h)

geaG

= Y pa(g Hopi(g)p(h)
geG

= Zﬂz Upl (gh).
geG

If we now substitute g1 = gh into this second expression, so that
gt =hgy ! we see that the two expressions are equal. O

Step 3: We note that in Step 2 we constructed 7 from any linear
transformation o from V; to V5. Also, recall from Schur’s Lemma
that if p; and p, are inequivalent irreducible representations of G on
V1 and V5, then any intertwining transformation from p; to ps must
be the zero transformation. Putting these two facts together, we have
the following theorem.

Theorem 11.15. Let p1 and p2 be inequivalent irreducible represen-
tations of G in complex vector spaces V1 and Vs, respectively. Then
for any linear transformation o : Vi — V,

> pa(g Nopi(g) = 0.

geG

Step 4: The preceding theorem is our key to proving that the inner
product of any two inequivalent irreducible characters is zero. We
translate it into matrix notation in the next technical lemma. (We
call it a technical lemma because its proof is an intricate calculation
but uses no new ideas.)

Lemma 11.16. Let p; and ps be inequivalent irreducible represen-
tations of G in complex vector spaces Vi and Vs, respectively. We fix
a basis for Vi and for Va. With respect to these bases, p1(g) is the
m x m matriz A(g) and p2(g~') is the n x n matriz B(g~'). Then
forany0<s,j<nand0<kt<m,

Zbg] akt ) = 0.
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Proof. Theorem 11.15 tells us that for any linear transformation

o: Vi —= Vs,
> g Hopi(g) = 0.
geG

In terms of the fixed bases, this equation of transformations becomes
an equation of matrices:

> Blgh)SAg) =

geqG

where S is any n x m matrix. We write

a11(g) a2(g) - am(9)
Alg) = : : :
am1(9)  am2(9) -+ amm(9)
bin(g™") bia(g™h) - bia(gTh)
B(g™') = ! ! :
bnl(gil) bn?(gil) bnn(gil)

To pick off the entries that we wish to relate, we choose the matrix
S = Sji to be the matrix of all Os except for a single 1 in the jkth
entry. We let

C(g) = Blg™") Sjr Alg).
Then

cst(g) = ( row s of B(g_l)) : ( column ¢ of SjkA(g)>
0

[bsl(g_l)’ R bsn(g_l)} - lart(9) < jth entry

= bsi(g are(g)-

Finally, summing over all g € G we get our result:

Z Cst Z ij akt ) = 0. O

geG geG
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We actually use this result in the restricted case that s = j, and
t=k:

Z bss(g_l)att(g) = 0

geG

Note that this sum involves only the diagonal elements of the matrices
A(g) and B(g~'). These are the elements that appear in the traces
of these matrices.

Step 5: We are now ready to show that inequivalent irreducible char-
acters are orthogonal.

Fundamental Theorem, part (i). Let G be a finite group, and V
be the space of class functions on G. Let x; and x2 be characters of
inequivalent irreducible representations for G. Then (x1, x2) = 0.

Proof. Using the notation in the proof of Lemma 11.16, with A(g)
and B(g~!) the matrices for transformations p;(g) and p2(g~1), then

xilg) = Te(Al9) = > aulg),

xa(g™h) = Tr(Blg™)) = D buslgh)

Using these expressions for y1(g) and x2(g~!), we calculate the inner
product of x; and xo:
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(X1,x2) = |—61¥‘ZX1(9)X2(9)

geqG

= |—é‘ S xi(9) xelg™)

geG

- %Z(Zatxg))(;bss(g-l))

geG t

= |_61:‘ Z (Zatt(g) bSS(g_l))

geG syt

= |—Cl;‘ Z ( Z au(g) bss(g_l))

s,t geG
1
= — 0
612
0.

We conclude that characters of inequivalent irreducible representa-
tions are orthogonal. O

Proof of normality. Our next goal is to prove Theorem 11.5(ii) by
showing that if y is an irreducible character, then (y,x) = 1. We do
this by traversing the same steps as in the proof of part (i), but using
the second part of Schur’s Lemma.

Fundamental Theorem, part (ii). If x is an irreducible character
of a finite group G, then (x, x) = 1.

Proof. Asin the proof of Lemma 11.16, we assume Y is the character
of a representation p of G and consider the transformation

=Y plg arplg),
geG
where 0, is represented by the matrix with all zeroes except for a
one in the jkth entry. By Theorem 11.14, this is an intertwining

transformation from p to itself. So by part (ii) of Schur’s Lemma,
7 = M,,,, where m is the degree of p.
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To get a value for A we take the trace of 7. On the one hand,
Tr(r) = Tr(Al,,) = mA; on the other hand, the trace is the sum
over g € G of the traces of p(¢~') ojx p(g). Since each of these is a
conjugate of o, the trace of the sum is simply |G| times the trace of
ojk. If j # k, then the trace is zero, and Tr(7) =0 (so A =0). If j = k
then Tr(o;;) = 1. Therefore Tr(7) = mA = |G|, and A = |G| /m.

In the calculation of 7 we again use matrices A(g) to represent
p(g) and Sj to represent o;,. The matrix calculation from the proof
of Lemma 11.16 shows us that the stth entry of A(g~')S;,A(g) is
as; (g7 )akt(g). Summing over g € G we get the matrix for 7, whose
diagonal entries are A and whose other entries are 0. Therefore:

ZG'(Q_l)akt(g) _ {G|/m ifs=tand j =k

prere 0 otherwise.

We use these facts to calculate (x, x):

ox) = |Zx

I
g~
/N
NgE
E
v
/N
RRANSE
S
N
N——

et

I

Qf-

Wi
(]
5’
f’

The sum over g € G equals |G|/m only when s = ¢, and is 0 otherwise.
Over all the combinations of the outer sum, s = ¢ exactly m times.
So the inner product is:

L (€]
X)) = —=m— = 1. O
(6 x) Tl
Proof of spanning. Finally, we prove Theorem 11.5(iii) by showing
that the irreducible characters span V), so their number is exactly the
number of conjugacy classes. For our proof, we need the following
result.
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Theorem 11.17. Let p be a representation of G over C, and let o
be a class function for G. Then

=Y alg)plg)

geG

is an intertwining transformation from p to itself.

Proof. As in the proof of Theorem 11.14, we can show that p(h)r =
7p(h) for all h € G. O

Fundamental Theorem, part (iii). Let G be a finite group and V
the space of class functions on G. Then the irreducible characters of
G span V.

Proof. Let W be the subspace of V spanned by the irreducible char-
acters. Recall from Theorem 10.7 that V = W @ W=. Our plan is
to show that W = V by showing W+ = {0}. We do this by prov-
ing that any class function « that is orthogonal to all the irreducible
characters must be the zero function.

Let « be a class function that is orthogonal to all the irreducible
characters of G, and let p; be an irreducible representation of G.

Since « is a class function, @ : g — «a(g) is also a class function. By

Theorem 11.17 we know that > a(g)p;(g) is an intertwining trans-
formation from p; to itself. So by part (ii) of Schur’s Lemma,

Z a(g)p;(g) = A for some A.
geG

Next take the trace of both sides. On the one hand, Tr(AI) is A times
the degree of p;; on the other hand,

Tr(Z @m(@)

geG

> alg)Tr(p;(9))

geqG

= > alg)x,, (9)

geG
= |G| <X,0jaa>
= 0.
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We conclude that A = 0. Consequently, for any irreducible repre-
sentation p;, > a(g)p;(g) is the zero transformation. Since we can
write any representation as the sum of irreducible representations, we

have for every representation p that

> alg)plg) = 0.

geG

In particular, this is true for the left regular representation p,.,. We
then apply this, the zero transformation, to the basis vector e; to
get:

|

Q
—~
s
=
)
3
(1)
is)
—
S
~—
—~

o
S
Q
~—

(Zmpreg(g>> (elc) = a(g)

geqG

This linear combination of the basis vectors e, can be 0 only if all

scalars a(g) are 0. So a(g) = 0 for all g € G. We conclude that
W+ = {0}, so the irreducible characters span all of V. O

Exercises

15. Details in the proof of Schur’s Lemma

(a) Assume p; and py are inequivalent irreducible representa-
tions of G and p2(g)T = Tp1(g) for all g € G. Show that
Ker(7) is an invariant subspace for p; and Im(7) is an in-
variant subspace for ps. ®

(b) Assume p; is irreducible and p1(g)T = 7p1(g) for all g € G.
Show Ker(7 — AI) is an invariant subspace for pj.

16. Use Schur’s Lemma (not Theorems 11.11 or 11.12) to prove that
if G is a finite abelian group then all of its irreducible characters have
degree 1.



220 11. Group Characters

11.4. Characters and difference sets

We begin this section on the use of characters to study difference
sets with a discussion of some of the initial steps in Smith’s construc-
tion [65] of his surprising non-abelian (100, 45, 20)-difference set. We
then turn to a sequence of theorems about characters of finite abelian
groups yielding a characterization of an abelian difference set, Theo-
rem 11.21. We already know from Theorem 10.13 that if x is a non-
trivial character of an abelian (v, k, A)-difference set D, then z = X(D)
satisfies zZ = n for n = k— A. This necessary condition can be used to
narrow the search for a difference set. Theorem 11.21 guarantees that
a subset of G of size k surviving this search process for all nontrivial
characters of G really is a difference set. Davis and Jedwab turned this
result into a general strategy for constructing difference sets, leading
to a uniform construction for difference sets with ged(v,n) > 1 and
the discovery of new families of difference sets along the way ([16]).
Theorem 11.22 extends this characterization to non-abelian groups.

Smith’s construction

Smith [65] constructed his (100, 45, 20)-difference set in the group
G={a,bc|la®=b"=c*=1, ab=ba, cac™t = a?, cbc™ = b?).

The subgroups (a), (b) and (a,b) are normal subgroups of G. (In
fact, G’ = {(a, b) is the commutator subgroup of G. Tt is also the Sylow
5-subgroup of G.) In the following two examples, we describe some
of Smith’s use of group representations in his successful search for a
(100, 45, 20)-difference set in G.

Example 5. We begin with four irreducible representations of G of
degree 1. For j =0,1,2, 3, define

xila) =1, x;(0)=1, x;(c)=17.

We can use inner products to verify that these four irreducible char-
acters are inequivalent. It is easiest to calculate the inner products
we need by working with the right cosets of G’ = (a,b) in G. Notice
that

geEGc & g le@'c® and

geEG P & g lel'AP.
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For example, we calculate

(x2,x1) = ﬁ 25(1)(1) +25(=1)(2)+25(1)(=1) +25(-1)(=¢)| = 0.

We suppose D is a (100,45, 20)-difference set in G. For D in the
integral group ring, z; = X;(D) is in the ring of Gaussian integers
Z[i], and X;(D"V) = Zz;. In fact, 25 is actually an integer. Now
by Theorem 10.13 (page 193) we have z;Z; = 25 for j = 1,2,3. We
know that a Gaussian integer z = x + iy satisfies 2z = 25 if and only
if 22 + y? = 25. Therefore 2o = +5 and 23 = 77 € {45, £5i, £3 +
4i, £4+3i}. If we write u; = |DNG'¢?|, then our work thus far tells us
that these intersection numbers must satisfy the following equations:

UO+U1 +U2+U3 = 45,
() + ’U,li — Uy — U3i = 21,
Ug — UL + U2 — U3 = 29. o

From the equations in Example 5, Smith finds that there are two
possibilities for the unordered set {ug, u1, u2, us}:

{15,10,10,10} or {14,12,11,8}.

In fact, up to translation of D or applying a group automorphism
of G/G', Smith concludes that there are three possibilities for the
ordered quadruple (ug, w1, ug, u3):

(15,10,10,10), (14,12,11,8) or (14,8,11,12).
(This is Lemma 1 of his paper [65].)

Example 6. We continue with Smith’s paper [65], using the notation
of the previous example. The subgroup G’ = (a,b) has exactly six
subgroups of order 5; Smith labels them H; = (a/b) for j = 0,1,2,3,4
and Ho, = (a). Much of Smith’s analysis is based on the structure
and representations of the factor groups G/H; = F, where

F=(avy|a®=7"=1p,yay " =a?).
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To begin, Smith defines the representation ¢’ : F — GL(4,C) by

n 0 0 O 01 0 O
Lo lo o0 , o oo 1o
00 0 100 0

where 7 = €2™/5. Let x’ be the character of ¢'. Then for j = 1,2, 3, 4,
X' (a?) = —1, and x'(a?%) = 0 for all j and for £ = 1,2,3. It follows
that (x’,x") = (1/20)[1(4)(4) + 4(=1)(-=1)] = 1, so x’ (and ¢') are
irreducible.

Next Smith defines a representation 1 of F' by

0000 1 10000
10000 000710
p@)=10 1 0 0 0| %()=|0 1 0 0 0
00100 0000 1
00010 00100

This is actually the permutation representation of F' on the 5 left
cosets of H = (7). Let x be the character of ¢. To find values of
X we need to count fixed points (i.e., fixed cosets) under the various
elements of F. Since yH = H and yo/ H = o> H # o/ H for j =
1,2,3,4, we have x(y) = 1. Likewise x(7?) = x(7®) = 1. Similarly
(a'y)(@?H) = ¥ H = o/ H if and only if j +i = 0 mod 5, which
implies x(a‘y) = 1. We also find y(a’y?) = 1 for j = 2, 3. Finally, for
j # 0, o/ acts as a 5-cycle on the cosets and so has no fixed points.
Therefore x(a?) = 0 for j = 1,2,3,4. Putting all this information
together, we have

1
ool = 55 1B +40)D) +15(1)(1)] = 1,
1
Cex) = 55 [1E)@) +40)(=1) +151)(0)] = 1.
This tells us that the irreducible components of 1) are v’ and the
trivial representation. o

We leave Smith’s analysis here for now, but very briefly summa-
rize the rest. Each representation ¢ of the factor group G/H; = F
defines a representation p of G by p(g) = ¢(H;g). Proceeding as in
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Example 6, Smith finds all six of the irreducible representations of G
of degree 4 (like ¢') and constructs an integer-valued representation
(like v) for each. Specifically, for each j he determines a represen-
tation w; : G — GL(5,C) producing matrices with integer entries.
He then defines the matrix M = @;(D) — 9J, where J is the 5 x 5
all 1s matrix. Determining M will determine w;(D) and bring him
closer to finding D. He finds that up to permutations of rows and
columns, there are just four possibilities for M. (This is Lemma 2 in
[65].) There is still a long way to go to determine D, and to traverse
the rest of the distance, Smith employs some very interesting geomet-
ric arguments along with more representation theory. Finally, when
the possibilities for D are restricted enough to make it tractable, a
computer search (with the help of mathematicians at the National
Security Agency) produces several (100,45, 20)-difference sets in G.

Characterizing difference sets. We now return to difference sets
in arbitrary finite groups. Suppose D is a (v, k, A)-difference set in
G. We already know that a representation ¢ of G gives a ring ho-
momorphism ¢ of ZG. Let M = ¢(D). Theorem 10.13 tells us that
a necessary condition for the existence of a difference set D is that
MM =nl. We now work toward a companion sufficient condition.
Theorems 11.21 and 11.22 (one for an abelian group and one for an
arbitrary group) require that this necessary condition holds for every
irreducible representation ¢ of G. In other words, these theorems
assure that any possible difference set D that survives the necessary
condition for every irreducible ¢ really is a difference set. However,
we cannot apply these theorems without knowing the full set of irre-
ducible representations of a group. The following example illustrates
some of what is involved in finding all the irreducible representations
of a given group. For a bit more, see Section 5.

Example 7. To illustrate, we find the full set of irreducible represen-
tations of G = Dy = {(a,b|a* = b* = 1,bab = a®). By Exercise 3.2,
we know G has 5 conjugacy classes and therefore 5 irreducible repre-
sentations. By Theorem 11.11, we know that the sum of the squares
of the degrees of these representations must equal |G| = 8. From
this we conclude that there must be four irreducible representations
of degree 1 and one of degree 2. Indeed, we saw in Example 10.11
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(page 174) the degree-2 representation:

a > ‘ 0 b— 01
0 —i 1 0|
We also know the trivial representation is one of the degree 1 rep-
resentations. We must find three more. To do this, notice that the

non-identity elements of G /{a?) all have order 2, so we may define the
following three representations, each of which has (a?) in its kernel:

) a— +1 ) a+— —1 ) a— —1
X5 s -1 X250 s 41 X35\ ps 1.

<

To reach Theorem 11.21, we begin with a result that translates
Theorem 10.12 into the language of characters.

Theorem 11.18. Let G be a finite group and p an irreducible repre-
sentation of G of degree m with corresponding character x. We write
Xo for the trivial character. Then

|G| if x = xo
> xlg) =

9€6 0 if X # Xxo-

In the abelian case, a useful companion result to the preceding
theorem is Theorem 11.19. These two theorems are often referred
to as orthogonality relations, although we do not actually need the
Fundamental Theorem to prove them.

Theorem 11.19. Let G be a finite abelian group and let G* be the
set of all irreducible characters of G. Then the following equations
hold:

|G| ifg=1

> xlg) =

xeer 0 if g+#1.

Using these orthogonality relations for abelian groups, we can
show that the coefficients of A = )" a,9 € CG are determined by the
images of A under the irreducible characters in G*.
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Theorem 11.20. (Inversion formula) Let G be a finite abelian group
and A =7~ agg an element of the group ring CG. Then

ap = ﬁ Z X(A)x(h™Y)  for h € G.

xeG*

The inversion formula now gives us the promised characteriza-
tion of an abelian difference set. The implication in one direction is
familiar; it is the converse that is new and perhaps surprising.

Theorem 11.21. Let G be an abelian group of order v, and let G*
be the set of irreducible characters of G. Write xo for the trivial
character in G*. Let D be a subset of G of cardinality k, and assume
A =k(k—1)/(v—1) is an integer. Then D is a (v,k,\)-difference
set in G if and only if for all irreducible characters x

n if X # Xo

X(D)X(D) =
k2 if x = xo-

What about non-abelian difference sets? Liebler [45] general-
ized the inversion formula for non-abelian groups. His generalization
depends on aspects of the structure of CG beyond those we have
discussed. Nonetheless, his largely expository and somewhat philo-
sophical article “Constructive Representation Theoretic Methods and
nonAbelian Difference Sets” [46] is well worth a look. However, the
following theorem, also due to Liebler and appearing in [17], is ac-
cessible to us.

Theorem 11.22. (Liebler) Let D be a subset of size k in a group
G of order v, with k(k —1) = Mv — 1) for some integer A. Assume
©1, ..., are the nontrivial irreducible representations of G, with
m; = deg ;. If

$i(D)3; (DY) = nlp,
forj=1,....t, then D is a (v, k, \)-difference set in G.

Proof. Write p,., for the regular representation of G. Recall The-
orem 10.14, which tells us that if A and B are in ZG and satisfy
Preg(A) = preg(B), then A = B. Let A= DD and B = nlg+\G.
We will show that preq(A) = preg(B).
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We know that p,., decomposes as a sum of irreducible repre-
sentations. In fact, we know (Theorem 11.11) that every irreducible
representation of G' appears in p,., with multiplicity equal to its de-
gree. Together with the hypotheses of the theorem, this tell us that
preg(A) is block diagonal, with the block nl,,, appearing m; times,
after a (1,1) entry equal to k? corresponding to the trivial represen-
tation. Thus,

~ k2 0
o=y |

On the other hand, pyeq(B) = nl,+M, where M consists entirely
of zeroes except for Av in the (1, 1) entry. Since Theorem 4.1 tells us
n+ A = k% we have prey(A) = preg(B), so A = B. Therefore D
satisfies the difference set equation in ZG and is thus a difference
set. (|

Exercises

17. Refer to Example 5:

(a) Explain the calculation of (2, x1).
(b) Calculate (x1,x1)-
(¢) Why is (a,b) the commutator subgroup for G?

18. Refer to Example 6:

(a) Explain how to define a representation of a group G given
a representation of a factor group G/N.

(b) Explain why x(7*) = x(v°) = 1.
(c) Explain why x(a’y?) =1for j=2,3andi=1,...,4.

19. In this exercise you will find all the irreducible representations of
a group G in two special cases. In each case, explain how you know
that you have them all.

(a) Find all the irreducible representations of G = (a|a'? = 1).

(b) Find all the irreducible representations of the dihedral group
G = {a,b|a®=1v*=1,bab=a"1).
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20. Choose G = (b | b* = 1), so G* = {x0, X1, X2, X3}, where x;(b) =
.

(a) Calculate the sums in Theorem 11.18.

(b) Calculate the sums in Theorem 11.19.

(c) Let A = 3 + 7ib — 7b? + (2 — 5i)b3 and use the inversion
formula (Theorem 11.20) to recover the coefficient of b.

21. Let G = (b | b7 = 1), and let w = ¢*™/7 be a primitive seventh
root of unity. Define x; by x;(b) = w’/ so G* = {x0,X1,---, X6}-

(a) Let D = {b,b? b*} and verify that D satisfies the criterion
in Theorem 11.21.

(b) Let D" = {b,b%b%}. What goes wrong in checking the cri-
terion in Theorem 11.217

22. Prove Theorem 11.19. ®
23. Prove Theorem 11.20.
24. Prove Theorem 11.21

25. Let G be a finite group and let p : G — GL(V) be an arbitrary
representation of G in V over C with character x,. Assume that

Z Xp(g) # 0.

geqG

(a) Let xo be the trivial character and calculate the inner prod-
uct (X Xo)-

(b) Show there exists a nonzero vector v such that p(g)(v) =v

for all g € G. ®

26. In [8] on pages 320-321 is a proof of Theorem 6.9 that uses, in
part, the theorems in this section. (It also uses quite a bit of group
theory.) Try to read it!
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11.5. Character tables

In this brief section, we introduce the idea of a character table, a
useful way to tabulate information about the irreducible characters
of a finite group G. A character table is a square array with rows
indexed by the irreducible characters and columns indexed by the
conjugacy classes of G. The orders of the rows and the columns are
somewhat arbitrary, although the trivial character and the class of
the group identity are listed first.

Example 8. We write out the character table for G = Ss.

We know from abstract algebra that the conjugacy classes of S,
consist of permutations with the same disjoint cycle structure, so
there are 3 conjugacy classes in G. We write [r] for the class contain-
ing m. Thus the classes are [(1)] = {(1)}, [(123)] = {(123), (132)},
and [(12)] = {(12),(13),(23)}. The three irreducible representations
of S5 were determined in Exercise 10. From these we get the character
table:

L1(W)] [(123)] [(12)]
1

Xo | 1 1
x1| 1 1 -
X2 2 -1

There are important facts about the structure of a finite group
that are revealed in its character table. The exercises explore some
of them. For example, we can determine from its character table
whether a group is simple or not, and we can find its center. However,
the character table of a finite group GG does not determine G' up to
isomorphism. For example, the two non-abelian groups of order 8
(the dihedral group D4 and the quaternion group) have the same
character table.

Exercises

27. Let G = (a | a* = 1).
(a) Find the character table of G.
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(b) Let preg be the (left) regular representation of G, and
let €1, e,, €42, €, be the corresponding basis vectors of C*.
Write preq as a sum of irreducible representations of G.

28. Find the character table of the dihedral group D4. (The con-
jugacy classes of Dy were determined in Exercise 12, page 208. A
representation of degree 2 for the dihedral group is described in Ex-
ample 10.11.) ®

29. Orthogonality relations for character tables.

Assume G is a finite group with irreducible characters xo,-- ., X,
conjugacy classes Cy,...,C; and class representatives g5 € Cs. Recall
that |Cs| = [G : Cq(gs)]. (See Exercise 3.6.) We use the “Kronecker
delta” 0,5, where d,s = 0 if r # s and 9, = 1.

(a) Row orthogonality: Show that

Xr (g _
Z |CG = brs.

(b) Column orthogonality: Show that

ZXj(gT) Xj(gs) = 67‘8‘06‘(97")" @
j=0

30. This is a companion to Exercise 28. In it you will find the
character table for the quaternion group Q = (a,b|a* = 1,a? =
b2, bab~t = a~1'), the other non-abelian group of order 8. (If you
know the quaternion group as {£1, 4,45, £k}, choose a = i and
b = j.) You will see that the character tables for @ and D, are the
same.

(a) Find the conjugacy classes of Q.

(b) Explain why you know @ has four linear irreducible char-
acters xo, X1, X2, X3 and also an irreducible character ¢ of
degree 2, and find the linear characters of Q.

(¢) From (b) write four rows of the character table of @ for the
linear irreducible characters. The fifth row corresponds to



230 11. Group Characters

the irreducible character v of degree 2. As described below,
there are two ways to determine the values of ¥. Do it both
ways.

(i) Using «,y, z,w for the unknown values of 1, write out
the character table for (). Now use the column orthog-
onality relations to find the values of z,y, z, w.

(ii) Find an irreducible representation of @) of degree 2 and
determine the values of its character v directly.

31. Finding the center of a group from its character table.

Use the notation from Exercise 29. Show

Z(G)z{gEG

ZXJ'(Q)W: |G| }

Jj=0

32. Finding normal subgroups from a character table.

(a) Suppose N is a normal subgroup of a finite group G. Define
a representation of G of degree [G : N] that has kernel N.

®

(b) Suppose p; is an irreducible components of a representation
p of G. Show that the kernel of p is a subset of the kernel
of P1-

(¢) Assume p : G — GL(m,C) is a representation of G and x
is the character of p. Show that |x(¢)| = x(1¢) if and only
if p(g) = pl,, for some root of unity u. ®

(d) Let p be a representation of G. Show that Ker(p) = {g €
Glx(g) = x(M)}-

(e) Explain how you can tell by looking at a character table for
a finite group whether it has any nontrivial proper normal
subgroups.
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Coda

Although we only scratch the surface of the theory of characters of a
finite group G, we see that the irreducible characters encode detailed
information about the structure of G and about its representations.
The class functions on G form a complex inner product space of di-
mension equal to the number of conjugacy classes in G. The Fun-
damental Theorem of Character Theory states that the irreducible
characters form an orthonormal basis for this space. Consequently
the character of a representation identifies it up to equivalence and
tells us whether it is irreducible. Another consequence is that G is
abelian if and only if all of its irreducible characters have degree 1.

Detailed examples drawn from [65] illustrate the use of these
ideas in the search for a difference set. The key result in this chap-
ter for tackling the existence question for abelian difference sets is
Theorem 11.21. From Chapter 10 we know that if y is a nontriv-
ial irreducible character of an abelian (v, k, \)-difference set D, then
z = X(D) satisfies zZ = n for n = k — A. Theorem 11.21 guarantees
that a subset of G of size k that survives a search using this neces-
sary condition for every nontrivial irreducible character of G really
is a difference set. Theorem 11.22 extends this characterization to
non-abelian groups.

The origin of the theory of characters of a finite group goes back
to the German mathematician G. Frobenius, in particular to his 1896
paper Uber die Gruppencharactere, of which he wrote2, “I shall de-
velop the concept [of character for arbitrary finite groups] here in the
belief that through its introduction, group theory will be substantially
enriched.” Frobenius’ belief was correct, and tools from character the-
ory belong in every group theorist’s kit. Character tables for certain
groups also play important roles in chemistry. (Physicists are more
likely to be interested in infinite groups, especially the Lie groups
mentioned in the Coda to Chapter 10.)

2From www. history.mcs.st-andrews.ac.uk/Biographies/Frobenius.html.



Chapter 12

Using Algebraic
Number Theory

In this chapter we will combine tools from representation theory and
algebraic number theory to investigate the existence of a difference
set with particular parameters in a specific group.

Section 1 addresses the question you may be asking: why do we
need all this machinery? In Section 2 we provide definitions and
state without proof the facts we need from algebraic number theory
to do our work. In Section 3 we examine instances of the use of these
tools either to find a (v, k, A)-difference set in a particular group or
to disprove its existence. In Section 4 we use these methods to prove
the second version of Turyn’s exponent bound, our Theorem 7.7.

12.1. Why algebraic number theory?

The theory of multipliers is a major tool for the study of abelian
difference sets. However, the hypotheses of the first and second mul-
tiplier theorems fail when n = k — X is a factor of v, as happens for
the Hadamard family. For this family, Turyn’s exponent bound is
valuable, and its proof illustrates the power of the use of algebraic
number theory and characters.

233
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Representations and algebraic number theory serve us in more
general ways too. A common strategy is to suppose that a (v, k, A)-
difference set D exists in the group G, and apply representations of
G to the integral group ring equation DD(=Y = nlg + AG. Let p :
G — GL(d,C) be a representation. If p is nontrivial and irreducible,
we know by Theorem 10.13 that M = p(D) implies MM = nly.

An important special case is when the degree of p is 1, and we
know the complex number z = p(D) satisfies 2z = n. Further, z
is a special kind of complex number: it is a sum of mth roots of
unity, where m is the exponent of G. The coefficients of the |G|/|N|
summands of z are the intersection numbers for D modulo N = Kerp.
Our use of algebraic number theory will constrain these coefficients.
We use the resulting information to determine possible intersection
numbers for D, either to narrow the search for D or to prove such a
difference set cannot exist.

We will return later to the general case, but for now we study
representations of degree 1. We illustrate with the following example.

Example 1. Recall Example 10.5 (page 220), which was drawn from
Smith’s construction of a (100, 45, 20)-difference set in a non-abelian
group G. With v = 100 and n = 25, this is a member of the
Hadamard family. We used the normal subgroup G’ for which G/G’ =
Z4 to define a representation p of degree 1 with

2= p(D) = ug + u1(8) + ua(i?) + us (i)

in Z[i], the ring of Gaussian integers, where the u; are the intersection
numbers |D N G’¢?|. We understand the Gaussian integers well. In
particular, we know how to go from 2Z = 25 to possible values for
z, because we know how to factor 25 into a product of irreducible
elements of the ring 7Z[i],

25 = (1+ 24)%(1 — 2i)?,
and we know this factorization is unique up to unit factors. These

facts enabled Smith to show that there were only three possibilities
for the ordered list (ug,uy, usz,us). o

In general, we find ourselves dealing with the equation 2z = n
in a ring Z[n|, where 7 is a primitive mth root of unity for values of
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m other than 4. These more general rings (sometimes called rings of
cyclotomic integers) are not always unique factorization domains.

Remark: Mathematicians trying to prove Fermat’s Last Theorem in
the first half of the nineteenth century fell into the trap of assuming
unique factorization was guaranteed in these rings. In 1844, Kummer
proved that when m = 23, Z[n] is not a unique factorization domain.
It is now known that there are only finitely many values of m for
which unique factorization holds.! However, Kummer did more than
identify a problem. He began the solution: replacing products of ring
elements by products of ideals. In fact, this is the origin of the notion
of an ideal of a ring. Fortunately, using ideals in this way restores
unique factorization.

12.2. Definitions and basic facts

Here we collect the information we need, omitting proofs but giving
references at the end of the section. Some of the results in this section
are major theorems and some are not, but for our purposes, we label
all of them theorems.

Throughout this chapter we work in the complex numbers. Fix a
positive integer m and assume 7 is a primitive mth root of unity, for
example 7 = 2™/™_ (Refer to A.15.)

Definition. Let 1 be a primitive mth root of unity. The smallest
subfield of the complex numbers containing Q and 7 is denoted Q(7).
It is called the mth cyclotomic field. It contains as a subring

Zln) = {mE:l a;ip ‘aj € Z},

Jj=0

which is the set of cyclotomic integers in Q(7).2

' The values of m, excluding m = 2 (mod 4), for which 1 an mth root of unity
makes Z[n| a unique factorization domain are 3, 4, 5, 7, 8, 9, 11, 12, 13, 15, 16, 17,
19, 20, 21, 24, 25, 27, 28, 32, 33, 35, 36, 40, 44, 45, 48, 60, 84. There is no loss in
excluding m = 2 (mod 4) because in that case adjoining an (m/2)th root of unity to
Q gives the same field as adjoining an mth root of unity. A reference is [49].

21t is an important theorem that Z[n] is exactly the set of elements of Q(n) that
are zeroes of monic polynomials with integer coefficients.
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We often deal with equations of the form Y a;n’ = 0 where the
a; are ordinary integers, 0 < j < m — 1. A special case is 1 + 7 +
n? 4+ +nm L= (™ —1)/(n—1) = 0. Here all the coefficients of
powers of n are equal. The following result is a partial converse. It
shows that when m is a power of a prime, then for a sum of powers
of 1 to equal 0, certain powers of n must have equal coefficients. We
use this result often.

Theorem 12.1. Let n be a primitive p*th root of unity for a prime
p. Suppose Y a;n’ = 0 for some aj € Q. Then a; = a; whenever
j = ¢ modulo p*~ .

Example 2. Let 7 be a primitive 9th root of unity. Notice that makes
w = n? a primitive cube root of unity, and we know 1 + w + w? = 0.
For any a,b, c € Q, it follows that a(1 + w + w?) + (1 + w + w?) +
en?*(14+w+w?) =0, so

a+bn+en®+a + ot +end +an® + " +en® = 0.

The force of the preceding theorem is that this is the only way a sum
of powers of ) can equal zero. Thus the coefficients of 1, 1, and
7% must be equal. Similarly the coefficients of n, n*, and 17 must
be equal, and the coefficients of 72, 7°, and 1® must be equal. We
illustrate this in Figure 12.1 using the lengths of rays to indicate the
coefficients of the terms. o

w?

(a) 3rd roots of unity (b) 9th roots of unity

Figure 12.1. Roots sum to 0, as in Example 2.



12.2. Definitions and basic facts 237

Next we recall some facts about rings and ideals from abstract
algebra. A proper ideal A of a commutative ring R is called prime if
it has the property that a,b € R with ab € A implies either a € A or
be A. If A and B are ideals of R, then

t
AB = { Zajbj ’aj € A, b; € B, t a positive integer }
j=1
is also an ideal of R. If R is a commutative ring with 1, and if a € R,
then the set aR = {ar | r € R} is an ideal of R containing a. Such
an ideal is called the principal ideal generated by a. The product of
principal ideals is again principal: (aR)(bR) = abR.

If 0 is a ring automorphism of R, then the image of any ideal
under ¢ is again an ideal. Further, a ring automorphism takes prod-
ucts of ideals to products of ideals, and it takes prime ideals to prime
ideals and principal ideals to principal ideals. We are particularly
interested in the ring automorphism o(z) = Z of C. Specifically, if
R is a subring of the complex numbers fixed under complex conju-
gation and if aR is a principal ideal of R, then @ = aR. Note
that since 7 =7~ = 7™~1, the ring R = Z[n) is fixed under complex
conjugation.

Since C has no zero divisors and R is a subset of C, it follows that
R has no zero divisors. We are interested in cases when aR = bR for
a,b € R. Since R has no zero divisors, a = br and b = as imply
rs =1, so a = br where r is a unit in R. Further, if |a| = |b|, then
|r| = 1. The next theorem tells us that complex numbers of length 1
in R = Z[n] have a special form.

Theorem 12.2. Let n be a primitive mth root of unity. If r € Z[n]
and r7 = 1, then r = £n° for some integer (.

The major result we exploit in this chapter is the following.

Theorem 12.3. Let 1 is a primitive mth root of unity and R = Z[n).
Then every ideal in R can be written uniquely as a product of prime
ideals.

The next theorem tells us about the factorization of the ideal pR
into prime ideals, when p € Z is a prime. Recall that for a positive
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integer m, the Fuler phi function ¢(m) is the number of positive
integers less than m and relatively prime to m.

Theorem 12.4. Let n be a primitive mth root of unity and let R =
Z[n). Let p be a prime integer.

(i) Assume p does not divide m. Let f be the order of p modulo
m; that is, f is the least positive integer such that pf = 1
(mod m). Then in R, pR = P, --- P, where the P; are
distinct prime ideals and g = ¢p(m)/f.

(i) Let m =p. Then (1 —n)R is a prime ideal in R, and
pR=(1—n)R)"".

(i1i) Assume P is a prime ideal occurring in the factorization of
pR. If p is odd, then P occurs with exponent greater than
1 if and only if plm. If p = 2, then P occurs with exponent
greater than 1 if and only if 4|m.

Recall that when we apply a linear character to the equation
DD = nlg+ G we get the equation 2Z = n. In our first example
we illustrate the use of our theorems from number theory to determine
possible values for the complex number z.

Example 3. Let = ¢>™/% and R = Z[]. Suppose z € R and
2Z = 36. We show z = +6n° for some £. Let u = z/6. Since |z| = 6,
it follows that |u| = 1. The tricky part is to show that u € R.

First, note that 2 and 3 each have order 4 modulo 5, and ¢(5) = 4.

So by Theorem 12.4(i) we know 2R and 3R are prime ideals. By the
multiplication of principal ideals we have

(zR)(ZR) = 36R = (2R)*(3R)*.
Since 2R = 2R and 3R = 3R, Theorem 12.3 implies 2R = ZR =
(2R)(3R) = 6R. Now we know z = 6r for r € R. Since |z| = 6, we

have |r| = 1. By Theorem 12.2, r = en® for some ¢ = +1 and some
integer £. So z = +6n". o

This next example illustrates how we use these number theory

facts to find intersection numbers for difference sets.
Example 4. Let n = ¢27#/5

integers that satisfy Y v; = 24 and > v;n/ = 6en’ for some ¢ = +1

and assume vy, ..., vy are non-negative
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and some ¢. Applying Theorem 12.1, we have that vy — 6e = v;
for j # ¢, and the set {v;} = {c+ 6¢,c,...,c} for some c. Thus
Y- wv; = b5c+ 6e = 24. This can only be true if e = —1 and ¢ = 6, so
the numbers v; are determined up to order: {0,6,6,6,6}. o

Theorem 12.4(ii) shows us the prime factorization of the ideal pR
in the case that prime p = m. Here we look at a specific example.

Example 5. Let 7 be a primitive cube root of unity and R = Z[n]. By
Theorem 12.4(ii), 3R = ((1—n)R)?. This says 3R = (1—n)?R. This is
confirmed when we calculate (1—7)% = 1—2n+7% = 1+n+n?>—3n =
3(=n). °

We need one more result for our proof of Turyn’s exponent bound
in Section 4. Notice in particular that it explains the reason for the
terminology when we say one integer is self-conjugate modulo another
in the definition in Section 7.2, page 114.

Theorem 12.5. Let i be a primitive mth root of unity and let R =
Z[n)]. Let p € Z be a prime that is self-conjugate modulo m. Let P be
a prime ideal occurring in the prime factorization of pR. Then P is
fized under complex conjugation; that is, P = P.

References. A good general reference for this material is [32]. There
are also useful summaries (with references) in Chapter VI, Section 15
of [8] and in Section 1.2 of [59]. For more specific references, see the
following list.

e The proof of Theorem 12.1 can be found in [31], where it
appears as Lemma 3.2. The case of Theorem 12.1 when
m = p is prime is due to McFarland in [51].

e For the proof of Theorem 12.2; see Corollary 15.9 in [8].
e For the proof of Theorem 12.3, see, for example, Theorem 2
on page 180 of [32].

e For the proof of the first part of Theorem 12.4, see [32],
Theorem 2 on page 196. For proofs of the second and third
parts see Propositions 13.27 and 13.28 on page 197.

e For the proof of Theorem 12.5 see [8], p. 438.
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Exercises

1. Let n = €2™/7 and let R = Z[n]. Suppose z € R with 2z = 9, and
show that z = £3n° for some integer /.

2. Let n = ¢*™/5 and assume that {v;} is a set of five non-negative
integers satisfying > v; = 24 and Y. v;n/ = 4en’ for some integer ¢
and € = +1. Find the set of values {v;}, using the theorems of this
section to justify your work. ®

3. Let n = ¢*™/7 and assume that {v;} is a set of seven non-negative
integers satisfying > v; = 11 and Y. v;n’ = 3en’ for some integer £
and € = +1. Show that this leads to a contradiction.

4. Let n = ¢*™/7 and let R = Z[n]. Theorem 12.4(ii) says that
the ideal 7R can be factored into prime ideals as TR = ((1 — n)R)°S.
Confirm this by calculating (1 — n)°.

12.3. Seeking difference sets

Now we use the techniques of the previous section to address the
existence question for difference sets. Some of these examples could
be analyzed by other means (e.g., multipliers), but we concentrate
here on illustrating the use of tools from representation theory and
algebraic number theory.

Example 6. Let G be an abelian group of order 25. We show that
G cannot contain a (25,9, 3)-difference set. We know that either G is
cyclic or is isomorphic to Zs @ Zs, so G contains a normal subgroup
N of order 5. Then G/N must be cyclic of order 5, say G/N = (aN).
Let n = €*™/5 and consider the character y of G with kernel N that
maps a to 7.

Suppose D is a (25,9, 3)-difference set in G, and let v; = |[D N
a’ N| be the intersection numbers for D in the cosets of N. Then
z = X(D) = > ;vy7’ € R = Z[n]. In Example 3 we found that
both 2R and 3R are prime ideals in R. We know 2Z = n = 6,
so (2R)(ZR) = (2R)(3R). However, since 2R = 2R # 3R = 3R,
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(zR)(ZR) = (2R)(3R) is impossible. Therefore no such difference set
can exist. o

Example 7. Let G be a group of size 78 that contains a normal
subgroup NV of size 6. We show that G' does not contain a nontrivial
difference set.

Suppose D is a nontrivial difference set in G. We may assume
that k < v/2, so its parameters must be (78,22,6). The factor group
G/N is cyclic of order 13, say G/N = (aN). Let v; = |D Na’N|
be the intersection numbers. Let n = €2™/13 and R = Z[5], and
consider the linear character y with kernel N that maps a to . Let
z = X(D) = Y. vjn’. Applying ¥ to DD"Y = nlg + AG yields
zz =n = 16.

Since 2 has order 12 mod 13 and ¢(13) = 12, Theorem 12.4(i)
tells us that 2R is a prime ideal in R. We have (2R)(ZR) = (2R)*,
so it must be that zR = 4R and z = 4en’ for some integer ¢ and
some choice of € = £1. Now Theorem 12.1 tells us that {v;} =
{c+4e,c, ..., c} for some integer c. So ) v; = 22 = 13c+4e. Solving,
we get ¢ = —1 and ¢ = 2. This would give an intersection number
equal to ¢+ 4e = 2 — 4 < 0, which is impossible. o

Example 8. This example may seem too elementary (and familiar),
but it sets us up for a more interesting one. Let G = (a|a” = 1),
and suppose D is a (7,3, 1)-difference set in G. Let = ¢*™/7 and
R = ZIn]. Since the order of 2 modulo 7 is 3 while ¢(7) = 6, the ideal
2R factors as a product of two prime ideals in R. We observed in
Chapter 1 that if a = n+n?+n*, then a@ = 2. Since @ # £’ for any
j, aR and @R are distinct ideals. This tells us that 2R = (aR)(aR)
is the desired factorization as a product of two (prime) ideals.

Define a character of G by x(a) = n and let z = X(D). Then
2z = 2, so (zR)(ZR) = (aR)(@R) and we have two cases: either
zR = aR or zR = @R. In the first case, z = en(n + n* +n*) for
some ¢ and some ¢ = +1. Translating D by a suitable power of a
we can assume / = 0 and z = e( +n? +n?). Since the coefficients
of z are non-negative, ¢ = 1 and we must have D = {a,a?, a*}, our
old friend from Chapter 1. Similarly, if zR = @R, up to translation
we get D = {a®,a®,a%}, also a difference set (and equivalent to the
previous one via the automorphism a — a=1). o
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Example 9. In Exercise 6.16 we used multipliers to find a difference
set in Zo1. We revisit this case to illustrate the use of other methods.
In particular, we use the number theory from Example 8 to look for
a (21,5, 1)-difference set D in G = (a,b | a” = b> = 1,ab = ba).
First choose N; = (a) and let us = |D N b°*Ny|. By Theorem 7.1,
up +up +uz =5 and ud +u? +ud =4+1-7=11. We find that the
only possibility is {us} = {3,1,1}. By translating D by a suitable
power of b if necessary, we can assume |D N Np| = 3.

Next choose Ny = (b) and let v; = |[D N a’Ny|. Let n = e27i/7
and let R = Z[n]. From Example 8 we know 2R = (aR)(aR) as a
product of prime ideals in R for a = 0+ n? + n*. Now let x be the
character of G with kernel Nj taking a to n. Then z = X(D) satisfies
(2R)(ZR) = (aR)*(aR)?. We see there are three cases:

(a) zR = (aR)(@R) = 2R and z = 2en’ for some ¢ and some

e==+1.
(b) zR=0a’R=(n+n*+2n3+n*+20° + 2n5)R.
(c) 2R =a*R.

Case a. We have > v;np/ = 2en’. Translating by a power of a if
necessary, we may assume £ = 0 (without changing the N; intersection
numbers). We find that {v;} = {c¢+2¢,¢,...,c} for some ¢, s0 ) v; =
7c+2e = 5. The only solution is € = —1 and ¢ = 1, but then vy = 1-2,
which is impossible. Therefore this case cannot occur.

Case b. This time we have > v;n/ = en(n+n2+2n% +n*+2n°+21°).
As before, we may assume ¢ = 0. Now we have

(vo,v1,...,06) = (c,c+€,c+€,¢c+ 26 c+€,¢+ 2 ¢+ 2¢),

so > vj = Tc+ 9e = 5. This has a solution: € = —1 and ¢ = 2, giving
(vo,...,v6) = (2,1,1,0,1,0,0). This is consistent with va =4+1.3.

We consider the grid in Figure 12.2, where the column totals are
the N5 intersection numbers and the row totals are the [Ny intersection
numbers. Since b*Nj N a/ Ny = {a/b®}, each empty cell can be filled
only with 0 or 1. Looking at the first row, we see there are four
possibilities for where the fourth 0 can go. If the first row of the
table is (1,1,1,0,0,0,0) then D contains {1,a,a®}, and a equals a
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N2 CLN2 a2N2 a3N2 a4N2 a5N2 a6N2
Ny 0 0 0 3
b, 0 0 0 1
b2N, 0 0 0 1

(211 o] 1t ]o]olfs

Figure 12.2. Intersection numbers for possible cyclic
(21,5,1)-difference set.

“difference” of elements of D in at least two ways. So this cannot
lead to a difference set.

Next we try the first row (0,1,1,0,1,0,0). This time the only
way to complete the table consistent with the intersection numbers
gives D = {a,a?,a* b,b*}. Making a “difference” table, we see this
is a difference set.

We leave the rest of Case (b) and also Case (c) as an exercise. ¢

In the next example we consider a group representation of degree
2. We see this basic idea again in Example 11 and in Exercises 8-10.

Example 10. Let G be the group of order 78 defined by
G = (a,bcla®=0"=c>=1,bab"' =a', ac = ca, bc = cb)
= Diz X Zs,

and suppose G contains a non-trivial difference set. Then it would
contain a difference set D with parameters (78,22,6). We show that
this leads to a contradiction.

First note that Ny = (a, ¢) is a normal subgroup of G of order 39.
Suppose ug and u; are the intersection numbers for Ny, so ug+u; = 22
and u3 4+ u? = 16 + 6 - 39 = 250. Just by trying possibilities, we see
that we must have {ug,u;} = {9,13}.

Now choose 7 = ¢*™/13 and let R = Z[n]. As in Example 10.11

(page 174), we can define an irreducible representation p with kernel
Ny = (c) by

O

n‘l} and p(b)_“) (1)]
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Let vjs = |D Na’b*Na|. Then
Vo a f

for a = Zj vjor’ and 8 = Zj vj177. By Theorem 10.13, we know

MM = 1615, so aa + 6 = 16 and a8 = 0. There are thus two
cases: § =0 and aa = 16, or @ = 0 and 35 = 16. In the first case,
because 2R is a prime ideal in R, we have o = 4en® for some ¢ and
¢ = £1. By Theorem 12.1 it follows that {vjo} = {d + 4¢,d,...,d}
for some constant d. Thus }_; vjo = 13d + 4e.

Note that a’/ Ny C N; for each j, so Zj vjo = Up, which is 9 or
13. There is no solution to 13d + 4e¢ = 13. If 13d + 4e¢ = 9, the

only solution is ¢ = —1 and d = 1. However, that would give an
intersection number of d + 4¢ = —3 < 0, which is impossible. A
similar argument leads to a contradiction in the case a = 0. o

Example 11. In 1993 a new symmetric (160,54, 18) design was
found. Prompted by this discovery, in the summer of 1994 a group
of undergraduates searched for difference sets with these parameters
[1]. One of the students’ results was that no (160, 54, 18)-difference
set exists in a group G with a normal subgroup N’ of size 4 for which
G/N' = Dyg X Zs. The argument is intricate, but we sketch part of it
here. If we choose 1 = €2™"/® (and let R = Z[n]), then —n has order
10 and G has an irreducible representation p with kernel N = N’ x Z,

and with
¢ 0 0 1
a [ 0 C71 and b+~ 10|

where ¢ = (—n)™ for some m. As usual, we suppose D is such a
difference set and let v;s = |D N a/b*N|. Then we find

a B

Boal

where @ = >~ v;0¢? and B = Y v;1¢?. As in Example 10, we have
aa+ B3 = 36 and o8 = 0. In this case 2R and 3R are prime ideals in
R, s0 36R = (2R)?(3R)? as a product of prime ideals. Suppose first
that 8 = 0, so (aR)(aR) = (2R)?(3R)?. The only possibility is that
aR = 6R and a = 6en’ for some ¢ = 1 and some £. If ¢ = n?, then

o) = |
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« = o1 where

a1 = (voo + vs0) + (vio + ve0)n + (V20 + v70)N?
+ (v30 + Uso)T}3 + (vg0 + U90)774-

On the other hand, if we choose ( = —n, then a = oy where

az = (voo — vs0) + (veo — v10)n + (V20 — U70)772

+ (vso — v30)n° + (Va0 — voo )"

Similar equations in Z[n] hold for 3 in the two cases, giving 8 = 51
and § = 2. Without loss of generality, we can assume ) v;o = 24
and Y v;1 = 30. By a careful examination of cases, and up to equiva-
lence, the students showed there were just two possibilities for the or-
dered list of 20 intersection numbers. The rest of the analysis involved
calculating intersection numbers for normal subgroups containing N
and their relationship to unions of cosets mod IV and also intersection
numbers for cosets mod N’ to show that no difference set can exist.
(There is also a slicker proof using Dillon’s dihedral trick along with
a theorem of Lander.) o

Exercises

5. Fill in the details in Example 9 as follows:
(a) Explain why in case (a) we may assume ¢ = 0.
(b) Complete case (b).

(c) Analyze case (c).

6. Let G be a group of order 154 that contains a normal subgroup
N of order 14. Show that G' cannot contain a (154,18, 2)-difference

set. ®
7. Fill in the details in Example 10 as follows:

(a) Verify that {ug,u1} = {9,13}.

(b) Explain why o = Y vjon? and 8= 3" vjin/.

(¢) Carry out the calculations for the case when a = 0.
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The next two exercises are based on [56]. Note that Walker was
an undergraduate when she did the work in this paper.

8. Let G = Dy X Zz. Show that G cannot contain a (66,26, 10)-
difference set by assuming D is such a difference set and obtaining a
contradiction as follows:

(a) Explain why G has a normal subgroup of index 2 and find
the intersection numbers for D modulo this subgroup.

(b) Use an irreducible representation of G of degree 2 (as in Ex-
ample 10) to analyze the intersection numbers for D modulo
the normal subgroup of order 3. Show that this leads to a
contradiction.

9. The goal of this exercise is to prove the following theorem from
[56].

Theorem Let p and g be odd primes with ¢ < p, and let G = D, X Z,.
Then the existence of a nontrivial (v, k, \)-difference set in G implies
the existence of positive integers t and r such that r < p and t < q
and satisfying k = pt+qr, A\ = 2rt, and n = (pt — qr)?. Furthermore,
if the order modulo p of each prime divisor of n is equal to p—1, then
qr > pt, t++/n <q, and t = (k —/n)/(2p).

Let G = {a,b,c | a? =b* =c? =1,bab"! = a !, ac = ca, bc =
¢b) where p and ¢ are odd primes with ¢ < p, and assume G contains
a (v, k, \)-difference set with k < v/2 = pq.

(a) Let Ny = (a,c), a normal subgroup of G of index 2, and
let wg,w; be the intersection numbers modulo N;. Show
2wow; = Apq and explain why this implies each of p and ¢
must divide exactly one of wy or wy. Further, without loss
of generality, we may assume plw; and g|wg.

(b) Write wy = ¢r and w; = pt. Show that r < p and t < g,
and that k = pt + qr, A = 2rt, and n = (pt — qr)>.

Now assume the order mod p of each prime divisor of n is p — 1. Let
n = e*™/? and R = Z[n]. Use the irreducible representation of G' of
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degree 2 with kernel Ny = (c¢):

7701] and b»—>[0 1] and c»—>{1 0]

Ui

0

“H[ 10 0 1

and write the intersection numbers v;s = |D N a’b*Ny|. As in Exam-

ple 10,
~ | a B
=[5 2.

for a = 37, vjor and § =Y, vj17/, elements in R.

(c) Show that o = 0 leads to a contradiction.

(d) Assume that § = 0 and show that v;; = ¢ for all j. Also
in this case explain why o = en’y/n for some ¢ and some
€ = %1, and therefore p—1 of the v;y equal some constant d,
and the other is d+€y/n. Conclude that gr = pd+€|pt — gr|.

(e) Show that pt > ¢r leads to a contradiction. ®

(f) Show that pt < gr implies ¢ = (k — y/n)/2p (which must be
an integer) and ¢ + v/n < gq.

10. Use the Moore-Walker theorem given in Exercise 9 to rule out
a (370,82, 18)-difference set in G = D3y x Zs. (By the way, if n
is a primitive 37th root of unity, then R = Z[n] is not a unique
factorization domain, so it really matters that our methods depend
on the unique factorization of ideals, not of ring elements.)

12.4. Proving Turyn’s exponent bound

In this section we prove the second version of Turyn’s exponent bound,
a nice illustration of the use of some of the methods of this chapter.
Indeed, the innovative arguments in Turyn’s paper [69] pointed the
way to the increased use of these tools for the study of difference sets.

We begin with two lemmas. The first—usually called “Ma’s
lemma”—was proved by Ma in his 1985 thesis in Hong Kong. In
[8] (p. 412) the authors call it “one of the most useful tools in the
non-existence theory of difference sets,” and a proof is given of a
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more general result.? The use of the second lemma explains why
self-conjugacy appears in the hypothesis of Turyn’s theorem.

Recall that we write X = 0 (mod ¢q) for X € ZG if every coeffi-
cient of X is divisible by ¢ € Z. Similarly, for z = > a;n’ € Z[n)], we
write x = 0 (mod ¢) if a; =0 (mod ¢) for each j.

Lemma 12.6. (Ma) Let G be a finite abelian group with a cyclic
Sylow p-subgroup P, and let Q be the unique subgroup of P of order
p. Suppose Y € ZG satisfies X(Y) =0 (mod p*) for every nontrivial
character x of G. Then there exist X1, Xo € ZG with Y = p®X; +
QXso. Further, if the coefficients of Y are non-negative, X1 and Xo
can be chosen with non-negative coefficients.

Lemma 12.7. Letn be a primitive mth root of unity and let R = Z[n).
Let p € Z be a prime with p self-conjugate modulo m. Suppose further
that z € R satisfies zzZ = n € Z and p**|n for some a > 1. Then z =0

(mod p*).

Proof. The proof depends on the prime factorizations of the ideals
zR and pR. Suppose zR = Q1 ---Qs and pR = Py --- P, where the
Q; and P; are prime ideals. Since p is self-conjugate modulo m, we
know P; = ?J for each j. By hypothesis, we may write n = p?®q for
some integer g. Then we have (2R)(ZR) = nR = (pR)?**(qR) and

@ Q)@ Q) = (R)" (R (P (P (aR)
= (P (P)* (g0,

From this we see that for each prime ideal P;, all 2a factors must
appear among Q1,...,Qs,Q1,...,Q,. Further, because P; is self-
conjugate, it must appear the same number of times among the @; and
among the Q;. It follows that P{, ..., P all occur among Q1, . .., Q.
This means zR = (p®R)A for some ideal A, and z = p%r for some
r € R. From this it follows that z = 0 (mod p®). O

Now we are ready to prove Turyn’s Theorem 7.7, which we restate
here for convenience.

3The authors note that a similar result was previously obtained by Lander (using
different language). It appears as Proposition 4.29 in [43].
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Theorem (Turyn’s exponent bound, second version) Assume the ex-
istence of a (v, k,\)-difference set D in an abelian group G. Let p
be a prime divisor of v and denote the Sylow p-subgroup of G by P.
Assume that p*® divides n for some a > 1. Let U be any subgroup of
G with UNP = {1¢}. If p is self-conjugate modulo e = exp(G/U),
then

P
con(P) < 0] 1.

Proof. By the structure theorem for finite abelian groups, the p-
group P is isomorphic to a direct sum of cyclic p-groups, P ~ Cy &
<o @ Oy, with |C;| = p*. Without loss of generality, we can assume
a1 > -+- > ag. Then the exponent of P is p®'. Further, P contains a
subgroup W with W ~ Cy @ - -- Cy, and P/W ~ (] is cyclic of order
p?t. It follows that |[W| = |P|/ exp(P).

Choose a subgroup U of G with U N P = {1g}, and let K be
the subgroup of G generated by U and W, so |K| = |U||W|. Let
H = G/K, so H has a cyclic Sylow p-subgroup of order p®t. (It is
isomorphic to C.)

Let ¢ : G — H be the natural map and let £ = @(D) € ZH. By
Theorem 7.3, we know that in ZH

EECY =nly + \K|H.

Let x be a nontrivial irreducible character of H and let z = X(F).
We know z € Z[n] for n a primitive mth root of unity, where m is the
exponent of H. By Theorem 10.13 we also know 2z = n = 0 (mod
p2a).

In order to apply Lemma 12.7, we need to know that p is self-
conjugate modulo the exponent of H = G/K. By hypothesis we
know p is self-conjugate modulo the exponent of G/U. Recall that
this means there is some non-negative integer j with p/ = —1 (mod
w'), where exp(G/U) = w'p® for w’ relatively prime to p.

How do the exponents of G/U and G/W compare? To aid in our
explanation, we refer to group elements whose orders are relatively
prime to p as p’-elements. Since K = (U, W) with UN P = {1}
and W C P, the p/-elements of G/K have the same orders as the
p’-elements of G/U. It follows that exp(G/K) = w'p® for the same
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choice of w’ relatively prime to p. Thus p is also self-conjugate modulo
the exponent of G/K, and we can conclude that z =0 (mod p?).

Now we are ready to apply Ma’s lemma to the abelian group
H and to E € ZH. Since X(F) = 0 (mod p*) for every nontrivial
character x of H, we can find X, Xy € ZH with £ = p®*X; + QXo,
where @ is the unique subgroup of order p in the Sylow p-subgroup
of H. Since the coefficients of F are non-negative, we may assume
those of X7 and X5 are as well.

Next we show that X7 cannot be zero. If X; = 0, we would have
E = QX5. Let ¢ be a character of H and let 7 be the restriction of
1 to Q. We can choose 9 so that 7 is nontrivial on Q). Then J(Q) =
7(Q) = 0. This implies z = @Z(E) = 0, contradicting 2Z = n # 0.
Therefore X; # 0.

Since X is nonzero and X; and X5 have non-negative coefficients,
E = p®X; + QX> has at least one coefficient greater than or equal
to p®. However, the coefficients of E are the intersection numbers for
the difference set D with respect to the subgroup K. Therefore no
coefficient of E can exceed |K| = |U||W| so

P
¢ < |UIIW| = |U .
v < W] = 0] oo
Rearranging the inequality gives us
1P|
exp(P) < |U| e O

Coda

If D is a (v, k, A)-difference set in G and x is a nontrivial linear char-
acter of G, then the complex number z = X(D) satisfies 2z = n. We
want to use the factorization of n to recover z. Since z is in Z[n] for
a suitable primitive root of unity 7, we face the problem of factoring
n into primes in Z[n]. However, in general R = Z[n] is not a unique
factorization domain, so the full list of possibilities for z is difficult to
determine. To overcome this obstacle, we translate our problem into
factoring the ideal nR into prime ideals in R, where the factorization
is unique.
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Our treatment of algebraic number theory is quite cursory, and
we make heavy use of [32] as a reference for the theorems we quote
without proof. Although this is a graduate text, it is very clearly
written, and much of it is accessible after a course in abstract algebra
that includes rings and fields. It is a good resource for the reader who
wants more depth. We also recommend the undergraduate text [67].
It has nice historical motivation and helpful examples.

We have only tasted the application of tools from algebraic num-
ber theory to the study of difference sets. For the reader who would
like to see more, we recommend McFarland’s paper [51]. The first
two sections (introduction and abelian characters) lay out the tools
from character theory and algebraic number theory that he uses to
get his main result. The third section (character sums) contains a se-
quence of lemmas whose proofs clearly illustrate the use of the tools
and deepen one’s understanding.



Chapter 13

Applications

While difference sets are mathematically rich, they also have many ap-
plications to real-world problems. Indeed, the North Atlantic Treaty
Organization sponsored an Advanced Study Institute on difference
sets and sequences that brought together students and experts from
electrical engineering, computer science and mathematics from many
of the NATO countries to pursue some of them (see [60]). In this
chapter we briefly describe a few of these applications and offer some
suggestions for further reading. We are not experts in these engi-
neering and science contexts, but we try to give the flavor of how
difference sets are used for optical alignment, interpreting signals in
the presence of noise, imaging astronomical events, constructing error-
correcting codes, and facilitating processes in quantum informatics.
The first three of these applications exploit the relationship between
cyclic difference sets and binary sequences with good autocorrelation
properties. The mathematical roles of the difference sets in the last
two are quite different.

13.1. Binary sequences

A binary sequence of period v is a v-tuple a = (ag, a1, . ..,a,_1) with
the a; either all chosen from {—1,+1} or all chosen from {0, 1}."

The use of the word period is because a may be extended to an infinite periodic
sequence by repeating the finite sequence.

253
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For our first new application, imagine a source of signals, where
each signal is binary sequence of period v with entries +1. Assume
that these signals are transmitted over a channel corrupted by noise.
The sender can transmit any one of N signals. When one is received,
the receiver has to decide which of the N was sent. The receiver
can do this by calculating the correlation between the received signal
and ideal models of each of the possible transmitted signals and then
choosing the one with the highest value of this correlation.?

Definition. Let a = (ag,a1,...,a,—1) and b = (bg,b1,...,by_1)
be two binary sequences of period v with either all of the a;,b; in
{=1,+1} or all in {0,1}. Then the correlation C(a,b) is defined by

v—1
1
Cla,b) =~ > agb;.
=0

For a;,b; in {—1,+1}, we have C(a,b) = (A—D)/(A+D), where
A is the number of positions in which a and b agree and D is the
number of positions in which they disagree. In this case we observe
the following nice analogies to the statistician’s correlation defined
for vectors in R":

e For all a,b, we have —1 < C(a,b) < 1.

If a = b, then C(a,b) = 1.
If a and b disagree in every position, then C'(a,b) = —1.

If v is even and a and b agree in exactly half their positions,
then C'(a,b) = 0.

One way to define a binary sequence a is by specifying a differ-
ence set D C Z, = {0,1,...,v — 1} and choosing a; = +1 if and
only if j is in D. Then we can choose for the source signals a =
(ag,---,a,—1) and the v — 1 cyclic shifts of a: (a, aze1,- .., Grav—1)
fort = 1,...,v — 1, where the subscripts are interpreted modulo v.
Since the v translates of D (the blocks of the associated design devD)
are all distinct, the cyclic shifts of a indeed give v distinct sequences.
Difference sets give useful binary sequences for another reason too. To

2There is a theorem that states that if the noise is normally distributed, then this

decision rule is optimal in some sense. It is a 1961 result of Fano—mnot the Fano of the
Fano plane.
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explain why, we introduce language and notation for the correlation
between a sequence and its translate.

Definition. Let a be a binary sequence of period v. The periodic
autocorrelation function of a, C,(t) is given by

v—1
1
Calt) = > ajaip,
=0

for t = 0,...,v — 1. The values of Cy(t) for t # 0 are called the
off-peak correlations.

Example 1. Choose a = (—1,1,1,—1,1,—1,—1). Then C,(0) =
(1/T)(a-a) = (1/7)(7) =1 and Ca(1) = (1/7)(—1) = —1/7. o

Example 2. Recall the alignment problem in Example 1.2. It implic-
itly involves the 0,1 version of the sequence in the preceding example,
a=(0,1,1,0,1,0,0). When the light-emitting pattern surrounding
the opening to the fuel tank and the light-transmitting pattern on
the nozzle are perfectly aligned, the amount of light detected is essen-
tially the value of the peak autocorrelation C,(0). When the patterns
are shifted out of alignment by 6 or fewer cells (in either direction),
the amount of light detected is the off-peak autocorrelation Cy(t) for

t #0. (Look again at Figure 1.1 on page 3.) See Figure 13.1. S
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number of cells out of alignment
Figure 13.1. Light detected, Example 2
Return now to the communication example with which this sec-

tion began. Shifted binary sequences are particularly useful as signal
sources when the off-peak correlations are all equal and are as small
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as possible in absolute value. The special usefulness of cyclic differ-
ence sets in this setting is a consequence of the following theorem (see
Jungnickel and Pott, [36], p. 264). The proof is a nice review of some
ideas in Section 4.2.

Theorem 13.1. Choose integers v > 2 and k with 0 < k < v. Let
a be a binary sequence with period v, entries a; in {—1,4+1}, and
having exactly k entries equal to +1. Suppose further that there are
two numbers b and ¢ with Ca(0) = b and Ca(t) = ¢ for 0 <t < v.
Let D ={j € Zy|aj = +1}. Then D is a (v, k, \)-difference set in
Zy, b=1 and ¢ = (v —4n)/v for n = k — \. Moreover, every cyclic
difference set arises in this way.

Theorem 13.1 also holds for 0,1 sequences, but in that case the
values of b and ¢ are different.

For +1 binary sequences, the off-peak correlations are all equal
to 0 when we use a Hadamard difference set with v = 4n. However,
no cyclic Hadamard difference sets are known for v > 4, and it is
conjectured that none exist. The next smallest off-peak value in ab-
solute value occurs for the Paley-Hadamard family with v = 4n — 1,
and then the off-peak correlation is equal to —1/v. Cyclic difference
sets in this family are abundant.

Binary sequences obtained from cyclic difference sets have some
other nice properties too. Sequences coming from nonzero squares in
Z, for p = 3 (mod 4) have (v —1)/2 entries equal to +1 and (v+1)/2
entries equal to —1. This nearly equal balance of +1s and —1s makes
them similar to random sequences (like a sequence of v coin tosses,
with +1 for heads and —1 for tails). Another desirable property for a
“pseudo-random” sequence is that knowing a subsequence gives little
information about the entire sequence. In particular, if v = 2™ — 1,
it is desirable if the 2™ — 1 consecutive subsequences of length m are
all distinct.

Example 3. Consider the difference set {1,2,4} C Z7. It yields the

sequence (— + + — + — —) of Example 1, where we write + and —
instead of +1 and —1. The 7 subsequences of length 3 are:
—t ettt — e ——

These triples are all distinct. o
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Further reading

This section relies heavily on Golomb’s “Signals with good correlation
properties,” in [25].3 This paper has an extensive bibliography. You
may also want to look at the paper [48] by MacWilliams and Sloane.
They define pseudo-random sequences (also called pseudo-noise se-
quences) as binary sequences a = (ag, . .., a,—1) of length v = 2™ — 1
with special properties, including the one they say is “most impor-
tant”: periodic autocorrelation function values equal to 1 at ¢ = 0 and
with off-peak value —1/v. (Although they use 1,0 sequences, they de-
fine the autocorrelation function for the corresponding sequence with
jth entry (—1)%; in other words, they convert to a +1 sequence
for autocorrelation computations.) Some of the other properties on
their defining list also seem to hold for more general cyclic Paley-
Hadamard difference sets. The applications they mention are “range-
finding, scrambling, fault detection, modulation, synchronizing, etc.”,
and they give many references.

13.2. Imaging with coded masks

Astronomers study high-energy radiation such as X-rays and gamma
rays with instruments mounted on satellites, to avoid blocking of the
radiation by the earth’s atmosphere. According to NASA’s Goddard
Space Flight Center, gamma ray bursts are the most powerful explo-
sions our Universe has experienced since the Big Bang. They occur
very briefly but almost daily. So far, scientists don’t know what causes
them and what they mean. Are they evidence of the birth of a black
hole? The product of the collision of two neutron stars? The space
observatory SWIFT, developed by NASA along with an international
consortium, was launched in 2004 to study gamma ray bursts with a
precision never available before. Among the instruments on the or-
biting SWIFT spacecraft was one using a “coded mask”. (See [64].)

Astronomers cannot rely on ordinary lenses to focus high energy
radiation and produce images of distant objects. Instead, they use

3Golomb was awarded the 2012 National Medal of Honor in recognition of
his contributions to mathematics and engineering, particularly in interplanetary
communication.
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a process similar to the way medical images are obtained from X-
rays, where the patient is positioned between a source of radiation
and a detector sensitive to the radiation. Parts of the body that
absorb X-rays cast shadows on the detector, and radiologists interpret
this shadow image to draw inferences about the patient’s body. For
astronomical investigations, the idea is to put a “mask” that absorbs
the radiation between the source and the detector. Then a computer
uses the information on the detector to reconstruct an image of the
source.

The simplest mask has a single hole, like a pin-hole camera. The
result is an inverted image of the source. The smaller the hole is,
the sharper the resulting image will be. However, if the hole is very
small, only a few high energy rays would pass through. Even worse,
the number of rays from the distant source that pass through the
hole would be small compared to the background “noise” produced
by cosmic rays. In the language of science and engineering, the signal
to noise ratio (SNR) is too low. Therefore a mask with a single hole
is not workable.

The obvious solution is to use a mask with multiple holes, but
now we have another problem. Each hole produces its own image,
so we have multiple overlapping images projected onto the detector.
The task is to position the holes in the mask—to code them—so that
it is possible to recover a single clear image of the source from these
multiple images on the detector. Since noise is a factor, the computer
algorithm to reconstruct the location and intensity of each source
in the field of view is in part statistical. Figure 13.2 schematically
illustrates what is involved in the use of a coded mask instrument for
a single source of high energy radiation.

So, what is a good coded mask? One important consideration is
that we want the shadow cast by the mask to be a poor match to any
shifted version of itself. This sounds familiar. We want the coded
mask to have a pattern of holes that has low correlation with shifted
versions of itself. As in Section 1, we can use a cyclic difference set.

But how do we change from a sequence of holes in a line to a
rectangular array of holes and still retain the desired autocorrelation
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(a) (b) () (d) ()

Figure 13.2. Schematic for imaging using a coded mask: (a)
source image, (b) mask (dots represent holes), (c) detector,
(d) computer to reconstruct source image, (e) reconstructed
source image

property? One method is to use a twin primes difference set in Z, ©
Zpto. We illustrate with the next example for p = 3.

Example 4. Arrange the elements of Z3 ® Zs in a rectangular array,
with the rows indexed by elements of Zs and the columns indexed
by elements of Zs. (See Figure 13.3, where the elements not in the
difference set are shaded.) Notice that cyclically shifting the array
horizontally by one cell is the same as adding (1,0) to each element,
and shifting vertically by one is the same as adding (0,1). Thus we
retain the desirable autocorrelation property. o

0,0 0,1 0,2 0,3 0,4

Lo | 1,1 | 1,2 | 1,3 | 1,4

2,0 | 21 | 2,2 | 2,3 | 24

Figure 13.3. The rectangular array for the (15, 7, 3)-difference set

Of course, the coded mask for p = 3 is much too small to be use-
ful. Figure 13.4 shows a somewhat more realistic coded mask based
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on the twin primes difference set with p = 41. In the mid 1990s,
an Italian institute for space research in collaboration with the Rus-
sian Academy of Sciences developed a high-energy coded aperture
telescope based on a twin primes difference set with p = 71 for an
international high-energy astrophysics observatory—still in the plan-
ning stages—to be launched into space with a Soyuz rocket.

Figure 13.4. Mask for X-rays, based on twin primes (41,43)

The satellite INTEGRAL was launched in 2003 by a consortium
of many nations. One of its missions was to carry out a 9-year survey
of our galaxy, which it completed in December 2012. INTEGRAL was
equipped with multiple imaging instruments that use coded masks,
notably a gamma-ray imaging telescope called IBIS with a rectangular
mask.

Further reading

The Skinner article [63] is useful and has some nice illustrations. An-
other, more up to date, general resource is the Goddard Space Cen-
ter website “Coded Aperture Imaging in High Energy Astronomy”
at website (1) listed on the following page. See especially the link
“Coded aperture imaging: a short review.” The link “A selection
of coded aperture instruments” gives a list of actual coded aperture
instruments.

A reference for the SWIFT project is website (2). You can read
about the Italian/Russian project using the twin prime difference set
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with p = 71 on the website of the SRON Netherlands Institute for
Space Research on website (3). Some spectacular images obtained by
the INTEGRAL’s 9-year galactic survey can be found at website (4).
An extensive bibliography for papers on coded aperature imaging is
available at website (5).

Websites:

(1) astrophysics.gsfc.nasa.gov/cai/

(2) heasarc.gsfc.nasa.gov/docs/swift/swiftsc.html
(3) www.sron.nl/~jeanz/cai/coded_mart.html
(4)

hea.iki.rssi.ru/integral/nine-years-galactic-
survey/index.php

(5) www.sron.nl/~jeanz/cai/coded_bibl_short.html

13.3. Error correcting codes

You may have encountered error correcting codes in your study of
linear algebra or abstract algebra. A linear error correcting code is

a subspace C' of a v-dimensional vector space V over a finite field
F. Typically, the field is F = GF(2), so the vectors in V are strings
of length v consisting of the “bits” 0 and 1. The vectors in C' are
the code words. If the dimension of C' is k, we regard each codeword
as having k bits of information. We can think of the embedding of
C ~TFFin V ~F¥ as “smearing out” the information bits to protect
them. More specifically, the v — k additional bits when we regard a
codeword as an element of V' are the redundancy added to the original
information. If the redundancy is added cleverly, the receiver of the
information can detect and correct some number of errors.

For a vector v in V', the weight of v is the number of nonzero
entries in v. If the minimum weight of a nonzero vector in C'is d, then
the code can correct |[(d — 1)/2] errors. The amount of information
that can be encoded depends on the dimension k of C. The code
parameters v, k and d are thus key.

There are many deep connections between coding theory and de-
sign theory, with theoretical and practical links in both directions,



262 13. Applications

but here we focus on the connection between linear codes and designs
arising from abelian difference sets.

The easiest way to associate a linear code with a design D is via
the incidence matrix of D. Since the entries of the incidence matrix
A make sense in any field, we may choose any field F and then define
the code as the F-space spanned by the rows of A. In general, it is
difficult to determine the minimum weight of such codes, but it is
possible to determine their dimension.

An important family of codes is associated in this way with the
Paley difference sets in GF(q) for ¢ a prime, ¢ = 3 (mod 4). If we
choose a field F = GF(p) for which p is a quadratic residue in GF(q),
then the difference set determines a design whose corresponding code
is called a quadratic-residue code. These codes have dimension (g &
1)/2 and are related to an important family of codes called Reed-
Muller codes. (See Assmus and Key [4], Sections 2.10 and 7.8.) For
example, we have the following theorem.

Theorem 13.2. (MacWilliams and Mann, 1968). The code gen-
erated by the Paley difference set in GF(q) for ¢ = 3 (mod 4) has
dimension (q + 1)/2 if the characteristic of F is a prime divisor of

(g+1)/4.

Example 5. Choose the (7,3, 1)-difference set in GF(7) and choose
F = GF(2). Then the characteristic of F is 2, which is a divisor
of (74 1)/4, so the corresponding code has dimension 4. It turns
out that it is the smallest Hamming code, which is known to have
minimum distance 3 and so corrects a single error. o

In [43] Lander discusses codes defined by an abelian (v, k, \)-
difference set D C G somewhat differently. He identifies the elements
of the group ring FG with the vectors in V' = (F)”. He defines the
code C' as the ideal of the ring FG generated by the element D =
> qep d € FG. His definition is actually equivalent to the definition
of the code as the row space of the incidence matrix of devD, but his
approach leads to the use of somewhat different algebraic tools.
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Further reading

For more on difference sets and codes, see the books by Pott ([59])
and Lander ([43]). For more on designs and codes, see the volumes by
Beth, Jungnickel and Lenz ([8]) or E.F. Assmus and J.D. Key ([4]).
Another useful reference on designs and codes that is aimed more at
undergraduates is P.J. Cameron and J.H. vanLint ([12]).

13.4. Quantum information and MUBs

In this section we use a generalization of a difference set to construct
mutually unbiased bases (MUBs for short). What are MUBs?

Definition. Let CN be an inner product space with the standard
inner product, and let {u;|j = 1,...,N} and {v,|j = 1,...,N}
be two orthonormal bases of this space. These bases are said to be
mutually unbiased if there is a constant ¢ such that for all j, k =
1 N

PR 5

[y, vi)[* = c.

Example 6. Here are three MUBs for N = 2, where e; and ey denote
the standard basis for C2.

My = {ei, e}
My = {(e1—e)/V2 (e1+e)/V2}
M; {(e1 —ies)/V2, (e +iea)/V2}. o

It is a theorem that at most N +1 MUBs can exist for CV. When
N is a power of a prime, N + 1 MUBs do exist. Thus N +1 = 3 is
the maximum number of MUBs possible for C2. It is known that 3
MUBs exist for C%, but it is unknown whether more than 3 exist.

MUBs are rich in mathematical connections, but here we very
briefly describe their link to quantum mechanics. Mathematically,
states of a quantum system are identified with unit vectors in a com-
plex inner product space. For example, in quantum computation, the
analog of a classical “bit” is a “qubit”, a 2-state quantum system with
states given by unit vectors in C2. A larger system might consist of
m qubits. The states of this bigger system are represented by unit
vectors in C2".
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More generally, we might have a system with states corresponding
to unit vectors in CV for some N. A measurement of the system is
represented by an operator A with the property that an orthonormal
basis for CV can be chosen from among its eigenvectors. Then A =
> ay Py, where v ranges over this basis of eigenvectors and P, is
the projection onto the subspace spanned by v. We call this basis of
eigenvectors the measurement basis. If we carry out this measurement
for a system in a state represented by an arbitrary unit vector w,
then the result of our measurement is equal to the eigenvalue a, with
probability |(w,v)|%.

Example 7. Suppose we want to measure a polarized photon; its
state corresponds to a unit vector w in C?. We make a measurement
with a vertically polarized filter. The measurement is represented by
A = 0P, + 1P,,, so the measurement basis is the standard basis of
C2?. If the photon is itself polarized vertically, its state is w = es,
and the measurement gives the result 1 with probability equal to 1.
On the other hand, if the photon is polarized horizontally, its state is
w = e1, and the measurement gives the result 0 with probability equal
to 1. Results are more interesting if the photon is polarized neither
vertically nor horizontally. For example, suppose its state is w =
(1/v/2)e; +(1/v/2)e,. In this case, the result of the measurement can
vary; with probability 1/2 it gives the result 0, and with probability
1/2 it gives the result 1. o

We say two measurements are mutually unbiased if their measure-
ment bases are MUBs. In this case, the result of doing one measure-
ment gives no information about the result of the other measurement.
Under certain circumstances, a set of N + 1 mutually unbiased mea-
surements provides the optimal determination of an unknown state.*

MUBs are used in quantum-informatics applications, including
“dense coding, teleportation, entanglement swapping, covariant clon-
ing, and state tomography,” quoting from [21]. Applications are nu-
merous whenever maximal sets of MUBs are available, in particular
when the physical system is composed of many qubits (N = 2™), the
building blocks of devices for quantum information processing.

#Most of this description is drawn from [71].
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Now we define the generalization of a difference set that we need
for the construction of MUBs.

Definition. Let G be a group and U a normal subgroup of GG. Then
the nonempty proper subset D C G is a relative difference set (with
respect to U) if the multiset of differences of distinct elements of
D represents every element of G\ U exactly A times and represents
elements of U zero times. Equivalently,

DDV = |D|1g + MG - )
in the integral group ring ZG. Let k = |D|, u = |U|, and s = |G/U],

so |G| = su. Then D is an (s,u, k, \)-relative difference set. It is a
semi-regular relative difference set if s = k.

Counting differences of distinct elements of an (s, u, k, \)-relative
difference set D gives us k(k — 1) = A(su — u). In the case of a
semi-regular relative difference set, this says k = Au.

Example 8. Let G = (z,y|z* = y* = 1,2y = yx), and let U =
(x2,92). Then D = {1,y,z,2%y>} is a semi-regular (4,4, 4, 1)-relative
difference set with respect to U. o

The main result of this section is the following theorem of Godsil
and Roy.

Theorem 13.3. The existence of a semi-reqular (k,u, k, \)-relative
difference set in an abelian group G implies the existence of a set of
u + 1 mutually unbiased bases of CF.

Notice that in the special case when A = 1, this theorem guaran-
tees the existence of a maximal number of MUBs: k + 1 MUBs for
C*.

The proof of this theorem is accessible to a reader of this book.
Here is a sketch. Let D = {dy,...,dy} be the semi-regular relative
difference set of the theorem. Let G* be the group of complex-valued
characters of GG, and for each y € G*, define a vector

(x(d1), ..., x(dy)) € C*.

It can be shown that we can arrange these |G| = ku vectors in u
sets of k vectors each, and these sets give u MUBs for C*. These u
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bases turn out to be unbiased with respect to the standard basis also,
producing a total of u + 1 MUBs.

The proof requires the following observations about the group G*
from Exercise 11.14. The groups G and G* are isomorphic, and we
can use this isomorphism to label the elements of G* by elements of
G. Using this labeling, in the group G* we have (x4)~ ' = X1 and
XaXb = Xap for a,b € G.

Now we can link the relative difference set to the inner product

in C*. Let x,,%;, € C* be determined by xa,x» € G*. Then we
calculate:

(Xa,Xp) = ZXa(d)Xb(d)

deD

= > Xald(xe(d) ™"

deD

= > Xa(d)xp-1(d)

deD
= Z Xab—1 (d) = Xab—1! (D)
deD

Thus |(x4,Xp)|? is constant for all a # b.

Further reading

The main source for the mathematics in this section is Godsil and
Roy’s paper [24].% Tt also contains a theorem linking the existence of
“equiangular lines” to the existence of a difference set, and the proof
of this theorem is a nice application of the methods included in this
book.

For further reading on the mathematics of MUBs, see [39]. For
more on relative difference sets see [8], pages 369 and following. For a

mathematical introduction to error correction in quantum computing,
see [58].

51t is also available at arXiv.org. (In the seach box enter: godsil roy.)



Appendix A

Background

Linear Algebra

A.1. Let M € M(m,C). The trace of M, denoted Tr(M), is the
sum of the diagonal elements of M. Also, Tr(PMP~') = Tr(M) for
any P € GL(m,C). If V.= C™ and T is a linear transformation of
V' with matrix M with respect to some basis of V', then by definition
Tr(T) is equal to Tr(M), and this is well-defined.

A.2. If M is a square matrix over C, then Tr(M) is the sum of the
eigenvalues of M.

Proof. Look at the coefficient of the A" ~! term of the characteristic
polynomial. On the one hand, the characteristic polynomial factors
completely into linear terms with A; the (not necessarily distinct)
eigenvalues for A

pA) = A=A (A2 = A) - (A — A)
and the coefficient of A"~ is (=1)" "L ( Ay + Ag + - + \,).

On the other hand, when we calculate the characteristic polyno-
mial from the determinant of M — AI, the only terms with degree
n — 1 come from the product of the diagonal elements:

p(A) = (m11 — A)(maz — A) -+ (mpn — A) + lower degree terms

267
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and the coefficient of \» 1 is (—1)" ! (myy +mao+- - -+ My ). Equat-
ing these coeflicients gives us our result. O

A.3. Let V be a vector space of dimension d over the field F. A
hyperplane is a subspace of dimension d — 1. The span of any two
hyperplanes is all of V. The intersection of any two hyperplanes is a
subspace of dimension d — 2. ([3], p. 103)

A.4. Let V be an d-dimensional vector space over a field F. There is
a 1-1 correspondence between the subspaces of V' of dimension d — 1
and the subspaces of V' of dimension 1. When F is a finite field, this
can be proved by counting, as in the proof given of Theorem 2.16.
If there is a non-degenerate inner product on V, this can be proved
by considering the correspondence between a subspace W and the
subspace W+ of vectors orthogonal to . The most general argument
avoids either of these special cases, using instead the dual space V*
of linear functionals on V' and the notion of the annihilator of either
a subspace of V or of V*. ([30], Section 17)

A.5. Let V be a finite dimensional vector space over R with the
standard dot product. Then V has an orthonormal basis, and this
basis can be obtained from an arbitrary basis by the Gram Schmidt
process. ([22], p. 342)

Groups

Note: All groups referred to here are finite.

A.6. Let G be a cyclic group. For every divisor of the order of G,
there is a unique subgroup of that order. ([23], p. 78)

A.7. Structure Theorem: Every abelian group is the direct prod-
uct of cyclic groups of prime-power order. Moreover, the number of
terms in the product and the orders of the cyclic groups are uniquely
determined by the group. ([23], p. 217)
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A.8. The exponent of a finite group G, denoted exp(G), is the least
common multiple of the orders of the elements of G.

A.9. The centralizer of element a in a group G is the set of elements
of G that commute with a,

Cgla) = {g€G]|ag=ga}.

A.10. Let G be a group and write Cl(a) for the conjugacy class of
a € G,

Cl(a) = {gag™"|g € G}.
Then
Gl = _|Cl(a)] = ) [G: Cal(a)],

where the sum contains one term for each conjugacy class of G. ([23],
p. 402)

A.11. If G is a group of order p? for p a prime, then G is abelian.
([23], p. 403)

A.12. Let G be a group. The commutator subgroup of G is the
group generated by all elements of the form zyxz~'y~! for z,y € G.
Such elements are called commutators.

A.13. Let G be a finite group of order m and let p be a prime that
divides m. If p?|m and p’ ™! does not divide m, then any subgroup of
G of order p’ is a Sylow p-subgroup of G.

A.14. The Sylow theorems. ([23], pp. 405-407)

(1) Let G be a finite group and let p be a prime. If p? divides
|G|, then G has at least one subgroup of order p’.

(2) If H is a subgroup of a finite group G and |H]| is a power of
a prime p, then H is contained in some Sylow p-subgroup of

G.
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(3) The number of Sylow p-subgroups of G is congruent to 1
mod p and divides |G|. Further, any two Sylow p-subgroups
of GG are conjugate.

Fields

A.15. Let z € C. If 2 = 1 for some integer m, then z is an
mth root of unity. If z has multiplicative order m, we say z is a
primitive mth root of unity . If z is an mth root of unity then |z| = 1,
and z = €% for some k = 0,...,m — 1, where 6 = 27 /m and
e'? = cos(f) + isin(6). ([23], p. 46)

Note that Z = 2z~ ! in this case. If z is an mth root of unity for
m>1,then 1+2z+22+- - +271=0E"-1)/(z—1)=0.

A.16. The group of nonzero elements of a finite field F is a group
under multiplication. This group is known as the group of units of F
and is denoted F*. If F is finite, the group F* is cyclic. ([23], p. 383)

A.17. Let ¢ be an odd prime power and let GF'(q) be the finite field
of order q. Then —1 is a square in GF(q) if and only if ¢ = 1 (mod 4).
(There is a group-theoretic proof using the fact that —1 is a square
if and only if the multiplicative group GF(¢)* contains an element of
order 4.) ([20], p. 54)

A.18. Let ¢ be a power of a prime, and let F, = GF(q). To
construct a field of order ¢™, we begin with the ring of polynomials
in x over F,, find a polynomial p(x) of degree m that is irreducible
in this ring, and form the quotient field of the ring modulo the ideal
generated by p(z):

Further it is possible to select p(x) so that the element x+ < p(z) >
generates the group of units of GF(¢™). For a specific example see
Exercise 4.12. ([23], p. 383, Corollary 2)
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A.19. Let F be a finite field of order ¢ and let r be a divisor of q.
Then {a € F|a" = a} is the unique subfield of F of order r. ([33],
p. 327)

Miscellaneous

A.20. The principle of inclusion/exclusion: Let ¢/ be a finite set
and let A and B be subsets of ¢/. Then

(UN(AUB)| = [U[-|A[=|B|+[AN B].

More generally, let U be a finite set and let {A;} be a collection of m
subsets of U. Let S; be the sum of sizes of the intersections of ¢ of
the A;, taken over all ¢t-sets of the A;. Then

U\ JA;| = Ul -Si+Sy—-(=1)" S
J

Further, if for each ¢ the size of the intersection of any ¢ of the subsets
A; is the same, say s;, then

St = St (?)

A= () ra(y) <0 (1)

(168}, p. 323)

So

A.21. Let z,y € Z and p a prime integer. Then (z + y)? = a? +
y? mod p. The proof depends on the binomial theorem and the fact
that for 1 < k < p — 1, the numerator of

() = oz

is divisible by p, while the denominator is not.
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Notation

Misc.

Z integers

R real numbers

Q rational numbers

C complex numbers
G\ D set subtraction, p. 15
) empty set, p. 20

S complement of set S
|S] cardinality of set

Matrices and Linear Transformations

I identity matrix

I m x m identity matrix

J square matrix of all 1s, p. 19

AT transpose of matrix A, p. 13

A®B Kronecker product, p. 137

GL(m,K) invertible m x m matrices over field K, p. 155
GL(V) invertible linear transformations on V', p. 168
span{vy, ..., vt} vector space spanned by vectors, p. 170
M(m,C) m X m matrices with entries in C, p. 192
Ker(7) Kernel of 7

Im(7) Image of 7

273
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Groups, Rings, Fields

L, group of integers mod m (sometimes ring)
Fy, Zy field of p elements, p a prime

K field

F field, usually finite

GF(q) field of order ¢ (Galois field), p. 24

K* multiplicative group of nonzero elements of K
mg(x) group action of g on xz, p. 38

orbg(x)  orbit of x under G, p. 38
stabg(z) stabilizer in G of x, p. 38
Fix(g) set of elements of X fixed by ¢, p. 40
Cea(a) centralizer in G of a; {g € G | ga = ag}, p. 40
D,, dihedral group of order 2m, p. 48
G®& H direct sum of groups, {(a,b) | a € G, b€ H}, p. 48
GxH direct product of groups, p. 48
(9) group generated by ¢
(S| R)  group presentation; S is set of generators,
R is set of relations, p. 48

7G integral group ring, p. 59

Elements are of the form }_ . a49, a4 € Z
S®) > scg s’ in integral group ring, p. 60
%) ring homomorphism ZG — ZH

induced by ¢ : G — H, p. 107
exp(G) exponent of group G, p. 113
Sin symmetric group on set X = {1,2,...,m}, p. 168
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Designs
D design, (often symmetric design), p. 26
P set of points in a design, p. 26
B set of blocks in a design, p. 26
A incidence relation, p. 9
v number of points in a symmetric design, p. 16
b number of blocks, p. 16
k number of points per block, p. 16
r number of blocks per point, p. 16
A number of elements two blocks have in common, p. 16
n k — A, order of a symmetric design, p. 26
t-(v,k,\) parameters for a t-design, p. 14
(v, k, ) parameters for a symmetric design, p. 26
D complement design, p. 17
s-set set containing s points, p. 14
As number of blocks containing an s-set, p. 16
A° number of blocks disjoint from an s-set, p. 17

Difference sets

D difference set, p. 46

D complement difference set, p. 60

v order of group, p. 47

k number of elements in a difference set, p. 47

A number of ways a non-identity element is
represented as a difference, p. 47

n k — X, order of a difference set, p. 47

(v,k,\) parameters for difference set, p. 47

A multiset of non-identity differences, p. 46

devD development of a difference set, p. 54
DD > deD d~! in integral group ring, p. 60
o numerical multiplier, p. 89
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Geometry
P set of points
L set of lines
/ line

(A, B) line through points A and B
AG(m,F) coordinatized affine m-space over F, p. 23

AG(m,q) coordinatized affine m-space over GF(q), p. 23
PG(m,F) coordinatized projective m-space over I, p. 31
PG(m,q) coordinatized projective m-space over GF(q), p. 31

Number Theory

P usually a prime integer

q usually a prime power

(’t“) binomial coefficient, p. 16

ord,n highest power of p that divides n

ged(a, b) the greatest common divisor of a and b, p. 54
ged(a,b) =1 a and b are relatively prime, p. 54

aRb a is a square mod |b| (Legendre), p. 73

x(a) quadratic character, p. 146

Zl[i] Gaussian integers, p. 194

Z|w) cyclotomic integers, p. 236

Representations and Characters

Vi@ Vo direct sum of vector spaces, p. 180
p1 @ p2  direct sum of representations, p. 181

P group representation, p. 168

P ring homomorphism Z — M(m, C)
induced by p: G — GL(m,C), p. 192

Preg (left) regular representation, p. 175

(,) complex inner product, p. 183

<, > constructed inner product, p. 186

X group character, p. 198

Xreg regular character, p. 199

% vector space of complex-valued class functions, p. 202
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Hints and Solutions to
Selected Exercises

Chapter 2. Designs

2.1(a). The permutation matrix is: P =

o = O O
o O = O
o O O
= o O O

2.5. Blocks with the three edges of a triangle can be counted by
choosing 3 of the 6 vertices, for a total of (g) = 20. Blocks with
the three edges of a perfect matching can be found by choosing pairs
of points for the first, second, and third edges, and then dividing
by 3! since the order of the edges does not count. The number of
these blocks is (g) (3) (3) /3! = 15. This is a 2-design with parameters:
2-(15,3,1); b = 20+ 15 = 35; r = 7. Using Theorem 2.1: b =
A/ () = 1- (5)/¢) = 35. ®

2.13. Find two ways to count the number of ordered pairs (B, T) with
B a block and T" a t-set with T' C B. ®

2.17(c) There are 12 lines and 3 points per line. The order n = 3. The
parameters as a 2-design are 2-(9,3,1), with r =4 and b=12. (®

277
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2.24. We explain the value of A\. Consider any two blocks T; and 7. If
squares ¢ and j are in the same row but different columns, the blocks
intersect in the two squares in this row that are not squares ¢ and j.
A similar argument holds for two blocks whose defining squares are
in the same column. Otherwise squares ¢ and j are in different rows
and different columns. Thus they are at diagonally opposite points of
a rectangle, and blocks T; and T} intersect at the other two corners

of this rectangle. So \ = 2. ®
2.32(b). Show that A commutes with A7. ®
2.36(a). The line through points [0,1,3] and [2,1,1] is [1,2,1]. ®

Chapter 3. Automorphisms
3.2. Write G = {(a,b | a* = b*> = 1,ba = a3b). Then the G-orbits are:

{1}, {a,a’}, {a?}, {b,a®b}, {ab,a’b}. ®
3.4. Set up a correspondence between left cosets of G, in G and
elements of orbg (). ®

3.7. The permutation of points is (0)(2)(6)(35)(14). The permutation
of lines is (¢1)(¢2)(4s)(¢305)(Lols). Notice that their cycle structures
are the same. ®

3.8. An automorphism does not have to preserve our drawing of the
Fano plane. It must simply be a permutation of points that preserves
the set of blocks. Consider the group of 3 x 3 invertible matrices with
entries in Zo acting on (Zz)3. ®

Chapter 4. Difference Sets
4.3(a). The proof that A(v — 1) = k(k — 1) is in Chapter 1. Solving
Ao —1) = k(k —1) for \v gives Ao = k? — (k — \) = k* — n. ®

4.3(d). For the case k < v/2, show n < (v/2)(k — 2)\) and use

n > 0. ®
4.8. ba = a’b < bab~! = a’; that is, conjugation by b takes a to
al. ®

4.19(e). D ={g€ G| g(1) € By} ={a,a? a* 3,52 5°}. ®
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4.23(a). Since g — sg and g — gs are permutations of G, we have
sG = G = Gs, and therefore SG = ) sG = |S|G = > ,Gs =
GS. ®

4.28. QG is a vector space over Q. ®
4.32. Use the ring homomorphism of Z[z| taking > agz? to 3 ay,.

®
4.33. Use induction on the number of nonzero coefficients of S. See
A.21 for (z + y)? (mod p). ®
4.34. Choose ¢ = p® > m and consider A?. ®
4.35. Suppose v is odd and get a contradiction. ®

4.38(c). The automorphisms ¢, for a = 1,2,4 fix D, and for a =
3,5,6, 0o (D) = {3,5,6}. The seven translates of {3, 5,6} are distinct
from the seven translates of D, so there are a total of 14 difference
sets equivalent to D. ®

4.40. Imitate the strategy in Example 8. ®

4.43. Without loss of generality, assume the difference set contains 0.
Show that it must contain a set of generators of G. ®

Chapter 5. BRC
5.1(b). 22 = 10y? — 222 has no solution since —2 = 8 (mod 10) is not

a square. ®
5.4. Look at the determinant of the incidence matrix. See Exer-
cise 2.31. ®

5.10. Since A = a, there is an integer t; so that A = a + tym.
Similarly we write B = b+ tom, C = c+tsm, D = d + tym. Then
aA+bB+cC+dD = a(a+tym)+b(b+tam)+c(c+tzm)+d(d+tyam).

If we let t = aty; + bty + ct3 + dt4 then the expression above equals
a? +b? +c® 4+ d?> +tm = m(p+t). The other cases are similar. ()

5.15. Use Lemmas 5.6 and 5.7. ®

5.18. Use Lemma 5.8 and Witt’s theorem. ®
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Chapter 6. Multipliers
6.2(a). ¢ is a multiplier since it is an automorphism and
2D =19 + D. ®

6.2(b). ¢3 is not an automorphism, so it is not a multiplier. ®

6.7(a). D has parameters (31,6, 1) withn = 5, so t = 5 is a multiplier.

®
6.8(c) Use Exercise 4.3(d). ®

6.13. The parameters must be (11,5, 2), with multiplier ¢ = 3. The
orbits for ¢3 are: (0) (1,3,9,5,4) (2,6,7,10,8). The elements in
the first 5-cycle form the difference set of Theorem 4.3. The second
is the image of the first under ¢, so it is equivalent. ®

Chapter 7. Necessary Conditions

7.2(b). Using N = (a) we find the intersection numbers 6, 4, 3 with
respect to G = N UbN Ub?N. They sum to k = 13 and their squares
sum to n + As = 61. ®

7.6. Use the Sylow theorems to show that G must contain a normal
subgroup of order 13. ®

7.12. Use the Sylow theorems to show that a group of order 111 has
a normal subgroup of order 37. ®

7.15(a). Since p = 3 and a = 2, the exponent bound is 9. ®

Chapter 8. Geometry

81(a). 20 =1, o' = 2, 2%, 23 = o+ 1, 2* = 22 + 2, 2°
224+x+1, 28 =22+1.

81(b). Tp(z?) =z +1=(0,1,1), Tp(z) = 22 = (1,0,0), Tp(2°)
x = (0,1,0), so the matrix of T is M.
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8.5(b).

slope equation points

8.9(a). Since the zero vector belongs to every hyperplane it appears
r times in the multiset. We know from Section 2.5 that every 1-space
of V appears in (¢° — 1)/(¢ — 1) hyperplanes. Each nonzero vector
spans a unique 1-space, so each nonzero vector appears (¢°—1)/(¢—1)

times in the multiset. ®
811 Y kitky = (K — ko ") (K — k). ®
1<i,j<r

Chapter 9. Hadamard Difference Sets
9.4(b)

row 2-row 2=m implies z+y+z+w=m,
row 2-row 1 =0 implies x4+y—z—w =0,
row 3-row 1 =0 implies z—y+2z—w=0,
row 2-row 3=0 implies xz—y—z+w=0. ®

9.13. We know A(v—1) = k(k—1),s0 k < (v—1)/2 implies A(v—1) <
((v—1)/2)((v —3)/2). Since we assume a nontrivial difference set,
we may divide both sides by v — 1 to get A < (v — 3)/4. ®

9.15. As in the proof of Theorem 9.3, a normalized Hadamard matrix
H of order 12 defines the incidence matrix A of a symmetric (11,5, 2)
design. Show that by suitable row and column permutations, A can
be transformed to a fixed matrix. A very useful fact is that there are
exactly 10 ways to choose two items out of five. ®

9.29. We have v = 4n = 4u? and A = k — n. The relation (v — 1) =
k(k — 1) can be written in terms of u and k as (4u? — 1)(k — u?) =
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k(k —1). This can be rearranged into the quadratic k? — k(4u?) +
u?(4u? — 1) = 0. Using the quadratic formula and simplifying we get

Solving for A we get A = k —u? = u? £ u. If k = 2u® 4+ u then
v—k = 4u® — (2u® +u) = 2u® —u. Also if A\ = u? + u, then
v —2k + X = 4u?® — 2(2u® + u) + u? + u = u? — u. Thus the choice of
sign in the expressions for k£ and \ gives the parameters for a difference
set or its complement. ®

Chapter 10. Representations

10.3.
(a) For each g € G, the transformation p(g) takes ) aje; to ) ajey .
The set of coefficients aq,...,a,, is unchanged, so their sum is un-
changed. ®
(b) Let w = €1 — eq, and let g = (12). Then p(g)(w) = —w. ®
10.7. We give the matrix for p,eq(a):
01 0 0
(a) = 1 0 00
Presl® =10 0 0 1
0 01 0 ®

10.8(b). You can find one, at least, by inspection. To find the other
one, look for eigenvectors of prey((12)), say, for the eigenvalue —1.

®
10.12 (a). We show the proof of part (i) of Theorem 10.3. First we

show p1 @ po is a linear transformation:
(p1 ® p2)(9)(al(vi, v2) + b(wi, w2))
= (p1® p2)(9)(avi +bwy,avs + bws)
= (p1(g)(avi +bwi), p2(g)(ava + bwz))
= (ap1(9)(v1) + bp1(g)(w1), ap2(g)(v2) + bp2(g)(W2))
1(9)(v1), p2(9)(v2)) + b(p1(9) (W1, p2(g) (W2))

a(p )
= a(p1 @ p2)(v1,v2) + b(p1 © p2) (Wi, wa).
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To show p; @ ps is a homomorphism, let (vy,vy) € V3 @ V5. Then

(p1 ® p2)(gh)(v1,v2)
(p1(gh)(v1), p2(gh)(v2))
(p1(9)(p1(h)(v1)), p2(9)(p2(h)(v2))
= (p1® p2)(9)(p1(R)(v1), p2(h)(v2))
((p1 @ p2)(g) © (p1 @ p2)(h))(V1, V).
This shows (p1 @ p2)(gh) = (p1 ® p2)(g) © (p1 ® p2)(h).

10.14. If v and w are column vectors, then v -w = v w.

10.19(b). Consider the cases g € G7 and g € G \ G separately.

®@ @ @ ©

10.21. Use Exercise 19(b) to find three eigenvectors.

Chapter 11. Characters

11.2(c). x,(g) = 2 for elements of cycle type (12); there are 6 of
these.

©

11.10(b). For the natural representation, x,((1)) = 3, x,((12)) =1
and x,((123)) =0, 50 (xp, Xp) = (32 +3-12+2.0) =2. ®

11.14(b) The inverse of y € G* is the character g — x(g7%). ®

11.15(a). We use only the assumption that pa(g)7 = 7p2(g). Let
v € Ker(7). We want to show that w = p1(g)(v) € Ker(7). We have
r(w) = r(p(9)()) = pa(g)(r(v) = pa(g)(0) = O, where we write
0 for the zero vector. Now let v € Im(7), say v = 7(w) for some
w. We want to show p2(g)(v) € Im(7). We find that pa(g)(v) =

p2(9)(1(w)) = 7(p2(g9)(w)) € Im(7). ®
11.22. If g # 1, choose 1 € G* with 1(g) # 1, and consider
n(g) Y x(9)- ®
xeG*

11.25(b). Interpret the sum as an inner product of characters. From
this, what can you say about p as a direct sum of irreducible repre-
sentations? ®
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11.28. We know G = Dy = (a,b|a* = b? = 1,bab = a~!) has five
conjugacy classes, and we label the columns with them. Since G/(a?)
is abelian of order 4, we know the 4 linear characters of this factor
group become 4 linear characters of GG, and we label them xq, x1, X2
and x3. By summing squares of degrees, we know the remaining
irreducible p is of degree 2 and we know from Example 10.11 that it

maps
a : 0 b— 01
0 —i 1 0|

This gives us the following character table:

(1 [a®] [a] [b] [ad]
Yo | 1 1 1 1 1
Yi| 1 1 1 -1 -1
Y2 | 1 1 -1 1 -1
s | 1 1 -1 -1 1
X2 =2 0 0 0 ®

11.29(b). One approach is via the set of class functions as, s =
0,...,t, where as(g) = 1if g € Cs and a,(g) = 0 otherwise. Write o
as a sum of irreducible characters. ®

11.32(a). Let G act on its left cosets modulo N by left multiplication.

11.32(c). Use the fact that for complex numbers z;, |21 + - + 2, | <
|z1| + -+ 4 |zm|, and equality holds if and only if there is a fixed
real number 6 with z; = rjew for r; > 0 and j =1,...,m. This fact
about complex numbers will seem natural if you think of the standard
visual representation of adding complex numbers as adding vectors
in the plane. ®

Chapter 12. Algebraic Number Theory

12.2. Using Theorem 12.1 we know that {v;} = {c + 4e,c, ¢, ¢, c}.
Then ) v; = bc+ 4e = 24, so b¢ = 24 — 4e. This requires € = +1,
and ¢ = 4. That is, {v;} = {8,4,4,4,4}. ®

12.6. Suppose D is a (154, 18,2)-difference set in a group G that
has a normal subgroup N of order 14, so G/N = (aN) is cyclic of
order 11. Let x be the character of G with kernel N that maps a to
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n = e*™/11 The order of 2 modulo 11 is 10, so 2R is a prime ideal
in R = Z[n]. Let v; = [DNa’N|. Then z = X(D) = > v;n’ and
(zR)(ZR) = (2R)* implies z = 4en’ for some ¢ and some ¢ = +1.
It follows that {v;} = {c+4e,c,...,c}, and Y v; = 1lc + 4e = 18.
The only solution is ¢ = —1 and ¢ = 2, which would give a negative
intersection number, and thus is a contradiction. ®

12.9(e) Use Exercise 4.3(d). ®
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Difference sets belong both to group theory and
to combinatorics. Studying them requires tools
from geometry, number theory, and representa-
tion theory. This book lays a foundation for these
topics, including a primer on representations and

characters of finite groups. It makes the research

literature on difference sets accessible to students
who have studied linear algebra and abstract algebra, and it prepares them to do
their own research.

This text is suitable for an undergraduate capstone course, since it illuminates the
many links among topics that the students have already studied. To this end, almost
every chapter ends with a coda highlighting the main ideas and emphasizing
mathematical connections. This book can also be used for self-study by anyone
interested in these connections-and concrete examples.

An abundance of exercises, varying from straightforward to challenging, invites
the reader to solve puzzles, construct proofs, and investigate problems—by hand
or on a computer. Hints and solutions are provided for selected exercises, and
there is an extensive bibliography. The last chapter introduces a number of applica-
tions to real-world problems and offers suggestions for further reading.

Both authors are experienced teachers who have successfully supervised under-

graduate research on difference sets.
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