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Preface

This text is intended to provide a student’s first encounter with the
concepts of measure theory and functional analysis. Its structure
and content were greatly influenced by my belief that good pedagogy
dictates introducing difficult concepts in their simplest and most con-
crete forms. For example, the study of abstract metric spaces should
come after the study of the metric and topological properties of R™.
Multidimensional calculus should not be introduced in Banach spaces
even if the proofs are identical to the proofs for R™. And a course in
linear algebra should precede the study of abstract algebra.

Hence, despite the use of the word “terse” in the title, this text
might also have been called “A (Gentle) Introduction to Lebesgue
Integration”. It is terse in the sense that it treats only a subset of
those concepts typically found in a substantive graduate level analy-
sis course. I have emphasized the motivation of these concepts and
attempted to treat them in their simplest and most concrete form.
In particular, little mention is made of general measures other than
Lebesgue until the final chapter. Indeed, we restrict our attention
to Lebesgue measure on R and no treatment of measures on R" for
n > 1 is given. The emphasis is on real-valued functions but com-
plex functions are considered in the chapter on Fourier series and in
the final chapter on ergodic transformations. I consider the narrow
selection of topics to be an approach at one end of a spectrum whose

xi



xii Preface

other end is represented, for example, by the excellent graduate text
[Ru] by Rudin which introduces Lebesgue measure as a corollary of
the Riesz representation theorem. That is a sophisticated and elegant
approach, but, in my opinion, not one which is suited to a student’s
first encounter with Lebesgue integration.

In this text the less elegant, and more technical, classical con-
struction of Lebesgue measure due to Caratheodory is presented, but
is relegated to an appendix. The intent is to introduce the Lebesgue
integral as a tool. The hope is to present it in a quick and intuitive
way, and then go on to investigate the standard convergence theorems
and a brief introduction to the Hilbert space of L? functions on the
interval.

This text should provide a good basis for a one semester course
at the advanced undergraduate level. It might also be appropriate
for the beginning part of a graduate level course if Appendices B
and C are covered. It could also serve well as a text for graduate
level study in a discipline other than mathematics which has serious
mathematical prerequisites.

The text presupposes a background which a student should pos-
sess after a standard undergraduate course in real analysis. It is terse
in the sense that the density of definition-theorem-proof content is
quite high. There is little hand holding and not a great number of
examples. Proofs are complete but sometimes tersely written. On
the other hand, some effort is made to motivate the definitions and
concepts.

Chapter 1 provides a treatment of the “regulated integral” (as
found in Dieudonné [D]) and of the Riemann integral. These are
treated briefly, but with the intent of drawing parallels between their
definition and the presentation of the Lebesgue integral in subsequent
chapters.

As mentioned above the actual construction of Lebesgue measure
and proofs of its key properties are left for an appendix. Instead the
text introduces Lebesgue measure as a generalization of the concept of
length and motivates its key properties: monotonicity, countable ad-
ditivity, and translation invariance. This also motivates the concept
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of o-algebra. If a generalization of length has these three key prop-
erties, then it needs to be defined on a o-algebra for these properties
to make sense.

In Chapter 2 the text introduces null sets and shows that any
generalization of length satisfying monotonicity and countable addi-
tivity must assign zero to them. We then define Lebesgue measurable
sets to be sets in the o-algebra generated by open sets and null sets.

At this point we state a theorem which asserts that Lebesgue
measure exists and is unique, i.e., there is a function p defined for
measurable subsets of a closed interval which satisfies monotonicity,
countable additivity, and translation invariance.

The proof of this theorem (Theorem 2.4.2) is included in an ap-
pendix where it is also shown that the more common definition of
measurable sets (using outer measure) is equivalent to being in the
o-algebra generated by open sets and null sets.

Chapter 3 discusses bounded Lebesgue measurable functions and
their Lebesgue integral. The last section of this chapter, and some of
the exercises following it, focus somewhat pedantically on the concept
of “almost everywhere.” The hope is to develop sufficient facility with
the concept that it can be treated more glibly in subsequent chapters.

Chapter 4 considers unbounded functions and some of the stan-
dard convergence theorems. In Chapter 5 we introduce the Hilbert
space of L? functions on an interval and show several elementary
properties leading up to a definition of Fourier series.

Chapter 6 discusses classical real and complex Fourier series for
L? functions on the interval and shows that the Fourier series of an
L? function converges in L? to that function. The proof is based on
the Stone-Weierstrass theorem which is stated but not proved.

Chapter 7 introduces some concepts from measurable dynamics.
The Birkhoff ergodic theorem is stated without proof and results on
Fourier series from Chapter 6 are used to prove that an irrational

2

rotation of the circle is ergodic and the squaring map z — z° on the

complex numbers of modulus 1 is ergodic.

Appendix A summarizes the needed prerequisites providing many
proofs and some exercises. There is some emphasis in this section
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on the concept of countability, to which I would urge students and
instructors to devote some time, as countability plays an very crucial
role in the study of measure theory.

In Appendix B we construct Lebesgue measure and prove it has
the properties cited in Chapter 2. In Appendix C we construct a
non-measurable set.

Finally, at the website http://www.ams.org/bookpages/stml-48
we provide solutions to a few of the more challenging exercises. These
exercises are marked with a (x) when they occur in the text.

This text grew out of notes I have used in teaching a one quarter
course on integration at the advanced undergraduate level. With
some selectivity of topics and well prepared students it should be
possible to cover all key concepts in a one semester course.



Chapter 1

The Regulated and
Riemann Integrals

1.1. Introduction

This text is devoted to exploring the definition and properties of the
definite integral. We will consider several different approaches to

/ab f(z) dx

of a function f : [a,b] — R. These definitions will all assign the
same value to the definite integral, but they differ in the size of the
collection of functions to which they apply. For example, we might try
to evaluate the Riemann integral (the ordinary integral of beginning
calculus) of the function

defining the definite integral

fx) =

0, if z is rational,
1, otherwise.

The Riemann integral fol f(x) dx is, as we will see, undefined; but
the Lebesgue integral, which we will develop, has no difficulty with f
and indeed fol f(x) dz = 1.

1



2 1. The Regulated and Riemann Integrals

There are several properties which we want an integral to satisfy
no matter how we define it. It is worth enumerating them at the be-
ginning. We will need to check them and refine them for our different
definitions.

1.2. Basic Properties of an Integral

We will consider the value of the integral of functions in various col-
lections. These collections all have a common domain which, for our
purposes, is a closed interval. They are also closed under the opera-
tions of addition and scalar multiplication. Such a collection is a vec-
tor space of real-valued functions (see, for example, Definition A.9.1).
More formally, recall that a non-empty set of real-valued functions
V defined on a fixed closed interval is a vector space of functions
provided:

(1) If f,g €V, then f+g€V.

(2) If f €V and ¢ € R, then cf € V.
Notice that this implies that the constant function 0 is in V. All of the
vector spaces we consider will contain all of the constant functions.

Three simple examples of vector spaces of functions defined on
some closed interval I are the constant functions, the polynomial
functions, and the continuous functions.

An “integral” defined on a vector space of functions V is a way
to assign a real number to each function in V and each subinterval
of I. For the function f € V and the subinterval [a, b] we denote this
value by fj f(x) dz and call it “the integral of f from a to b.”

All the integrals we consider will satisfy five basic properties
which we now enumerate.

I. Linearity: For any functions f,g € V, any a,b € I, and
any real numbers ¢y, co,

/ " 0 f (&) + eagla) do = 1 / " 1) de+ e / * (&) do.

In particular, this implies that [0 dz = 0.
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II. Monotonicity: If the functions f,g € V satisfy f(z) >
g(x) for all x and a,b € I satisfy a < b, then

/ ' fa) de > / " (@) de.

In particular, if f(x) > 0 for all x and a < b, then

/f ) dz > 0.

ITI. Additivity: For any function f € V, and any a,b,c € I,

/acf(a:) dx:/abf(x) dx+/bcf(x) dx

In particular, we allow a, b and ¢ to occur in any order on the
line and we note that two easy consequences of additivity

/aaf(x)dx:() and /abf(x)d:cz—/baf(x)dm

IV. Constant functions: The integral of a constant function
f(z) = C should be given by

/adex:C(b—a).

If C > 0 and a < b, this just says the integral of f is the
area of the rectangle under its graph.

V. Finite sets don’t matter: If f and g are functions in V
with f(z) = g(x) for all z except possibly a finite set, then
for all a,b € I,

/abf(:c) i = /abg(x) da.

Properties III, IV and V are not valid for all mathematically in-
teresting theories of integration. Nevertheless, they hold for all the
integrals we will consider, so we include them in our list of basic prop-
erties. It is important to note that these are assumptions, however,
and there are many mathematically interesting theories where they
do not hold.



4 1. The Regulated and Riemann Integrals

There is one additional property which we will need. It differs
from the earlier ones in that we can prove that it holds whenever the
properties above are satisfied.

Proposition 1.2.1. (Absolute value). Suppose we have defined

the integral f: f(x) dx for all f in some vector space of functions V
and for all a,b € I. Suppose this integral satisfies properties I-111
above and both f and |f| are in V. Then for any a,b € I with a < b,

[ 1@ ar] < [ 150 a
\/abﬂx) | < —/ablf(x) dr.

Proof. Suppose first that a < b. Since f(x) < |f(z)| for all z we

know that
b b
/ f(z) de < / ()] da

by monotonicity. Likewise, —f(z) < |f(z)], so

/f dx—/ —f(z dx</|f )| dx.

But |fjf (x) dz| is either equal to fa f(x) dz or to 7fa f(z) dz. In
either case f: |f(x)| dx is greater, so

[ 1w ] < [ 15@) ar
If b < a, then

‘/abf(x) dx‘—‘/baf(x) dx‘g/ba|f(x)d:c—/ab|f(x)|dx.
O

1.3. Step Functions

If a > b, then

The easiest functions to integrate are step functions, which we now
define.
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Definition 1.3.1. (Step function). A function f : [a,b] — R is
called a step function provided there are numbers

To=a<T1 <X < < Xp_1<Tp=2>0

such that f(x) is constant on each of the open intervals (x;—1,x;).

It is not difficult to see that the collection of all step functions
defined on [a, b] is a vector space of real-valued functions (see part (1)
of Exercise 1.3.4).

We will say that the points xg =a <1 < - < xp_1 < xp =0b
define an interval partition for the step function f. Note that the
definition states that on the open intervals (z;_1, ;) of the partition
f has a constant value, say ¢;, but it says nothing about the values at
the endpoints. The value of f at the points z; 1 and x; may or may
not be equal to ¢;. Of course when we define the integral this won’t
matter because the endpoints form a finite set.

Since the area under the graph of a positive step function is a
finite union of rectangles, it is fairly obvious what the integral should
be. The i'" of these rectangles has width (z; — 2;_1) and height c;
so we should sum up the areas ¢;(z; — x;—1). If some of the ¢; are
negative then the corresponding ¢;(x; — ;—1) are also negative, but
that is appropriate since the area between the graph and the z-axis
is below the z-axis on the interval (z;_1, ;).

Definition 1.3.2. (Integral of a step function). Suppose f(z) is a
step function with partition xo =a < x1 < T2 < -+ < Tp_1 < Ty =0>b
and suppose f(x) = ¢; for x;—1 < x < x;. Then we define

b n
/ f(z) dx:Zci(xi—xi,l).
@ i=1

We made the “obvious” definition for the integral of a step func-
tion, but in fact, we had absolutely no other choice if we want the
integral to satisfy properties -V above.

Theorem 1.3.3. The integral as given in Definition 1.3.2 is the
unique real-valued function defined on step functions which satisfies
properties I-V of §1.2.
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Proof. Suppose that there is another “integral” defined on step func-
tions and satisfying I-V. We will denote this alternate integral as

f;bf(x) dx

What we must show is that for every step function f(x),

f;bf(x) dx = /abf(a:) dx

Suppose that f has partition zg =a <21 < -+ < Ty_1 < Tp = b
and satisfies f(z) =¢; for ;01 <z < z;.

Then, from the additivity property,

(1.3.1) f{bf(x) do = i?{w F(z) da

But on the interval [z;_1, ;] the function f(z) is equal to the constant
function with value ¢; except at the endpoints. Since functions which
are equal except at a finite set of points have the same integral, the
integral of f is the same as the integral of ¢; on [x;—1, z;]. Combining
this with the constant function property we get

}{ f(x) de = ?{ ¢i dx = ci(x; — xi-1).
Ti—1 Ti—1

If we plug this value into equation (1.3.1) we obtain

j{f(x)dx—;ci( i — Ti—1) /f dx.

Exercise 1.3.4.

(1) Prove that the collection of all step functions on a closed
interval [a,b] is a vector space of functions which contains
the constant functions.

(2) Prove that if zp =a <21 <29 < -+ < Zp_1 <zp=D>bisa
partition for a step function f with value ¢; on (z;—1, ;) and
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Yo=a<y <y < <Y1 < Ym = b is another parti-
tion for the same step function with value d; on (y;—1,¥:),
then

m
cilw; —wi1) = dily; — yj1)-
i=1 j=1
In other words, the value of the integral of a step function
depends only on the function, not on the choice of partition.
Hint: the union of the sets of points defining the two par-
titions defines a third partition and the integral using this
partition is equal to the integral using each of the partitions.

(3) Prove that the integral of step functions as given in Defini-
tion 1.3.2 satisfies properties I-V of §1.2.

1.4. Uniform and Pointwise Convergence

Throughout the text we will be interested in the following question:
If a sequence of functions {f,} “converges” to a limit function f does
the sequence of numbers { f: fn(x) dx} converge to a limit equal to
the integral of the limit function? Put another way, we are interested
in when lim and [ commute, i.e., when is

b b
lim [ fo(z) do = / lim f,(z) dz?

n—oo a

The answer, as we will see, depends on what we mean by the sequence
of functions “converging,” i.e., what does lim f,, mean. It turns out
there are many interesting (and very different) choices for what we
might mean. Among the types of convergence that we will consider
the strongest is called uniform convergence. We recall its definition.

Definition 1.4.1. (Uniform convergence). A sequence of func-
tions {fm} is said to converge uniformly on [a,b] to a function f if
for every € > 0 there is an M (independent of z) such that for all
x € [a,b],

|f(z) — fm(z)| < & whenever m > M.

We contrast this with the following much weaker notion of con-
vergence.
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Definition 1.4.2. (Pointwise convergence). A sequence of func-
tions {fm} is said to converge pointwise on [a,b] to a function f if
for each ¢ > 0 and each = € [a,b] there is an M, (depending on x)
such that

|f(x) — fr(x)|] < & whenever m > M,.

On first encountering these two types of convergence of functions
it is difficult to appreciate how different they are and how different
their consequences can be. The point of Examples 1.4.3 and 1.5.4
below and Exercise 1.5.6 parts (6) and (7) is to illustrate some of
the ways these concepts differ and to emphasize the importance of
the distinction. It should be immediately clear that a sequence of
functions which converges uniformly to f also converges pointwise to
f. The following example shows that the converse of this statement
is not true.

Example 1.4.3. For m € N define the functions f,, : [0,1] — R by

fo(e) = {o, if o = 1;

™, otherwise.

Then for any fixed z¢ € [0,1] it is clear that lim f"(z) = 0. That
n—oo
is, the sequence {f,} converges pointwise to the constant function 0.

On the other hand, it does not converge uniformly to 0. For
example, if ¢ = 1/3 we can never have |f,,,(z) —0| < ¢ for all z € [0, 1]
since if ,, = 1/2Y/™, then f(x,,) = 1/2.

1.5. Regulated Integral

We now want to define the integral of a more general class of func-
tions than just step functions. Since we know how to integrate step
functions it is natural to try to take a sequence of better and better
step function approximations to a more general function f and define
the integral of f to be the limit of the integrals of the approximat-
ing step functions. For this to work we need to know that the limit
of the integrals exists and that it does not depend on the choice of
approximating step functions. It turns out that all of this works if
the more general function f can be uniformly approximated by step
functions, i.e., if there is a sequence of step functions which converges
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uniformly to f. As is typical in mathematics when we have a col-
lection of objects which behave in a way we like we make it into a
definition.

Definition 1.5.1. (Regulated function). A function f : [a,b] — R
is called regulated provided there is a sequence {fm} of step functions
which converges uniformly to f.

Another way to state this is to say a regulated function is one
which can be uniformly approximated as closely as we wish by a step
function. We can now prove that the limit of the integrals of the
approximating step functions always exists and does not depend on
the choice of approximating step functions.

Theorem 1.5.2. Suppose {fm} is a sequence of step functions on
[a,b] converging uniformly to a regulated function f. Then the se-
quence of numbers {f; fm(z) dx} converges. Moreover, if {gm} is
another sequence of step functions which also converges uniformly to

f then,
b b

lim fm(z) dz = lim gm(z) dz.
m—0o0 a m—0o0 a
Proof. Let z,, = f: fm(x) dz. We will show that the sequence {z,,}
is a Cauchy sequence and hence has a limit. To show this sequence
is Cauchy we must show that for any € > 0 there is an M such that
|zp — 24| < & whenever p,q > M.

Since {fn} is a sequence of step functions on [a,b] converging
uniformly to f, if we are given € > 0, there is an M such that for all
x € [a, b],

|f(z) — f(z)] < ﬁ whenever m > M.

Hence, whenever p,q > M,

(1.5.1) [fp(@) = fo(@)] < [fo(x) = F(@)] + [f(z) = fy()]
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Therefore, whenever p,q > M,

/b_

where the first inequality comes from the absolute value property
of Proposition 1.2.1 and the second follows from the monotonicity
property and equation (1.5.1). This shows that the sequence {z,,} is
Cauchy and hence converges.

Now suppose that {gm,} is another sequence of step functions
which also converges uniformly to f. Then for any € > 0 there is an
M such that for all z,

[f(2) = fm(2)| <& and |f(z) - gm(z)| <€

whenever m > M. It follows that

[fm(2) = gm (@) < [fm(2) = f(2)| + | f(2) = gm(2)] < 2¢.

Hence, using the absolute value and monotonicity properties, we see

‘/b fm(®) = gm () dl“ < /b | fn () — gm ()] dx
a ab
< / 2e dx = 2e(b — a),

for all m > M. Since ¢ is arbitrarily small we may conclude that

n}gnm ‘ /b fm(z) dx — /bgm(x) dx‘
/ Fn(@) — g )dx‘ —0.

= lim

This implies

This result enables us to define the regulated integral.
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Definition 1.5.3. (Regulated integral). If f is a regulated func-
tion on [a,b], we define the regulated integral by

/a " f(a) do = lim_ / () d

where {fn} is any sequence of step functions converging uniformly to

1.

One might well ask if we can take the same approach and define
an integral for functions which are the limits of pointwise conver-
gent sequences of functions. Unfortunately, this does not work as the
following example shows.

Example 1.5.4. For each n € N define a step function on [0, 1] by

fn(z) = {2n2’ if2 €[50,

0, otherwise.

Notice that if 2o € (0,1] and 1/n < g, then f,(z¢) = 0; so clearly
lim f,,(zo) = 0 for every xzq. Also, f,(0) = 0 for all n. In other words,
the sequence of functions {f,} converges pointwise to the constant
function f = 0.

However, fol fn(z) dz = n so the sequence of integrals diverges
while the integral of the limit function f = 0 has the value 0.

This should be contrasted with part (6) of Exercise 1.5.6 which
shows that if a sequence of functions {f,} converges uniformly to a
function f, then under very general hypotheses,

lim fn dx—/f

n—oo

For the definition of regulated integral to be interesting it is im-
portant that there are lots of regulated functions which we might
want to integrate. This is indeed the case since the regulated func-
tions include all continuous functions on a closed interval [a, b].

Theorem 1.5.5. (Continuous functions are regulated). Fvery
continuous function f :[a,b] — R is a regqulated function.
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Proof. A continuous function f(x) defined on a closed interval [a, b] is
uniformly continuous (see Theorem A.8.2). That is, given € > 0 there
is a corresponding ¢ > 0 such that | f(z)— f(y)| < € whenever |z—y| <
0. Let €, = 1/2™ and let ¢,, be the corresponding § guaranteed by
uniform continuity.

Fix a value of n and choose a partition xg = a < z1 < 22 < -+ <
Ty = b with x; —z;_1 < J,. For example, we could choose m so large
that if we define Az = (b — a)/m, then Az < §,, and then we could
define z; to be a + iAz. Next we define a step function f,, by

fu(x) = f(z;) for all x € [x;—1,x;).

That is, on each half open interval [z;_1, ;) we define f, to be the
constant function whose value is the value of f at the left endpoint
of the interval. The value of f,,(b) is defined to be f(b).

Clearly, f.(x) is a step function with the given partition. We
must estimate its distance from f. Let x be an arbitrary point of
[a,b]. It must lie in one of the open intervals of the partition or be
an endpoint of one of them; say x € [z;_1,2;). Then since f,(z) =
fn(xiz1) = f(x;-1) we may conclude that

[f(@) = fu(@)] < [f(@) = flzio1)| <en
because of the uniform continuity of f and the fact that |z — x;_1| <
O
Thus we have constructed a step function f,, with the property
that for all z € [a, b],

/(@) = ful2)] < en.

So the sequence {f,} converges uniformly to f and f is a regulated
function. O

Exercise 1.5.6.

(1) Show that the continuous function f(z) = 1/x on the open
interval (0,1) is not regulated, i.e., it cannot be uniformly
approximated by step functions.

(2) Give an example of a bounded continuous function on the
open interval (0,1) which is not regulated.
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(3) Give an example of a sequence of step functions which con-
verges uniformly to f(z) =z on [0, 1].

(4) Prove that the collection of all regulated functions on a
closed interval [ is a vector space which contains the con-
stant functions.

(5) Prove that the regulated integral, as given in (1.5.3), satisfies
properties [-V of §1.2.

(6) Suppose an integral | satisfying properties I-V of §1.2 has
been defined for all functions f : [a,b] — R in some vector
space of functions V. Prove that if {f,} is a sequence of
functions in ¥V which converges uniformly to f € V, then

lim fn ) dx = / flx

n—oo

(7) Suppose f : [0, 1] — R is continuous on (0, 1). Prove there is
a sequence of step functions {f,} which converge pointwise
to f on [0, 1].

(8) (%) Prove that f is a regulated function on I = [a,b] if and
only if both of the limits

lim+ f(z) and lim f(z)

exist for every ¢ € (a,b). (See section VIL.6 of Dieudonné
D)

1.6. The Fundamental Theorem of Calculus

The most important theorem of elementary calculus asserts that if f
is a continuous function on [a,b] then its integral ff f(x) dz can be
evaluated by finding an anti-derivative. More precisely, if F'(x) is an
anti-derivative of f then

b
/ F(@) dz = F(b) — Fla).

We now can present a rigorous proof of this result. We will actually
formulate the result in a slightly different way and show that the
result above follows easily from that formulation.
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Theorem 1.6.1. If f is a continuous function and we define

0= [ " p) d,

then F is a differentiable function and F'(z) = f(x).

Proof. By definition

oy Flzo+h) = Fzo)
Fo) = o h |

so we need to show that

lim F(l‘o + h) — F(ZEQ) _ f(x0)7

h—0 h

or, equivalently,
F(f,C() + h) - F(xo)
h

lim ‘
h—0

To do this we note that
F(zo +h) — F(xo)

- f(xo)‘ =0.

JE p () dt

(1.6.1) ‘ h —f(ﬂﬁo)’: h —f(wo)’
T p@) dt = f(wo)h
R |
_ LR ) ~ F o)) df
\h|

Proposition 1.2.1 tells us that

zo+h
| w0 - s d <

0

xo+h

7(t) = f(ao)] at

o
Combining this with equation (1.6.1) above we obtain
a: +h
Plag+h) = Flzo) ’ | [0 F () = (o) di
h I '
But the continuity of f implies that given xg and any € > 0 there

exists § > 0 such that whenever |t—xg| < & we have |f(t)— f(z0)] < €.
Thus, if |h| < 6, then | f(t) — f(x0)| < € for all ¢ between z¢ and xg+h.

It follows that
d?()Jrh
\/ Fao)| dt] < ||

(1.6.2) ‘
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and hence that

zo+h
| Ly T 17 () = fxo)] dt|
<e
|h
Putting this together with the inequality (1.6.2) above we have that
F h)—F
Eot W) 2 FE) )| <
whenever |h| < §, which is exactly what we needed to show. O

Corollary 1.6.2. (Fundamental theorem of calculus). If f is a
continuous function on [a,b] and F is any anti-derivative of f, then

b
/ f(z) de = F(b) — F(a).

Proof. Define the function G(x) = [ f(t) dt. By Theorem 1.6.1 the
derivative of G(x) is f(z) which is also the derivative of F'. Hence
F and G differ by a constant, say F(z) = G(z) + C (see Corollary
A.8.4).

Then
F(b) — F(a) = (G() + C) — (G(a) + C)
=G(b) — G(a)

—/abf(:c) d:c/aaf(x)dx

= /ab f(z) dx.

Exercise 1.6.3.

(1) Prove that if f : [a,b] — R is a regulated function and
F : [a,b] — R is defined by F(z) = [” f(t) dt, then F is
continuous.

(2) Let S denote the set of all functions F : [a,b] — R which can
be expressed as F(z) = [ f(t) dt for some step function f.
Prove that S is a vector space of functions, each of which
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has a derivative except at a finite set. Suppose that f,g € S
and g¢([a,b]) C [a,b]. Prove that h(z) = f(g(z)) is in S.

(3) Let f : [a,b] — C be a complex-valued function and sup-
pose its real and imaginary parts, u(z) = R(f(z)) and
v(z) = S(f(x)), are both continuous. We can then define
the derivative (if it exists) by df /dz = du/dxz + idv/xz and
the integral by

/f da:—/ u(x) da:—!—i/abv(x) dx.

(a) Prove that if F': [a,b] — C has a continuous derivative
f(z) then

b
| #@) dz=F®) - Pla)

i.e., the fundamental theorem of calculus holds.
(b) Prove that, if ¢ € C and F(z) = e for z € [a, b], then
dF/dx = ce®®. Hint: Use Euler’s formula:

e = cosf + isinf

for all 8 € R.
(¢) Prove that, if ¢ € C is not 0, then

b cb ca
e’ —e
/ e dp = —+——.
a c

1.7. The Riemann Integral

We can obtain a larger class of functions for which a good integral
can be defined by using a different method of comparison with step
functions.

Suppose that f(x) is a bounded function on the interval I = [a, b]
and that it is an element of a vector space of functions which contains
the step functions and for which there is an integral defined satisfying
properties I-V of §1.2. If u(x) is a step function satisfying f(z) <
u(z) for all € I, then monotonicity implies that if we can define
f: f(x) dz it must satisfy f: f(x) dr < f ) du.

This is true for every step function u satlsfylng f(@) < u(x) for all
z € I. Let U(f) denote the set of all step functions with this property.
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Then if we can define fab f(z) dx in a way that satisfies monotonicity
it must also satisfy

(1.7.1) /abf(x) d;v<inf{/abu(x) dx ‘ uEZ/{(f)}.

The infimum exists because all of the step functions in U(f) are
bounded below by a lower bound for the function f.
Similarly, we define L(f) to be the set of all step functions v(x)

such that v(z) < f(z) for all z € I. Again, if we can define fj f(z) dzx
in such a way that it satisfies monotonicity it must also satisfy

(1.7.2) sup { /ab v(z) dz ‘ veL(f) } < /ab f(z) du.

The supremum exists because an upper bound for the function f is
an upper bound for all of the step functions in U(f).

Putting inequalities (1.7.1) and (1.7.2) together, we see that if
V is any vector space of bounded functions which contains the step
functions and we manage to define the integral of functions in V in a
way that satisfies monotonicity, then this integral must satisfy

sup{/abv(x) dx ’ vGE(f)}S/abf(x) dx
Sinf{/abu(x) dx ‘ ueU(f)}

for every f € V. We next observe that even if we cannot define an
integral for f we still have the inequality relating the expressions at
the ends.

Proposition 1.7.1. Let f be any bounded function on the interval
I = [a.b]. LetU(f) denote the set of all step functions u(z) on I such
that f(z) < w(z) for all x and let L(f) denote the set of all step
functions v(x) such that v(z) < f(x) for all x. Then

sup{/abv(x) dx ‘ Ueﬁ(f)} Sinf{/abu(x) dz ’ uebl(f)}.

Proof. If v € L(f) and u € U(f), then v(z) < f(x) < u(z) for all
x € I, so monotonicity implies that fjv(x) dr < f; u(z) dz. Hence,
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if
V—{/abv(:c) dx’vGﬁ(f)} and U{/abu(z) d:c‘uel/{(f)},

then every number in the set V is less than or equal to every number
in the set U. Thus, supV < inf U as claimed. O

It is not difficult to see that sometimes the two sides of this in-
equality are not equal (see Exercise 1.7.7 below); but if it should
happen that

sup{/abv(x) dx ‘ Ueﬁ(f)} :inf{/abu(x) dx ’ uebl(f)},

then we have only one choice for f; f(z) dz; it must be this common
value.

This motivates the definition of the next vector space of functions
that can be integrated. Henceforth, we will use the more compact
notation

b b
sup {/ v(x) dx} instead of sup{/ v(x) dx ‘ vE E(f)}
veEL(f) a a
and

inf {/abu(x) dx} instead of inf{/ab u(z) dz ‘ u € Z/l(f)}

ueld(f)

Definition 1.7.2. (Riemann integral). Suppose f is a bounded
function on the interval I = [a,b]. Let U(f) denote the set of all step
functions u(x) on I such that f(z) < u(x) for all x and let L(f)
denote the set of all step functions v(z) such that v(z) < f(x) for all
xz. The function f is said to be Riemann integrable provided

U:Iﬁl}({)f) { /ab v(x) dm} = ueigff) { /ab u(x) da:}.

In this case its Riemann integral f; f(x) dx is defined to be this com-
mon value.

There is a simple test for when a function f is Riemann integrable.
For any € > 0 we need only find a step function u greater than f and
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a step function v less than f such that the difference of the integrals
of u and v is less than e.

Theorem 1.7.3. A bounded function f : [a,b] — R is Riemann
integrable if and only if, for every € > 0 there are step functions vy
and ug such that vo(x) < f(z) < wuo(x) for all x € [a,b] and

/abuo(x) dx — /abvo(x) dx <e.

Proof. Suppose the functions vy € L£(f) and ug € U(f) have integrals
within € of each other. Then

/ab vo(z) da < vglﬁl?f) { /abv(:c) d:r}

< i ([ o027

b
S/ ug(x) dz,

where the second inequality follows from Proposition 1.7.1.

This implies

[} ([0 ) <

Since this is true for all € > 0, we conclude that f is Riemann inte-
grable.

Conversely, if f is Riemann integrable, then from the properties
of the infimum there exists a step function ug € U(f) such that

b b . b .
/a uo(x) dx <u€igff){/a u(z) dx}—|—§=/a f(z) da:—|—§.
Thus,

/abuo(:c) do — /abf(x) do < %
(

Similarly, there exists a step function vg € L(f) such that

/abf(:p) do — /abvo(x) do < %
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Hence,

b b
/ uo(z) dz —/ volx) de <e/2+¢e/2=¢,

a a
and ug and vy are the desired functions. Il
There are several facts about the relation with the regulated in-
tegral that must be established. Every regulated function is Riemann
integrable, but there are Riemann integrable functions which have no
regulated integral. Whenever a function has both types of integral

the values agree. We start by giving an example of a function which
is Riemann integrable, but not regulated.

Example 1.7.4. Define the function f : [0,1] — R by
1, ifxz%forneN;

1) =
i) {O, otherwise.

Then f(z) is Riemann integrable and fol f(z) dz = 0, but it is not
regulated.
Proof. We define a step function u,,(z) by
1, ifo<az<i:
Um () = "
f(x), otherwise.

A partition for this step function is given by

1
_1<~-~<xm_1=§<xm:1.

Note that u,,(x) > f(x). Also, fol U (2) dz = L. This is because it
is constant and equal to 1 on the interval [0, %] and except for a finite
number of points it is constant and equal to 0 on the interval [%, 1].
Hence,

i L v ae) < e { [ as) = o (1} =0

Also, the constant function 0 is < f(z) and its integral is 0, so

1
0< sup {/ v(x) dx}.
veEL(f) 0

1
To=0<21=— <29 =
m
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Putting together the last two inequalities with Proposition 1.7.1 we
obtain

1 1
0< su v(z) dry < inf / u(z) dry <0.
veﬁ?f) {/o (=) } ueu(f){ 0 (@) }

So all of these inequalities are equalities and by definition, f is Rie-
mann integrable with integral 0.

To see that f is not regulated suppose that g is an approximating
step function with partition zg = 0 < z; < -+ < x, = 1 and
satisfying |f(x) — g(z)| < ¢ for some € > 0. Then g is constant, say
with value ¢; on the open interval (0,x;).

There exist points a1, as € (0,21) with f(a;) =0 and f(a2) = 1.

So
le1] = |er — 0 = |g(a1) — fa1)| <¢
and
1 —cif = [f(az) — g(az)| <e.
But

|Cl|+‘l—61| 2 |Cl+1—01| = 1,
so at least one of |¢i| and |1 — ¢1]| must be > 1/2. This implies that
€ > 1/2. That is, f cannot be uniformly approximated by any step
function to within € if € < 1/2. So f is not regulated. O

Theorem 1.7.5. (Regulated implies Riemann integrable). Ev-
ery requlated function f is Riemann integrable and the requlated in-
tegral of f is equal to its Riemann integral.

Proof. If f is a regulated function on the interval I = [a, b], then,
for any € > 0, it can be uniformly approximated within € by a step
function. In particular, if e, = 1/2", there is a step function g, (x)
such that |f(z) — gn(x)| < &, for all z € I. The regulated integral
ff f(z) dx was defined to be lim f; gn () du.

We define two other approximating sequences of step functions for
f-Let up(x) = gn(x)+1/2" and v, (x) = gn(z) —1/2™. Then u,(z) >
f(z) for all x € T because un(z)— f(z) = 1/2"+g,(x)— f(z) > 0 since
lgn(x) — f(x)| < 1/2™. Similarly, v, (x) < f(x) for all z € I because
f(@) = vn(x) =1/2" + f(z) — gn(z) = 0 since | f(2) — gn(x)| < 1/2".
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Since
Un () = vn () = gn(x) + 1/2" = (gn(x) — 1/2") = 1/2"7,

we have

/:un(x) dx — /ab vp(2) do = /abun(x) — v, (2) do

b
1
= /a gn-1 0@
b—a
2n—1
Hence, we may apply Theorem 1.7.3 to conclude that f is Riemann
integrable.

Also,
b b 1 b
nango gn(z) dz = nlgrolo/ v (x) + o dox = nILH;O v () dz,
and
b b b
lim gn(z) dz = lim Up () — o dx = lim un () dr.

Since for all n,

/abvn(ac) dmg/abf(x) dxg/abun(x) dx,

we conclude that

n—oo

b b
lim gn(x) dx = / f(z) du.

a a
That is, the regulated integral equals the Riemann integral. 0

Theorem 1.7.6. The set R of bounded Riemann integrable functions
on an interval I = [a,b] is a vector space containing the vector space
of regulated functions.

Proof. We have already shown that every regulated function is Rie-
mann integrable. Hence, we need only show that whenever f,g € R
and r € R we also have (f 4+ g) € R and rf € R. We will do only the
sum and leave the product as an exercise.
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Suppose € > 0 is given. Since f is Riemann integrable there are
step functions uy and vy such that ve(z) < f(x) < uyp(z) for z € I
(i.e., uy € U(f) and vy € L(f)) and with the property that

/abuf(x) dx — /:Uf(x) dr <e.

Similarly, there are u, € U(g) and vy € L(g) with the property that
/bug(x) dx — /bvg(x) dzx < e.
This implies that ' '
/b(uf + ug)(z) doe — /b(vf +v,)(z) dx < 2e.

Since (uy +ug) € U(f + g) and (v +v,y) € L(f + g), we may
conclude that

b b
inf u(z) dry — su / v(x) dxy < 2e.
u€U(f+g) { /a (=) } UGE(JPJrg) { a (=) }

As £ > 0 is arbitrary, we conclude that

b b
inf / u(x) dry = su / v(z) dx
u€U(f+g) { a ( ) } 'UE,C(JP+g) { a ( ) }
and hence (f +g) € R. O

Exercise 1.7.7.

(1) At the beginning of this chapter we mentioned the function
f :[0,1] — R which has the value f(z) = 0 if z is rational
and 1 otherwise. Prove that for this function

1
sup {/ v(x) dx} =0
veL(f) ~ /0

ueigff) { /01 u(x) dx} =1.

Hence, f is not Riemann integrable.

and

(2) Prove that the absolute value of a Riemann integrable func-
tion is Riemann integrable.
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(3)

Suppose f and g are Riemann integrable functions defined
on [a,b]. Prove that if h(z) = max{f(z),g(z)}, then h is
Riemann integrable. This generalizes to the max of a finite
set of functions, but not of infinitely many. Show there exists
a family {f, }nen of step functions such that for each n and
each = € [a, b] the value of f,(x) is either 0 or 1 and yet the
function defined by g(z) = max{f,(z)}nen is not Riemann
integrable.

Prove that if f and g are bounded Riemann integrable func-
tions on an interval [a,b], then so is fg. In particular, if
r € R, then rf is a bounded Riemann integrable function
on [a, bl.



Chapter 2

Lebesgue Measure

2.1. Introduction

In the previous section we studied two definitions of integration that
were based on two important facts: (1) There is only one obvious
way to define the integral of step functions assuming we want it to
satisfy certain basic properties, and (2) these properties force the def-
inition for the integral for more general functions which are uniformly
approximated by step functions (regulated integral) or squeezed be-
tween step functions whose integrals are arbitrarily close (Riemann
integral).

To move to a more general class of functions we first find a more
general notion to replace step functions. For a step function f there
is a partition of I = [0, 1] into intervals on each of which f is con-
stant. We now would like to allow functions for which there is a finite
partition of I into sets on each of which f is constant, but with the
sets not necessarily intervals. For example, we will consider functions
such as

(2.1.1)

3, if z is rational,
fz) = .
2, otherwise.
The interval I is partitioned into two sets, A = INQ and B =
INQ¢°, i.e., the rational points of I and the irrational points. Clearly,

25
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the integral of this function should be 3len(A) 4 2len(B), but only
if we can make sense of len(A) and len(B). That is the problem to
which this chapter is devoted. We want to generalize the concept of
length to include as many subsets of R as we can. We proceed in
much the same way as in previous chapters. We first decide what are
the “obvious” properties this generalized length must satisfy to be of
any use, and then try to define it by approximating with simpler sets
where the definition is clear, namely sets of intervals.

The generalization of length we want is called Lebesgue measure.
Ideally, we would like it to work for any subset of the interval I =
[0, 1], but it turns out that this is not possible to achieve.

There are several properties which we want any notion of “gener-
alized length” to satisfy. These are analogous to the basic properties
we required for a definition of integral in Chapter 1. For each bounded
subset A of R we would like to be able to assign a non-negative real
number p(A) that satisfies the following:

I. Length: If A = (a,b) or [a,b], then u(A) =len(A) =b— a,
i.e., the measure of an open or closed interval is its length.

II. Translation invariance: If A C R is a bounded subset
of R and ¢ € R, then pu(A+ ¢) = u(A), where A + ¢ denotes
the set {x +c |z € A}.

II1. Countable additivity: If {4,,}5° is a countable collec-
tion of bounded subsets of R, then

n=1 n=1

and if the sets are pairwise disjoint, then

1( U Ap) = Z 1(Ap).

Note that for a finite collection {A,}" ; of bounded sets
the same conclusion applies (just let 4; = () for ¢ > m).
IV. Monotonicity: If A C B, then u(A) < u(B). Actually,
this property is a consequence of additivity since A and B\ A

are disjoint and their union is B.
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It should be fairly clear why most of these properties are abso-
lutely necessary for any sensible notion of length. The only exception
is property III, which deserves some comment. We might ask that ad-
ditivity holds only for finite collections of sets, but that is too weak.
For example, if we had a collection of pairwise disjoint intervals of
length 1/2,1/4,1/8,...1/2™ ..., etc., then we would certainly like to
be able say that the measure of their union is the sum »_1/2" =
which would not follow from finite additivity. Alternatively, one might
wonder why additivity is only for countable collections of pairwise dis-
joint sets. But it is easy to see why it would lead to problems if we
allowed uncountable collections. Suppose A, = {z} is the set con-
sisting of a single point « € [0, 1]. Then u(A,) = 0 by property I. But
[a, b] is an uncountable set and hence an uncountable union of pair-
wise disjoint sets each containing a single point, namely each of the
sets A, for = € [a,b]. Hence, “uncountable additivity” would imply
that p([a,b]) = b—a is an uncountable sum of zeroes. This is the main
reason the concept of uncountable sums isn’t very useful. Indeed, we
will see that the concept of countability is intimately related to the
concept of measure.

Unfortunately, as mentioned above, it turns out that it is im-
possible to find a p which satisfies [-IV and which is defined for all
bounded subsets of the reals; but we can do it for a very large col-
lection which includes all the open sets and all the closed sets. The
measure we are interested in using is called Lebesque measure. Its
actual construction is slightly technical and we have relegated that
to an appendix. Instead, we will focus on some of the properties of
Lebesgue measure and how it is used.

2.2. Null Sets

One of our axioms for the regulated integral was, “Finite sets don’t
matter.” Now we want to generalize that to say that a set doesn’t
matter if its “generalized length,” or measure, is zero. It is a some-
what surprising fact that even without defining Lebesgue measure in
general we can easily define those sets whose measure must be 0 and
investigate the properties of these sets.
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Definition 2.2.1. (Null set). A set X C R is called a null set if
for every € > 0 there is a collection of open intervals {U,};2; such
that

ilen(Un) <e and X C G U,.

n=1 n=1

Notice that this definition makes no use of the measure p. Indeed,
we have not yet defined the measure p for any set X! However, it is
clear that if we can do so in a way that satisfies properties I-IV above,
then if X is a null set, u(X) < € for every positive €. This, of course,
implies p(X) = 0.

If X is a null set, we will say that its complement X¢ has full
measure.

Exercise 2.2.2.

(1) Prove that a finite set is a null set.

(2) Prove that a countable union of null sets is a null set (and
hence, in particular, countable sets are null sets).

(3) Assuming that a measure p has been defined and satisfies
properties I-IV above, find the numerical value of the inte-
gral of the function f(z) defined in equation (2.1.1). Prove
that the Riemann integral of this function does not exist.

(4) Prove that if X is a countable compact subset of R, then
for any € > 0 there is a finite collection of pairwise disjoint
open intervals {Uy }}'_, such that

Zlen(Uk) <e and X C U Ug.

k=1 k=1
Use this to prove that any closed interval [a,b] with b > a is
uncountable.

It is not true that countable sets are the only sets which are null
sets. We give an example in Exercise 2.5.4 below, namely, the Cantor
middle third set, which is an uncountable null set.



2.3. Sigma Algebras 29

2.3. Sigma Algebras

As mentioned before there does not exist a function p satisfying prop-
erties I-IV from Section 2.1 and which is defined for every subset of
I = [0,1]. In this section we want to consider what is the best we
can do. Is there a collection of subsets of I for which we can define a
“generalized length” or measure p which satisfies properties I-IV and
which is large enough for our purposes? And what properties would
such a collection need to have?

Suppose we have somehow defined p for all the sets in some col-
lection A of subsets of I and it satisfies properties I-IV. Property I
only makes sense if p is defined for open and closed intervals, i.e., we
need open and closed intervals to be in A. For property III to make
sense we will need that any countable union of sets in A is also in A.
Finally, it seems reasonable that if A is a set in the collection 4, then
the set A, its complement in I, should also be in A.

All of this motivates the following definition.

Definition 2.3.1. (Sigma algebra). Suppose X is a set and A is
a collection of subsets of X. A is called a o-algebra of subsets of X
provided it contains the set X and is closed under taking complements
(with respect to X ), countable unions, and countable intersections.

In other words, if A is a g-algebra of subsets of X, then any com-
plement (with respect to X) of a set in A is also in A, any countable
union of sets in A is in 4, and any countable intersection of sets in
A is in A. In fact, the property concerning countable intersections
follows from the other two and Proposition A.5.3 which says that the
intersection of a family of sets is the complement of the union of the
complements of the sets. Also note that, if A, B € A, then their set
difference A\ B={x € A | x ¢ B} is in A because A\ B = AN B°.

Since X is in any o-algebra of subsets of X (by definition), so
is its complement, the empty set. A trivial example of a o-algebra
of subsets of X is A = {X, 0}, i.e., it consists of only the whole set
X and the empty set. Another example, at the other extreme, is
A =P(X), the power set of X, i.e., the collection of all subsets of X.
Several more interesting examples are given in the exercises below.
Also, in these exercises we ask you to show that any intersection of
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o-algebras is a g-algebra. Thus, for any collection C of subsets of R
there is a smallest o-algebra of subsets of R which contains all sets
in C, namely the intersection of all o-algebras containing C (there is
a least one such o-algebra, namely the power set P(R)).

Definition 2.3.2. (Borel sets). If C is a collection of subsets of R
and A is the the smallest o-algebra of subsets of R which contains all
the sets of C, then A is called the o-algebra generated by C. Let B be
the o-algebra of subsets of R generated by the collection of all open
intervals. B is called the Borel o-algebra and elements of B are called
Borel sets.

In other words, B is the collection of subsets of R which can
be formed from open intervals by any finite sequence of countable
unions, countable intersections, or complements. The o-algebra B
can also be described as the o-algebra generated by open subsets of
R, or by closed intervals, or by closed subsets of R (see part (5) of
Exercise 2.3.3 below).

Exercise 2.3.3.

(1) Let A= {A C I| Ais countable, or A° is countable}. Prove
that A is a o-algebra.

(2) Let A={A C I| Aisanull set, or A°is a null set}. Prove
that A is a g-algebra.

(3) Suppose A, is a o-algebra of subsets of X for each A in some
indexing set A. Prove that

A=A
AEA
is a o-algebra of subsets of X.

(4) Let A be a o-algebra of subsets of R and suppose I is a
closed interval which is in A. Let A(I) denote the collection
of all subsets of I which are in A. Prove that A(I) is a
o-algebra of subsets of I.

(5) Suppose C; is the collection of closed intervals in R, Cy is the

collection of all open subsets of R, and C3 is the collection
of all closed subsets of R. Let B; be the o-algebra generated
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by C;. Prove that By, By, and B3 are all equal to the Borel
o-algebra B.

2.4. Lebesgue Measure

The o-algebra of primary interest to us is the one generated by
Borel sets and null sets. Alternatively, as a consequence of Exer-
cise 2.3.3 (5), it is the o-algebra of subsets of R generated by open
intervals, and null sets, or the one generated by closed intervals and
null sets.

Definition 2.4.1. (Lebesgue measurable set). The o-algebra of
subsets of R generated by open intervals and null sets will be denoted
by M. Sets in M will be called Lebesque measurable, or measurable
for short. If I is a closed interval, then M(I) will denote the Lebesgue
measurable subsets of I.

For simplicity we will focus on subsets of I = [0, 1] though we
could just as well use any other interval. Notice that it is a conse-
quence of part (4) of Exercise 2.3.3 that M(I) is a o-algebra of subsets
of I. It is by no means obvious that M is not the o-algebra of all
subsets of R. However, in Appendix C we will construct a subset of
I which is not in M.

We are now ready to state the main theorem of this chapter.
Theorem 2.4.2. (Existence of Lebesgue measure).  There
exists a unique function u, called Lebesgue measure, from M(I) to
the non-negative real numbers satisfying:

I. Length: If A = (a,b), then p(A) =len(A) = b—a, i.e., the
measure of an open interval is its length.

I1. Translation invariance: Suppose A € M(I), ¢ € R and
A+c C I where A+ c denotes the set {x+c | v € A}. Then
(A+c) e M(I) and p(A+c) = u(A).

II1. Countable additivity: If {A,}22, is a countable col-
lection of elements of M(I), then

n=1
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and if the sets are pairwise disjoint, then

p(J An) =D n(An).

IV. Monotonicity: IfA, B € M(I) and A C B, then u(A) <
u(B).

V. Null sets: If a subset A C I is a null set, then A € M(I)
and p(A) = 0. Conversely, if A € M(I) and u(A) =0, then
A is a null set.

VI. Regularity: If A € M(I), then

w(A) = inf{u(U) |U is open and A C U}.

Note that the countable additivity of property IIT implies the
analogous statements about finite additivity. Given a finite collec-
tion {A,}™ , of sets just let A; = @ for ¢« > m and the analogous
conclusions follow.

We have relegated the proof of this theorem to Appendix A, be-
cause it is somewhat technical and it is a diversion from our main
task of developing a theory of integration. However, it is worth not-
ing that properties I, IIT and VI imply the other three and we have
included this as an exercise in this section.

Recall that set difference A\ B = {xz € A | x ¢ B}. Since we
are focusing on subsets of I complements are with respect to I, so
A =T\ A.

Proposition 2.4.3. If A and B are in M(I), then A\ B is in M(I)
and p(AU B) = u(A\ B) + u(B). In particular, if I = [0,1], then
u(I) = 1, 50 ju(A4) = 1 — pu(4).

Proof. Note that A\ B = AN B¢ which is in M(I). Also, A\ B
and B are disjoint and their union is A U B. So additivity implies
that (A \ B) + u(B) = u(A U B). Since A° = T\ A this implies
PANT) + p(A) = p(A°U A) = p(I) = 1. O

We have already discussed properties I-IV and null sets, but prop-
erty VI is new and it is worth discussing. It is extremely useful be-
cause it allows us to approximate arbitrary measurable sets by sets
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we understand better. In fact, it gives us a way to approximate any
measurable set A “from the outside” by a countable union of pairwise
disjoint open intervals and “from the inside” by a closed set. More
precisely, we have the following:

Proposition 2.4.4. (Regularity). If A € M(I) and € > 0, then
there is a closed set C C A such that

n(C) > u(A) — ¢
and a countable union of pairwise disjoint open intervals U = |JU,
such that
ACU and pU) < pu(A) +e.

Proof. Given ¢ > 0 the existence of an open set U with A C U
and pu(U) < u(A) + ¢ is exactly a restatement of property VI. Any
open set U is a countable union of pairwise disjoint open intervals by
Theorem A.6.3.

To see the existence of C'let V' be an open set containing A¢ with
p(V) < u(A°) +e. Then C = V¢ is closed and a subset of A. Also,
w(C)=1—-p(V)>1—p(A%) —e=p(A) —e. O

If we have a countable increasing family of measurable sets, then
the measure of the union can be expressed as a limit.

Proposition 2.4.5. If Ay C Ay C --- C A, ... is an increasing
sequence of measurable subsets of I, then
(oo}
p(l An) = lim p(A).

n—oo
n=1

If Bl D By D -+ D B,,... is a decreasing sequence of measurable
subsets of I, then

n—oo

N(m B,) = lim u(B,).

Proof. Let F} = Ay and F,, = A, \ A,—1 for n > 1. Then {F,,}>2,;
are pairwise disjoint measurable sets, 4,, = Ji-_; F; and

Ja- e
=1 =1
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Hence, by countable additivity we have
p(UA) =n(UJF) =D nF)
i=1 i=1 i=1
n

n
= lim ZH(E) = lim ,u(UFz)
i=1

i=1
= lim p(4,).

n—oo

For the decreasing sequence we define E,, = BS. Then {E,}52,
is an increasing sequence of measurable functions and

(N = U

n=1

Hence,

w(() Bn) =1=n(J E)
A nlgg L(En)
= lim (1 —p(En))
= lim u(B,).

n—oo

Exercise 2.4.6.
(1) Prove for a,b € I that u([a,b]) = u((a, b)) = u([a,b)) = b—a.
(2) Let X be the subset of irrational numbers in I. Prove

w(X) = 1. Prove that if Y C I is a closed set and u(Y) =1,
then Y = 1.

(3) If A and B are measurable subsets of [0, 1], prove that
1(A) + u(B) = n(AU B) + n(AN B).

(4) Prove that if X C I is measurable, then for any € > 0 there
is an open set U containing X such that u(U\ X) < e. This
is sometimes referred to as the first of Littlewood’s three
principles.
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(5) Suppose a < b and let M([a,b]) denote the Lebesgue mea-
surable subsets of [a, b]. Define the function f : [0, 1] — [a, b]
by f(x) = mxz + a where m = b — a. Show that the
correspondence A — f(A) is a bijection from M([0, 1])
to M([a,b]). Define the function pg : M([a,b]) — R by
po(A) = mu(f~1(A)). Prove that Theorem 2.4.2 remains
valid if I is replaced by [a,b] and p is replaced by .

(6) The symmetric difference between two sets A and B is de-
fined to be (A\ B) U (B \ A). It is denoted A A B. Suppose
A, C [a,b] for n € N is measurable and B is also. Prove
that if nh—{r;o w(A, A B) =0, then nh_{léo(”(A”)) = u(B).

(7) In this exercise we show that properties I, III and VI of
Theorem 2.4.2 actually imply the other three properties.
Let p be a function from M(I) to the non-negative real
numbers satisfying properties I, III and VI.

(a) Prove that if A,B € M(I) and A C B, then pu(A) <
w(B), i.e., property IV is satisfied. (This only requires
property II1.)

(b) Prove that if X C I is a null set, then X € M(I) and
#(X) = 0. (This only requires properties I and III.)

(¢) Conversely, prove that if X € M(I) and u(X) = 0,
then X is a null set.

(d) Prove that p satisfies property II.

2.5. The Lebesgue Density Theorem

The following theorem asserts that if a subset of an interval I is
“equally distributed” throughout the interval, then it must be a null
set or a set of full measure, i.e., the complement of a null set. For
example, it is not possible to have a set A C [0, 1] which contains half
of each subinterval, i.e., it is impossible to have

u(ANa, b)) = p([a,b])/2
for all 0 < a < b < 1. There will always be small intervals with a
“high concentration” of points of A and other subintervals with a low
concentration. Put another way, it asserts that given any p < 1 there
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is an interval U such that a point in U has “probability” at least p of
being in A.
Theorem 2.5.1. If A is a Lebesque measurable set and p(A) > 0

and if 0 < p < 1, then there is an open interval U = (a,b) such that
w(ANU) =z pu(U) = p(b — a).

Proof. Let p € (0,1) be given. We know from Proposition 2.4.4 that
for any € > 0 there is an open set V which contains A such that
w(V) < p(A) + ¢ and that we can express V as V = J,2_, U, where
{Un}52, is a countable collection of pairwise disjoint open intervals.

Then -
wA) < p(V) =Y len(U,) < p(A) +&.

Choosing € = (1 — p)u(A) we get

S len(Un) < u(4) + (1 = p)pu(4)

< u(A)+ (1= p) Y len(Uy)

n=1
SO

(2.5.1) pilen(Un) i (ANU,)

where the last inequality follows from subadd1t1v1ty. Since these
infinite series have finite sums, there is at least one ng such that
pp(Uny) < p(A N Uyp,). This is because if it were the case that
pu(Uy) > u(ANU,) for all n, then it would follow that

P len(Uy,) > u(ANU,),
n=1 n=1

contradicting equation (2.5.1). The interval U,, is the U we want. [

We have shown that given p € (0,1) as close to 1 as we like, there
is an open interval in which the “relative density” of A is at least p.
It is often useful to have these intervals all centered at a particular
point called a density point.
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Definition 2.5.2. (Density point). If A is a Lebesgue measurable
set and x € A, then x is called a Lebesgue density point if

lim w ANz —e,x+e¢]) _q
=0 p(lz—e,xz+¢))

There is a much stronger result than Theorem 2.5.1 above, which
we now state, but do not prove. A proof can be found in Section 9.2
of [T].

Theorem 2.5.3. (Lebesgue density theorem). If A is a Lebesgue
measurable set, then there is a subset E C A with u(E) = 0 such that
every point of A\ E is a Lebesque density point.

Exercise 2.5.4.

(1) Prove thatif A C I = [0, 1] has measure 1(A) < 1and e > 0,
then there is an interval [a,b] C I such that p(A N Ja,bd]) <
e(b—a).

(2) Let A be a measurable set with p(A) > 0 and let

A={x)—x9 | 21,29 € A}

be the set of differences of elements of A. Then for some
e > 0 the set A contains the interval (—¢,¢).

2.6. Lebesgue Measurable Sets — Summary

In this section we provide a summary outline of the key properties
of the collection M of Lebesgue measurable sets which have been
developed in this chapter. If I is a closed interval, then M (I) denotes
the subsets of I which are in M.

(1) The collection of Lebesgue measurable sets M is a o-algebra,
which means:
o If Ae M, then A° € M.
o If A, € M for n €N, then |, A, € M.
o If A, € M for n € N, then (), A, € M.

(2) All open sets and all closed sets are in M. Any null set is
in M.
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(3) f I =[0,1] and A € M(I), then there is a non-negative real
number p(A) called its Lebesgue measure which satisfies:

The Lebesgue measure of an interval is its length.

Lebesgue measure is translation invariant.

If A e M(I), then p(A°) =1 — u(A).

A set A e M(I) is a null set if and only if u(A) = 0.

Countable subadditivity: If A, € M(I) for n € N, then

p( U An) <D p(An).
n=1 n=1

Countable additivity: If A, € M(I) for n € N are
pairwise disjoint sets, then

n(U An) = 2 n(An).

o Regularity: If A € M(I), then
w(A) = inf{u(U) | U is open and A C U}.

e Increasing sequences: If A, € M(I) for n € N satisfy
A, C Apy1, then

p( U An) = lim p(An).

n=1
e Decreasing sequences: If A, € M(I) for n € N satisty
An D) An+1a then

p( ) An) = lim p(A,).

n=1

Exercise 2.6.1. (The Cantor middle third set). Recursively
define a nested sequence {J,, }2, of closed subsets of I = [0, 1]. Each
Jp, consists of a finite union of closed intervals. We define Jy to be I
and let .J,, be the union of the closed intervals obtained by deleting
the open middle third interval from each of the intervals in J,_1.
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Thus
Jo = [Ov 1]7
5= fog] o]
1 21 27 8
h=0glulg3lul5glulg ] e

We define the Cantor middle third set C by

C = ﬁjn.

n=0

(1) When the open middle thirds of the intervals in J,_; are
removed we are left with two sets of closed intervals: the left
thirds of the intervals in J,,_; and the right thirds of these
intervals. We denote the union of the left thirds by L,, and
the right thirds by R,,, and we note that J,, = L,UR,,. Prove
that L,, and R,, each consist of 2"~ ! intervals of length 1 /3"
and hence J,, contains 2" intervals of length 1/3".

(2) (Topological properties)

(a) Prove C is compact.

(b) A closed subset of R is called nowhere dense if it con-
tains no non-empty open interval. Prove that C is
nowhere dense.

(¢) A closed subset A of R is called perfect if for every
€ > 0 and every = € A there is y € A with = # y and
|z —y| < e. Prove that C is perfect.

(3) Let D be the uncountable set of all infinite sequences
didods ... dy, ...,

where each d,, is either 0 or 1 (see part (4) of Exercise A.5.12)
and define a function ¥ : C — Dby ¥(z) = didads .. . d, .. .,
where each d,, = 0if x € L, and d,, = 1 if x € R,,. Prove
that 4 is surjective and hence by Corollary A.5.7 the set C
is uncountable. Hint: You will need to use Theorem A.7.3.
Prove that 1 is also injective and hence a bijection.

(4) Prove that C is Lebesgue measurable and that u(C) = 0.
Hint:  Consider C°, the complement of C' in I. Show it
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is measurable and calculate p(C¢). Alternative hint: Show
directly that C is a null set by finding for each ¢ > 0 a
collection of open intervals {U,}5 ; such that

oo (oo}

> len(U,) <& and CC | Un.

n=1 n=1
Prove that C is the subset of elements of [0,1] which can
be represented in base three using only the digits 0 and 2.
More precisely, prove that x € C if and only if it can be
expressed in the form

where each ¢, is either 0 or 2.



Chapter 3

The Lebesgue Integral

3.1. Measurable Functions

In this chapter we want to define the Lebesgue integral in a fashion
which is analogous to our definitions of regulated integral and Rie-
mann integral from Chapter 1. The difference is that we will no longer
use step functions to approximate a function we want to integrate,
but instead will use a much more general class called simple functions.

Definition 3.1.1. (Characteristic function). If A C [0,1], its
characteristic function X4(x) (sometimes called the indicator func-
tion) is defined by

a(@) = {1, ifx € A;

0, otherwise.

Definition 3.1.2. (Measurable partition). A finite measurable
partition of [0,1] is a collection {A;}7_, of measurable subsets which
are pairwise disjoint and whose union is [0, 1].

We can now define simple functions. Like step functions these
functions have only finitely many values, but unlike step functions
the set on which a simple function assumes a given value is no longer
an interval. Instead, a simple function is constant on each subset of
a finite measurable partition of [0, 1].
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Definition 3.1.3. (Simple function). A function f : [0,1] — R
1s called Lebesgue simple or simple, for short, provided there ezist a
finite measurable partition of [0,1], {A4;}7, and real numbers r; such
that f(z) = 3.1 r;:X4,. The Lebesgue integral of a simple function
is defined by [ f du =31 rip(A;).

Notice that the statement f(x) =Y., ;¥ 4, just says f(z) =7r;
if x € A;. The definition of the integral of a simple function should
come as no surprise. The fact that [ X4(z) du is defined to be u(A)
is the generalization of the fact that the Riemann integral f; ldx =
len([a, b]). The value of [ f du for a simple function f is then forced
if we want our integral to have the linearity property.

Lemma 3.1.4. (Properties of simple functions). The set of
simple functions is a vector space and the Lebesgue integral of simple
functions satisfies the following properties:

(1) Linearity: If f and g are simple functions and c1,co € R,
then

/le+CQg duzclff d,u—l—@/g du.

(2) Monotonicity: If f and g are simple and f(x) < g(x) for
all x, then [ f dp < [ g dp.

(3) Absolute value: If f is simple, then |f| is simple and
|J f dul < [1f] du.

Proof. If f is simple, then clearly c; f is simple. Hence, to show that
simple functions form a vector space it suffices to show that the sum

of two simple functions is simple.

Suppose {A4;}7_; and {B;}; are measurable partitions of [0, 1]
and that f(z) = 0L, 7iXa, and g(z) = Y770, s;Xp, are simple
functions. We consider the measurable partition {C; ;} with C;; =
Ai N Bj. Then Az = U;n=1 Ci,j and Bj = U?:l Ci,j; SO

fl@)=> "riXa, =Y nY Xe,(@)=> rXe,,.
i=1 4,7

i=1  j=1
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Likewise,

ZSJ}:B —ZSJZ.}:C” Zijc”

Hence, f(z) + g(x) = ZLJ(TZ +s5)Xc, () is snnple and the set of
simple functions forms a vector space.

It follows immediately from the definition that if f is simple and
a € R, then [af du = a [ f du. So to prove linearity we need only
show that if f and g are simple functions as above, then [(f+g) du =
[ f du+ [ g dp. But this follows because

/(f +g) dp =" (ri+s;)u(Ci;)
i
= ZT“U i,j )+ ZSJU
i

= %i“ Cij) +§I%Xnﬁu

n it

= rip(A;) + Z sji(Bj)

i=1

:/fdu-i-/gdu.

Monotonicity follows from the fact that if f and g are simple
functions with f(x) < g(x), then g(x) — f(x) is a non-negative sim-
ple function. Clearly, from the definition of the integral of a simple
function, if the function is non-negative, then its integral is > 0. Thus

Jgdu—[fdu= [g—fdu>0.
If f(x) = > 7iXa4,, the absolute value property follows from the

fact that
<3 ralu(4:) = / fl dp.

‘/fdu‘=’2w(z4)

O

We would like to consider the measure p(A) for any set A € M,
not just subsets of I. Mostly this is straightforward, but there is one
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notational issue. Some subsets of R have infinite measure, for exam-
ple, the open interval (0,00) or R itself. Hence, we cannot describe
u as a real-valued function defined for any set A € M, because pu(A)
might be infinite. There are other instances also when we want to
allow the value of a function to be +00 or —oo. The conventional
solution is to introduce the symbols co and —oo and to agree that a
statement like p(A) = oo means that A contains subsets of arbitrarily
large finite measure.

Definition 3.1.5. (Extended real-valued function). The set RU
{oo} U {—00} is called the extended real numbers. We denote it by
[—o0,+o0]. A function f : X — [—00,400] is called an extended
real-valued function.

For a € R we will denote the set (—oo, a]U{—o00} by [—00,a] and
the set [a,00) U {oo} by [a, 00]. We will sometimes want to compare
elements of [—o00, +00] and write inequalities relating them. Thus, for
example, by convention —oo < z < oo for every = € [—00, 00| and
y 4+ 0o = oo for every y € R. Likewise, y — oo = —oo for every y € R,
but oo — oo is undefined.

There is an extremely important class of functions which are well
behaved with respect to Lebesgue measure. Functions in this class
are called measurable functions. Our next task is to characterize them
in several ways. We will then be able to define them as the functions
satisfying any one of these characterizations.

Proposition 3.1.6. (Measurable functions). If X C R and f :
X — [—00,00] is an extended real-valued function, then the following
are equivalent:

(1) For any a € R the set f~1([—00,a]) is Lebesque measurable.
(2) For any a € R the set f~1([—o0, a)) is Lebesgue measurable.
(3) For any a € R the set f~
(4)

Y(la, c]) is Lebesgue measurable.
4) For any a € R the set f~'((a,o00]) is Lebesgue measurable.
(

Proof. We will show (1) = (2) = (3) = (4) = (1).
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First assume (1), then [—o0,a) = |J -

pq[—00,a —27"]. So

f_l([_oova)) = U f_l([_OO’ a— 2_71])’

which is measurable since it is a countable union of measurable sets.
Hence (2) holds.

Now assume (2), then [a, c0] = [—00,a)¢, so

FH(a, 00]) = fH([=00,a)%) = (F 7 ([-00, a)))".
Hence (3) holds since the complement of a measurable set is measur-
able.

Assuming (3) we note, (a, 0] = (o2

n=1

[a+ 27" o0]. So

F M (as00]) = | £ (la + 27", 00)),

which is measurable since it is a countable union of measurable sets.
Hence (4) holds.

Finally, assume (4), then [—o0, a] = (a, co]¢

, SO
FH([=00,a]) = FH((a,00]%) = (F 7 ((a, o))"
Hence (1) holds. O

We are now ready for one of the most important definitions in
this chapter.

Definition 3.1.7. (Measurable function).  An extended real-
valued function f is called Lebesgue measurable if it satisfies one (and
hence all) of the properties of Proposition 3.1.6.

It is surprising how many functions turn out to be measurable.
Indeed, it is hard to find a non-measurable function! Of course, that
does not relieve us of the task of proving the functions we want to
make use of are measurable.

Proposition 3.1.8. Suppose f and g are extended real-valued func-
tions defined on [a,b].

(1) If there is a null set A C [a,b] such that f(x) =0 if x ¢ A,
then f is measurable.
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(2) If f = g except on a null set A, then f is measurable if and
only if g is.

Proof. For part (1) we observe that by hypothesis,
AD fH[~00,0)) U f~1((0,00]).

For a < 0 the set U, = f~1([~00,a]) is a subset of A so U, is a null
set and hence measurable. For a > 0 the set U, = f~1([—00,a]) is
the complement of the null set f~!((a,oc]) and hence measurable.
In either case U, is measurable, so f is a measurable function. This
proves (1).

To prove (2) we will assume f is measurable and prove that g is
also. The other case is similar. Suppose a € R. We must show that
the set

97" ([a,0c]) = (97 (la, 00]) N A) U (97 ([a, 00]) N A°)
is measurable. Since f(x) = g(z) for all x € A° the set
97 ([a,00]) N A® = f7H([a, o0]) N A°

which is measurable. Also, the set g=*([a,00]) N A) C A is a null set,
so it is measurable. Hence, g~!([a, o0]) is measurable. O

Theorem 3.1.9. Let {f,}5°; be a sequence of measurable functions.
Then the extended real-valued functions
91(x) = sup fn(z),
neN
=1 f
g2(x) 711161an(17)7

n—oo

(
g3(z) = limsup f,(z),
(

ga(z) = liminf f, (z),

are all measurable. In particular, the max or min of a finite set of
measurable functions is measurable.

Proof. If a € R, then

o0

{z]g1(2) > a} = [J{z | fula) > a}.

n=1
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Each of the sets on the right is measurable, so {z | gi1(x) > a} is
also since it is a countable union of measurable sets. Hence, gy is
measurable.

Since go(x) = infpen fn(2) = —sup,eny — fn(2) it follows that go
is also measurable.

Since the limit of a decreasing sequence is the inf of the terms,

g3(z) = limsup f, () = inf sup f,(z).
mGanm

n—oo

It follows that g3 is measurable and since
g4(x) = liminf f,(z) = —limsup — f,,(z),

it follows that g, is measurable. O

For the following result we need to use honest real-valued func-
tions, i.e., not extended. The reason for this is that there is no way
to define the sum of two extended real-valued functions if one has the
value 400 at a point and the other has the value —oo at the same
point.

Theorem 3.1.10. The set of Lebesgue measurable functions from
[0,1] to R is a vector space. The set of bounded Lebesgue measurable
functions is a vector subspace. Moreover, if f and g are measurable,
then their product fg is measurable.

Proof. It is immediate from the definition that for ¢ € R the function
cf is measurable when f is. Suppose f and g are measurable. We
need to show that f 4 ¢ is also measurable, i.e., that for any a € R
the set U, = {z | f(z) + g(x) > a} is measurable.

Let {r,}52; be an enumeration of the rationals. If z¢ € U, i.e.,
if f(xo) + g(xo) > a, then f(xg) > a — g(zo). Since the rationals are
dense there is an 7, such that f(xo) > rm, > a — g(x0). Hence, if we
define

Vin =A{z | f(z) >rm} 0z [ g(x) > a—rm},
then zy € V;,,. So every point of U, is in some V,,,. Conversely, if yg €
Vpn for some m, then f(yo) > rm > a—g(yo), so f(yo)+9(yo) > a and

Yo € U,. Thus, U, = Uf:zl V,» and since each V,,, is measurable, we
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conclude that U, is measurable. This shows that f+g is a measurable
function and hence the measurable functions form a vector space.

Clearly, if f and g are bounded measurable functions and ¢ € R,
then c¢f and f + g are bounded. We have just shown that they are
also measurable, so the bounded measurable functions are a vector
subspace.

The proof that the product of measurable functions is measurable
is left as an exercise (see part (5) of Exercise 3.1.11 below). O

Exercise 3.1.11.

(1) Prove that if f and g are simple functions, then so is fg. In
particular, if E C [0,1] is measurable, then fXfg is a simple
function.

(2) Prove that if f is a continuous function, then f is measur-
able.

(3) Prove that if f is a measurable extended real-valued func-
tion, then f~1(c0) and f~!(—o0) are measurable.

(4) Prove that if f is a measurable function, then so is f2.

(5) Prove that if f and g are measurable functions, then so is
fg. Hint: 2fg=(f+9)* - f* - ¢*.

(6) Suppose that f : I — R is a simple function and ¢ > 0.
Prove that there is a step function g : I — R such that
w(E) < e, where E = {z | f(x) # g(x)}. Hint: Use part (4)
of Exercise 2.4.6.

3.2. The Lebesgue Integral of Bounded
Functions

In this section we want to define the Lebesgue integral and charac-
terize the bounded integrable functions. In the case of the regulated
integral, the integrable functions are the uniform limits of step func-
tions. In the case of the Riemann integral a function f is integrable if
the infimum of the integrals of step functions larger than f equals the
supremum of the integrals of step functions less than f. It is natural
to alter both of these definitions, replacing step functions with simple
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functions. It turns out that when we do this for bounded functions we
get the same class of integrable functions whether we use the analog
of regulated integral or the analog of Riemann integral. Moreover,
this class is precisely the bounded measurable functions!

Theorem 3.2.1. If f : [0,1] — R is a bounded function, then the
following are equivalent:

(1) The function f is Lebesque measurable.

(2) There is a sequence of simple functions {f,}°2, which con-
verges uniformly to f.

(3) If Uu(f) denotes the set of all simple functions u(x) such
that f(x) < w(x) for all x and if L, (f) denotes the set of all
simple functions v(x) such that v(z) < f(z) for all x, then

veslip(f) { /U du} - ueilzf(f) { /u du}'

Proof. We will show (1) = (2) = (3) = (1). To show (1) = (2),
assume f is a bounded measurable function, say a < f(z) < b for all
x € [0,1].

Let e, = (b — a)/n. We will partition the range [a,b] of f by
intervals as follows: Let ¢, =a+ ke, s0a=cyp<c1 <---<c¢, =0
Now define a measurable partition of [0,1] by Ax = f~([ck—1,¢k))
for k <nand A, = f~'([c,_1,b]). Then clearly f,(z) = Z?zl ckXa,
is a simple function. Moreover, we note that for any = € [0, 1] we have
|f(z) — fn(z)| < . This is because x must lie in one of the A’s, say
z € Aj. So fu(x) =c¢; and f(x) € [¢j_1,¢;[. Hence, |f(z) — fu(z)| <
¢j — ¢j—1 = &n. This implies that the sequence of simple functions
{fn}5, converges uniformly to f.

To show (2) = (3), assume f is the uniform limit of the sequence

of simple functions {f,, }22 ;. This means if §,, = sup |f(x)— fun(x)],
z€]0,1]
then lim §,, = 0. We define simple functions v, (z) = fn(z) — d, and

Up () = fo(T) + 0pn, s0 v () < f(x) < up(z).
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Then
inf {/u d } < 1iminf/un d
w€UL(f) H n—00 H

= 1iminf/(fn +6,) du

n—oo

= lim inf / fn du

n—oo

< limsup / fn dp

n—oo

— limsup / (Fo = 8a) du

n—oo

< lim sup/vn du

n—00

< sup {/U du}.
veL, (f)

For any v € £,(f) and any u € U,(f) we have [v du < [u du,

ves,g;})(f){/v du} Sueiurif(f){/wu}'

Combining this with the inequality above we conclude that

U:ﬁlf(f){/v i} :ueiurifm{/wu}'

All that remains is to show that (3) = (1). For this we note that
if (3) holds, then for any n > 0 there are simple functions v,, and u,
such that v, (z) < f(z) < u,(z) for all x and such that

(3.2.1) /un dp — /vn dp <27,
By Theorem 3.1.9 the functions
g1(z) = ilelg {vn(z)} and go(z) = rlzlélf\l {un(:c)}

are measurable. They are also bounded and satisfy g1(z) < f(x) <
g2(x). We want to show that g1 (x) = g2(x) except on a set of measure

SO
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zero, which we do by contradiction. Let B = {z | ¢1(z) < g2(z)} and
suppose u(B) > 0. Then since B = | ;2| By, where

1
B =A{z | g1(z) < g2(z) — E}
we conclude that p(By,,) > 0 for some mg. This implies that for

every n and every @ € By, we have v,(z) < g1(z) < g2(x) — - <
1

un(z) — 5o So up(z) — vp(x) > m%) for all x € B,,, and hence

Un (2) — vp(x) > m%,:{Bmo (z) for all z. But this would mean that

/un d,u—/vn d,u:/un—vn du
1
Z/—me dp
mo 0
1
(Bm,)

for all n which contradicts equation (3.2.1) above.

—p
mo

Hence it must be the case that u(B) = 0 so g1(z) = ga2(x) ex-
cept on a set of measure zero. But since gi(z) < f(z) < go(x)
this means that if we define h(z) = f(x) — g1(x), then h(z) is zero
except on a subset of B which is a set of measure 0. It then follows
from Proposition 3.1.8 that h is a measurable function. Consequently,
f(@) = g1(x) + h(z) is also measurable and we have completed the
proof that (3) = (1). O

We can now provide the (long awaited) definition of the Lebesgue

integral, at least for bounded functions.

Definition 3.2.2. (Lebesgue integral of a bounded function).
If f 1 [0,1] — R is a bounded measurable function, then we define its
Lebesgue integral by

/f = vesﬁlﬁf){/v du}’

or equivalently (by Theorem 3.2.1),

/fd“:ueibltf(f){/u@}'
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Alternatively, as the following proposition shows, we could have
defined it to be the limit of the integrals of a sequence of simple
functions converging uniformly to f.

Proposition 3.2.3. If {g,}2° is any sequence of simple functions

converging uniformly to a bounded measurable function f, then

lim [ g, du= /f du.

Proof. If we let 6, = sup,¢(o,1) [f(z) — gn(2)|, then limé, = 0 and

gn(x) - 6n < f(l‘) < gn(ar) + 5”'
So 9n — 577, € ‘Cﬂ(f) and gn + 6" € u“(f) Hence,

dp = inf /ud
/f a u€UL(f) a

< lim inf/(gn + 0n) di

n—oo

= liminf/gn du

n— oo

< lim sup / Gn dp

n—oo

< limsup / (gn — 0n) du

n— oo

gy
:/f du.

Hence, these inequalities must be equalities and

lim [ g, dp= /f dp.

n—oo

O

We proved in Theorem 3.1.10 that the bounded Lebesgue mea-
surable functions are a vector space and we have now defined the
Lebesgue integral as a function from this vector space to the real
numbers. Next we want to check some of the “Basic Properties”
listed in Section 1.2 of Chapter 1 as necessary for any well-behaved
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integral. One difference is that we have improved the “finite sets don’t
matter” property to “null sets don’t matter.”

Theorem 3.2.4. Suppose f and g are bounded Lebesque measurable
functions defined on [0,1]. Then the Lebesgue integral satisfies the
following properties:

I. Linearity: If c1,co € R, then

/clercQg du:cl/f du+02/g dp.

II. Monotonicity: If f(z) < g(z) for all , then [ f dp <
[ dp.

III. Absolute value: The fact that f is Lebesgue measurable
implies that | f| is also, and | [ f du| < [|f] dp.

IV. Null sets: If f(z) = g(x) except on a set of measure zero,
then [ f du= [g dpu.

Proof. If f and g are measurable, there exist sequences of simple
functions {f,}22; and {g,}>2; converging uniformly to f and g re-
spectively. This implies that the sequence {¢1 fi, +c29n }22, converges
uniformly to the bounded measurable function c¢; f+cog. The fact that

[err+egdn=tin [(f,+ o) d
=c; lim /fndu + ¢ lim /gndu
n—oo n—oo

zcl/fdu+02/gdu

implies the linearity property.
Similarly, the absolute value property follows from Lemma 3.1.4
because

[ ] = | [ | < s 15l dn= [ 1r]n

To show monotonicity we use the definition of the Lebesgue in-
tegral. If f(x) < g(z), then

[ronm g, o= s o)~
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To show the null set property let h(x) = f(x) — g(x). Then h
is a bounded measurable function which is 0 except on a set E with
w1(E) = 0. Hence,

[ ran= [oad=| [nan < [ 1nl an

But the function A is bounded, say |h(z)| < M. So |h(x)| < MXg(x)
and by monotonicity

/\h| d,ug/M.’fE dp = Mpu(E) =0.
It follows that | [ f du— [g du| =0, s0 [ f du= [ g dp. O

With the regulated and Riemann integrals we could integrate over
subintervals of [0, 1]. We can do that also with the Lebesgue integral.
Indeed, we can do better and integrate over any measurable subset of
[0, 1].

Definition 3.2.5. If E C [0, 1] is a measurable set and f is a bounded
measurable function, we define the Lebesgue integral of f over E by

/Efdu:/f%E dp.

Proposition 3.2.6. (Additivity). Suppose {E,}\_, is a collec-
tion of pairwise disjoint measurable subsets of I, and f is a bounded
measurable function. If E = Uﬁ;l E,, then

[Efdui:l/&fdu-

In fact, this result is true for a countable collection {E,}5 , but
we postpone the proof of that until we can do it in the more general
setting of not necessarily bounded functions.

Proof. Note that
N N

Xp=) Xp, so [Xp=) fXg,

n=1 n=1

and the result follows by linearity of the integral. O
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It should be clear that there are many Lebesgue integrable func-
tions which are not Riemann integrable (for example, if A = QN I,
then X4 is not Riemann integrable). We also need to show that in
passing to the Lebesgue integral we do not lose anything.

Proposition 3.2.7. (Riemann integrable implies Lebesgue in-
tegrable). Every bounded Riemann integrable function f : [0,1] —» R
is measurable and hence Lebesgque integrable. The values of the Rie-
mann and Lebesque integrals coincide.

Proof. The set U(f) of step functions greater than f is a subset of
the set U, (f) of simple functions greater than f. Likewise, the set
L(f) C L,(f). Hence,

ERVECOERTRYELD
<l U vy

< uei%){/olu(t) dt}.

The fact that f is Riemann integrable asserts that the first and last
of these values are equal. Hence they are all equal. By Theorem 3.2.1
f is measurable. The fact that the Riemann and Lebesgue integrals
coincide now follows from their definitions and the equality of all the
values in the inequality above. O

Exercise 3.2.8.

(1) Since simple functions are themselves bounded measurable
functions, we have actually given two definitions of their
Lebesgue integral: the one in Definition 3.1.3 and the one
above in Definition 3.2.2. Prove that these definitions give
the same value.

(2) Suppose f and g are measurable functions defined on [0, 1]
and suppose |f(x)] < M and |g(z)] < M for all z. Let E
denote the set of x such that |f(z) — g(x)| > €. Prove that

/ (@) — g(z)] dpx < e + 2Mp(E).
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3.3. The Bounded Convergence Theorem

We want to investigate the question, “When does the fact that a
sequence of functions {f,}°2, converges pointwise to a function f
imply that their Lebesgue integrals converge to the integral of f7”
This general question is an important one which will occupy much
of the remainder of this chapter and a substantial part of the next
chapter. It is straightforward to prove that if a sequence of bounded
measurable functions converges uniformly to f, then their integrals
converge to the integral of f. We will not do this now, because we
prove a stronger result later; but first we consider an example which
shows what can go wrong when we only have pointwise convergence.

Example 3.3.1. Let
n, ifxe€ [%, %]7
fn(z) = {

0, otherwise.

Then f, is a step function equal to n on an interval of length % and
0 elsewhere. Thus [ f, du = n% = 1; but, for any = € [0, 1] we have
fn(x) = 0 for all sufficiently large n. Thus, the sequence {f,}>2,
converges pointwise to the constant function 0. Hence
/( lim f,(x)) dp=0 and lim /fn dp = 1.
n—oo n—oo
In this example each f,, is a bounded step function, but there is
no single bound which works for all f,, since the maximum value of
fn is n. It turns out that any example of this sort must be a sequence
of functions which is not uniformly bounded.

Theorem 3.3.2. (Bounded convergence theorem). Let {f,}>2
be a sequence of measurable functions defined on [0, 1] which converges
pointwise to a function f : [0,1] — R. Suppose there is a constant
M > 0 such that |frn(x)] < M for all n and all x € [0,1]. Then f is a
bounded measurable function and

lim [ f, du= /f du.
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Proof. For each z € [0,1] we know that lim f,,(z) = f(x). This

implies that |f(z)] < M. Since f is a limit of measurable functions,
it is measurable by Theorem 3.1.9.

We must show that
hm /fndu /fd,u‘—O
but

(3.3.1) hm /fn duy — /f du’ = hm ’/ - du‘
< lim [ 1f  f1 du.
So we need to estimate the integral of |f, — f].
Given € > 0, define
Ey={z | |fm(z) = f(x)| <e/2 for all m > n}.

Notice that if for some n the set E, were all of [0,1] we would be
able to estimate [|f, — f| du < [€/2 du = £/2 for all m > n;
but we don’t know that. Instead, we know that for any x the limit
li_r)n(><> fm(x) = f(x), which means that each x is in some E,, (where

n=1 ” = [O’ 1]
Since E,, C E,4+1 we know that lim u(E,) = p([0,1]) = 1 by
n—oo
Proposition 2.4.5. Thus, there is an ng such that

w(Ep,) >1— ﬁ, and hence pu(E; ) <

Now for any n > ng we have

it stdn= [ gl Vg g1

0 0

g/ fdu+/ oM dy
b 2 )
no

no

& .
§M(Eno) +2Mu(Ey)

n depends on ). In other words, [ J 2

£
4M’

IN

\ /\

S hom-S =
2+ am
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Thus, we have shown lim /|fn — f| du = 0. Putting this together
with the inequality from equation (3.3.1) we see that

i | [ fudu— [ 1 du] =0,
as desired. O

Definition 3.3.3. (Almost everywhere). If a property holds for
all x except for a set of measure zero, we say that it holds almost
everywhere or for almost all values of x.

For example, we say that two functions f and g defined on [0, 1]
are equal almost everywhere if the set of x with f(x) # g(z) has
measure zero. The last part of Theorem 3.2.4 asserted that if f(z) =
g(x) almost everywhere, then [ f du = [ g du. As another example,
we say nlirrgo fo(z) = f(x) for almost all z if the set of x, where the

limit does not exist or is not equal to f(z), is a set of measure zero.

We can now state an improved version of Theorem 3.3.2, the
bounded convergence theorem. In this version the hypotheses are
weaker in that we require them to hold only almost everywhere. It is
important to understand both when and why “almost everywhere” is
as good as everywhere. In the following theorem we provide all the
details in this transition, but through most of the remainder of the
text we will assume the reader is facile in justifying why a hypothesis
of almost everywhere is sufficient.

Theorem 3.3.4. (Better bounded convergence theorem). Sup-
pose {fn}52, is a sequence of bounded measurable functions defined
on [0,1] and f :]0,1] — R is a bounded function such that

lim_f,(x) = ()
for almost all x. Suppose also there is a constant M > 0 such that for

each n >0, |fr(x)] < M almost everywhere. Then f is a measurable
function and

lim [ f, du= /f du.

n—oo
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Proof. Let A= {z | lim f,(z)# f(z)}, then p(A) = 0. Define the
set D, = {z | |fu(z)| > M}. Then u(D,,) =0, so if

E=Au ] D,
n=1
then p(FE) = 0. Let
gn () = fu(2)Xpe ()
_J fulz), iz ¢ E;
o, ifz e E.
The function g, is a product of measurable functions, so by Theo-
rem 3.1.10 it is measurable.
Define the function g by g(x) = f(z)Xge(z). Note that |g,(x)| <
M for all x € [0,1] and lim g,(x) = g(z) for all z € [0,1]. This is
true because if € E, both g, (z) and g(z) are 0 and if z € E¢, then
Jim g, (z) = lim fo(2) = f(z) = g(2).
We conclude that |g(x)| < M since |g,(z)] < M. Since g is a limit of
measurable functions it is measurable by Theorem 3.1.9.
Finally, note from their definitions that g(z) = f(z) almost ev-
erywhere and ¢, (z) = f,.(z) almost everywhere. It follows that f

is measurable by Proposition 3.1.8. By the null set property from
Theorem 3.2.4

[ran=[gdn and [ . du= [ g dn.

Hence, it will suffice to show that
lim [ g, dp = /g dp,
n—oo

but this is true by the bounded convergence theorem, Theorem 3.3.2.
O

Exercise 3.3.5.

(1) Suppose {f.} is a sequence of measurable functions and
lim f,(x) = f(x) almost everywhere. Prove that f is mea-

surable.
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(2)

A function f is called essentially bounded provided there
exists M > 0 such that |f(z)] < M almost everywhere.
The number M is called an essential bound. Prove that
essentially bounded measurable functions are a vector space.
Prove that the product of essentially bounded functions is
essentially bounded.

Formulate a definition of the Lebesgue integral of an essen-
tially bounded function in terms of the integral of a bounded
function. Prove that Theorem 3.2.4 remains valid for essen-
tially bounded functions with your definition.

Hint: Show that if M is an essential bound for f and

M, if f(z) > M;
fu(@) =9 fx), if =M < f(x) < M;
—M if f(x) < —M,

then | fa dp is independent of M.
A sequence {f,} with the property that

i [ 1f = ful dp =0
n—oo

is said to converge in the mean to the function f. Sup-
pose {f,} is a sequence of measurable functions satisfying
|fn(z)| < M for all n and all € [0,1] and suppose that this
sequence converges pointwise to the function f. Prove that
the sequence converges in the mean to f.

In the previous exercise we showed that a uniformly bounded
sequence of measurable functions which converges pointwise
to f also converges in the mean to f. This exercise is in-
tended to show that the converse of this statement is not
true.

Let P be the countable set {(p,q) | p,q € N, p < ¢} and
define the function

fo.o(@) = {

Let ¢ : N — P be a bijection and define g, = fg(n) for
n € N.

1 ifoe [zt e,

0, otherwise.
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(a) Prove that

lim /|gn| dp = 0.

n—oo
Hence, the sequence {g,} converges in the mean to the
constant function 0.

(b) Prove that for any x € [0,1] there is a subsequence
{n;}32, of the natural numbers such that g,,(z) = 1.
Hence there is no z € [0, 1] for which

lim g,(x)=0.
n—oo
Therefore, {g,} clearly fails to converge pointwise to 0.

(¢) Prove there is a subsequence of {g,} which does con-

verge pointwise to 0.



Chapter 4

The Integral of
Unbounded Functions

In this section we wish to define and investigate the Lebesgue integral
of functions which are not necessarily bounded and even the integral
of extended real-valued functions. In fact, henceforth, we will use the
term “measurable function” to refer to extended real-valued measur-
able functions. If a function is unbounded both above and below it
is more complicated than if it is only unbounded above. Hence, we
first focus our attention on the simpler case.

4.1. Non-negative Functions

Definition 4.1.1. (Integrable function). If f : [0,1] — [0, 00] is
a non-negative Lebesgue measurable function, we let

fn(@) = min{f(z),n}.

Then f, is a bounded measurable function and we define

/f du:nlirglo/fn du.

If [ f dp < oo, we say f is integrable.

QI
&
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Notice that the sequence { [ f, du}S2; is a monotonic increasing
sequence of numbers, so the limit lim [ f, dup either exists or is
n—oo
+00.

Proposition 4.1.2. If f is a non-negative integrable function and
A={x| f(x) = 400}, then u(A) = 0.

Proof. For z € A we observe that f,(x) = n and hence f,(x) >
nX(z) for all . Thus, [ f, du > [nXa dp = nu(A). If u(A) > 0,
then

/f dp = lim /fn dp > lim nu(A) = +o0.
n—oo n—oo
O

Example 4.1.3. Let f(z) =1/y/z for x € (0,1] and let f(0) = +o0,
so f is a non-negative measurable function. Then the function

n, ifo<z< ni;
f’ﬂ(x) = 1 e 1 :
ﬁ’ if nZ S x S 1.
Hence, if E,, = [0,1/n?), then

/fn du=/ fodut [ fody
En Ey,

1
1

=nu(E,) + (2 - %)
n 2

1
=—+2-=2-=
n n

n
/fd,u: lim /fnd,u:Z

Proposition 4.1.4. Suppose f and g are mon-negative measurable
functions with g(x) < f(z) for almost all x. If f is integrable, then
g is integrable and [ g du < [ f dup. In particular, if g = 0 almost
everywhere, then [ g du = 0.

Hence,

So f is integrable.
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Proof. If f,(z) = min{f(z),n} and g,(r) = min{g(z),n}, then f,
and g, are bounded measurable functions and satisfy g, (z) < fn(z)
for almost all z. It follows that [ g, du < [ f, du < [ f dp. Since
the sequence of numbers { [ g, du}S2; is monotonic increasing and
bounded above by [ f dyu it has a finite limit. By definition this limit
is [ g dp. Since for each n we have [ g, du < [ f dp, the limit is also
bounded by [ f du. That is,

/gdu= lim /gnduﬁ/fdu-

If g = 0 almost everywhere, then 0 < g(x) < 0 for almost all z, so we
have [ g dp=0. O

Corollary 4.1.5. If f : [0,1] — [0,00] is a non-negative integrable
function and [ f dp =0, then f(xz) =0 for almost all x.

Proof. Let E, = {z | f(z) > 1/n}. Then f(z) > 1X, (z), so

1 1
—u(En) =/—3€En du < /f dp = 0.
n n

Hence, u(E,) =0, but if E = {z | f(z) > 0}, then E = J,, E,, so
w(E) =0. O

For a fixed non-negative integrable function f the Lebesgue inte-
gral [ [ dp assigns a number to each measurable subset £ of [0, 1].
This assignment satisfies a strong continuity property which we will
need in the next section.

Theorem 4.1.6. (Absolute continuity). If f is a non-negative
integrable function, then for any € > 0 there exists a § > 0 such that
J4 f du < e for every measurable A C [0,1] with 1(A) < 6.
Proof. Let f,(z) = min{f(x),n} so lim [ f,, du = [ f du. Let

En, ={z€[0,1] | f(z) = n}

n, ifx e Ey;
fnlw) = {f(x), if z € EC.

SO
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Therefore
f@)—n, ifzeE,;
0, ifx e E¢.

f(@) = fulx) :{

Consequently,

/fdu—/fndu=/f—fndu=/En(f—n) .

Integrability of f implies

Jim ([ fau= [ 1 aw) =0

lim (f—=n)du=0.

n—oo E
n

SO

Hence, we may choose N such that fEN (f = N) du < /2. Now
pick 6 < €/2N. Then if u(A) < 4, we have

/fdu:/ fdu+/ £ dp
A ANEx ANES,
S/ (f—N)du+/ Ndu+/ N dp
ANExN ANEn ANES,

<[ G-Mdns [ Nau

EN A
g g

<§+N,LL(A)<§+N5<E

O

Theorem 4.1.6 is labeled “Absolute Continuity” for reasons that
will become clear later in Section 4.3. But as a nearly immediate
consequence we have the following continuity result which is a gener-
alization of a result from Exercise 1.6.3 about regulated functions.

Corollary 4.1.7. (Continuity of the integral). If f : [0,1] —
[0,00] is a non-negative integrable function and we define F(x) =
fo 0,01/ di, then F(x) is continuous.
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Proof. Given € > 0 let § > 0 be the corresponding value guaranteed
by Theorem 4.1.6. Now suppose x < y and |y — x| < . Then

([, y]) <6, s0
|F(y)—F(l’)|:‘/[Oy]fdu—/[mfdu‘:‘/[my]fdu’ <e

by Theorem 4.1.6. In fact, we have proven that F' is uniformly con-
tinuous. O

Exercise 4.1.8.

(1) Define f,(z) = = for € (0,1] and f,(0) = +oo. Prove

that f is integrable if and only if p < 1. For p < 1 calculate
the value of [ f, dp.

(2) Give an example of a non-negative extended real-valued
function ¢ : [0,1] — [0, 00] which is integrable and which
has the value +oo at infinitely many points of [0, 1].

(3) Suppose f and g are non-negative integrable functions on
[0,1]. Suppose that for every measurable E C [0, 1] the in-
tegrals fE f dup and ng dup are equal. Prove f and g are
equal almost everywhere.

4.2. Convergence Theorems

The following result is very similar to the bounded convergence the-
orem (see Theorem 3.3.2 and Theorem 3.3.4). The difference is that
instead of having a constant bound on the functions f,, we have them
bounded by an integrable function g. This is enough to make essen-
tially the same proof work.

Theorem 4.2.1. (Non -negative Lebesgue convergence theo-
rem). Suppose f, is a sequence of non-negative measurable func-
tions defined on [0,1] and g is a non-negative integrable function such
that fn(x) < g(x) for all n and almost all z. If lim f,(z) = f(z) for
almost all z, then f is integrable and

/f du:nlirr;o/fn dp.
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Proof. If we let h,, = f,Xg and h = fXg, where
E = {13 | hmfn(x) = f(a:)},

then f = h almost everywhere and f,, = h,, almost everywhere. So it
suffices to prove

/h dp= lim [ h, du,

and we now have the stronger property that limh,(x) = h(z) for
all z, instead of almost all. Since h,(z) = fo(2)Xg(z) < g(x) for
almost all z we know that h(x) < g(z) for almost all  and hence by
Proposition 4.1.4 that h is integrable.

The remainder of the proof is very similar to the proof of Theo-
rem 3.3.2. We must show that

lim ‘/hnduf/hdu’:();
but

(4.2.1) ‘/hn du—/h du‘ - ‘/(hn—h) du‘
< [ 1o bl d.

So we need to estimate the integral of |h, — h|.

Given e > 0 define E,, = {z | |hm(x)—h(z)| < £/2 for all m > n}.
We know by Theorem 4.1.6 that there is a § > 0 such that fA gdp <
€/4 whenever p(A) < 4.

We also know that for any = the limit lim h,,(z) = h(z), which
means that each z is in some E,, (where r7zn Hg;ends on z). In other
words, (J;~; E,, = [0,1]. Since E,, C E,41 by Proposition 2.4.5 we
know that lim u(E,) = p([0,1]) = 1. Thus, there is an ng such that
w(Ep,) > 1nj?5<: so u(Ey, ) < 0.

Now

[fin () = P(@)[ < [hn(2)] + |[A(2)] < 29(2)
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for almost all x, so for any n > ny we have

[t di= [ dt =]
fo B,

S/ Edu+/ 29 dp
B 2 .

no no

IN

IN

Thus, we have shown lim /\hn — h| dpp = 0. Putting this together
with equation (4.2.1) we see that

nan;O’/hndu—/hdu’:O

as desired. O

Theorem 4.2.2. (Fatou’s lemma). Suppose g, is a sequence of
non-negative measurable functions defined on [0,1]. If limg,(z) =
f(x) for almost all x, then

/f dp < 1iminf/gn dp.
In particular, if liminf [ g, du < +oo, then f is integrable.

Proof. The function f(x) is measurable by Theorem 3.1.9. Let h(x)
be a bounded measurable function with h(z) < f(x) for all z and
define h,(z) = min{h(z), gn(z)}, so h, is bounded and measurable
and nh_}n;o hn(z) = h(z). Then

/h dp= lim [ h, dy < liminf/gn du
where the equality follows from the bounded convergence theorem,
Theorem 3.3.4, and the inequality comes from the fact that h,(z) <
gn(z) for all x.

Since this inequality holds for any bounded measurable h which
is less than f, it holds when h is fp,(z) = min{f(z), m}, so for all
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m € N we have
/fm dp < liminf/gn dp.
n—oo

Taking the limit as m tends to infinity and recalling the definition of
the integral of f we get

/f dp = lim /fm dugliminf/gn du.

In the case of a monotone sequence of measurable functions the

O

inequality of the previous result can be strengthened to an equality.

Theorem 4.2.3. (Monotone convergence theorem). Suppose

gn 1S an increasing sequence of mon-negative measurable functions
defined on [0,1]. If lim g, (z) = f(x) for almost all z, then

/fdu— lim /gndu

In particular, f is integrable if and only if lim [ g,, dp < +oo.

Proof. The function f is measurable by Theorem 3.1.9. If it is inte-
grable, then the fact that f(z) > g,(z) for almost all z allows us to
apply the Lebesgue convergence theorem, Theorem 4.2.1, to conclude
the desired result.

Hence, we need only show that if [ f du = 400, then

lim [ g, dp = +o0.

n—oo

This follows immediately from Fatou’s lemma. O

Corollary 4.2.4. (Integral of infinite series). Suppose u, is a
non-negative measurable function and f is a non-negative function
such that Y7 up(x) = f(x) for almost all z. Then

/fdu:Z/undu.
n=1
Proof. Define

D= ()

Now the result follows from Theorem 4.2.3. O
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Corollary 4.2.5. (Countable additivity of the Lebesgue inte-
gral). Suppose {E,}>2 is a countable collection of pairwise disjoint
measurable subsets of I, and f is a non-negative integrable function.

If
E=|]JE, then /fdu:Z/ f dp.
n=1 E n=1 En
Proof. Note that

Xp=) Xg,.
n=1

Define uy(z) = fXg,. Then

fRp =1 Xp, =) un
n=1 n=1

Now the result follows from the previous corollary. 0

Exercise 4.2.6.

(1) Give an example to show the inequality in Fatou’s lemma
can be strict.

(2) Give an example of a a decreasing sequence of non-negative
measurable functions which are defined on the interval [0, 1]
and which converge pointwise to a bounded function f such
that

/fnd/,tz—&-oo and /fduzo.

This shows that the monotone convergence theorem does
not hold for decreasing sequences.

(3) Suppose g, is a sequence of non-negative measurable func-
tions defined on [0, 1]. Prove the following slightly stronger
version of Fatou’s Lemma:

/lim inf g, dp < lim inf/gn du.
o0

n—oo n—

(4) Let f be a non-negative integrable extended real-valued
function defined on [0, 1] and let £,,( f) denote the set of sim-
ple functions which are less than or equal to f. Let U, (f) be
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the set of simple functions greater than or equal to f. Prove

that
/fd,u: sup /vd,u.
veL,(f)

Give an example of non-negative (non-extended) real-valued
function f for which

d inf /u dis.
/f a 7& u€UL(f) a
Hint: The function f can be integrable and have U, (f) = 0.

(5) (x) Egorov’s theorem: If {f, : I — R} is a sequence of
measurable functions converging pointwise to f : [0,1] — R
prove that for any € > 0 there is a set A C I with u(A) <
e such that {f,} converges uniformly to f on A°. This
is sometimes referred to as the third of Littlewood’s three
principles.

Hint: Consider the sets
> 1
Emm) = {= | 1fe@) - 1) = —}.

m
k=n

For each m show there is n,, such that u(E(n.,,m)) < 2%
Then take A = J -_; E(nm,, m).

4.3. Other Measures

There are other measures besides Lebesgue and indeed measures on
other spaces besides [0,1] or R. We will mostly limit our attention
to measures defined on I = [0, 1], for simplicity, but it is worth for-
mulating some definitions for a general o-algebra of subsets of a set
X.

Recall from Definition 2.3.1 that a collection A of subsets of a
set X is called a o-algebra provided it contains the set X and is
closed under taking complements, countable unions, and countable
intersections.

Examples 4.3.1. The following are examples of o-algebras of subsets
of I =10,1]:
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1) The trivial o-algebra. A= {0, I}.

2) A= {A C I | Ais countable, or A€ is countable}.
3) A

4)

(
(
( M(I) the Lebesgue measurable sets.

(4) Ais the algebra of Borel subsets of I, the smallest o-algebra
containing the open intervals.

Definition 4.3.2. (Measure, measurable). If A is a o-algebra of
subsets of a set X, then a function v : A — [0, 00] is called a measure
provided

o v(A) >0 for every A € A,
e v() =0, and

o v is countably additive, i.e., if {A,}52, are pairwise disjoint
sets in A, then

v({J An) =D v(An).

n=1
A measure v is finite if v(X) < co. An extended real-valued function
f defined on X is called measurable with respect to the o-algebra A if
for any a € R the set f~1([—o0,a]) is in A.

Proposition 4.3.3. Suppose p and v are finite measures defined for
sets in the o-algebra A and a and b are non-negative numbers, not
both 0. If we define p(A) = au(A) + bv(A) for all A € M(I), then p
s a finite measure.

The (easy) proof is left as an exercise (see Exercise 4.3.9 prob-
lem (1) below).

The integral of a measurable function with respect to a measure
v is defined analogously to Lebesgue measure. The concept of sim-
ple function is the same and we let £,(g) denote the set of simple
functions v : X — R such that v(z) < g(z) for all x € X.

Definition 4.3.4. (Integrable function). Let v be a finite mea-
sure defined on the o-algebra A. If f(z) = D" r;Xa, is a simple
function, then its integral with respect to v is defined by [ f dv =
S riv(A;). If g : [0,1] — R is a bounded measurable function, then
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we define its integral with respect to v by

/g dv = vesﬁuﬁg) { /v du}.

If h is a non-negative extended measurable function we define

/h dv = lim [ min{h,n} dv.
n—oo
We will now turn our attention back to measures defined on the
o-algebra of Lebesgue measurable sets.

Definition 4.3.5. (Absolutely continuous measure). If v is a
measure defined on M(I), the Lebesgque measurable subsets of I, then
we say v is absolutely continuous with respect to Lebesgue measure (i
if u(A) =0 implies v(A) = 0. We write v < p.

The following result motivates the name “absolute continuity.”

Theorem 4.3.6. If v is a measure defined on M(I) which is abso-
lutely continuous with respect to Lebesgue measure, then for anye > 0
there is a & > 0 such that v(A) < € whenever u(A) = 4.

Proof. We assume there is a counterexample and show this leads to
a contradiction. If the measure v does not satisfy the conclusion of
the theorem, then there is an € > 0 for which it fails, i.e., there is no
0 > 0 which works for this €. In particular, for any positive integer m
there is a set By, such that v(B,,) > ¢ and p(B,,) < 1/2™. Hence, if
we define A, = J_, .1 Bm, then
= =~ 1 1
M(An) < Z M(Bm) < Z 2—m = 27

m=n+1 m=n+1

The sets A,, are nested, i.e., A, D A,41. Let

It follows from Proposition 2.4.5 that

n—oo n—oo 21

(4.3.1) p(C) = pu([) An) = lim p(4,) < lim 1
n=1
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The proof of Proposition 2.4.5 made use only of the countable
additivity of the measure. Hence, it is also valid for v, i.e.,

v(C)=v([) An) = lim v(4,) > e

since v(A,) > v(Bp41) > € for every n. This contradicts the absolute
continuity of v with respect to u. We have proven the contrapositive
of the result we desire. d

Proposition 4.3.7. If f is a non-negative integrable function on I
and we define

vs(A) Z/Af du,

then vy is a measure with o-algebra M(I) which is absolutely contin-
uous with respect to Lebesgue measure L.

Proof. Clearly, vy(A) = [, f dp > 0 for all A € M since f is non-
negative. Also, vf(0)) = 0. We need to check countable additivity.

Suppose {A,}52; is a sequence of pairwise disjoint measurable
subsets of [0,1] and A is their union. Then for all z € [0, 1],

f@)Xa(z) =) fx)Xa,(2).

Hence, by Theorem 4.2.4

/f:{A dp = Z/fon dp,
n=1
and so -
vi(4) = 3 vp(A).
n=1

Thus, v is a measure.
If u(A) = 0, then by Proposition 4.1.4

v = [ fxadu=o.

so v is absolutely continuous with respect to p. O
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The converse to Proposition 4.3.7 is called the Radon-Nikodym
theorem. Its proof is beyond the scope of this text. A proof can be
found in Chapter 11, Section 6 of Royden’s book [Ro] or in Chapter
11, Section 2 of [L].

Theorem 4.3.8. (Radon-Nikodym). Suppose that v is a finite
measure with o-algebra M(I) and that v is absolutely continuous with
respect to Lebesgue measure . Then there is a non-negative integrable
function f on [0,1] such that

v(A) = /Af du.

The function f is unique up to measure 0, i.e., if g is another function
with these properties, then f = g almost everywhere.

The function f is called the Radon-Nikodym derivative of v with
respect to u. In fact, the Radon-Nikodym Theorem is more general
than we have stated, since it applies to any two finite measures v and
1 defined on a o-algebra A with the property that v is absolutely
continuous with respect to u.

Exercise 4.3.9.

(1) Suppose u and v are finite measures defined for sets in the
o-algebra M(I) and a and b are non-negative numbers, not
both 0. If we define p(A) = au(A)+bv(A) for all A € M(I),
prove that p is a finite measure.

(2) Let X be a countable set and let A be the o-algebra of all
subsets of X. Prove there is no finite measure on X other
than the trivial measure which assigns measure 0 to every
set.

(3) Define the function v : M — [0,00] by v(A) = o0 if 0 is in
the closure of A and v(A) = 0 otherwise. Prove that v is
finitely additive but not countably additive.

(4) Show that Fatou’s lemma and the monotone convergence
theorem are valid for an arbitrary finite measure v defined
on a og-algebra A.
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(5) Given a point xg € [0, 1] define the function 0, : M(I) — R
by 04,(A) = 11if g € A and §,,(4) = 0 if 29 ¢ A. Let
v(A) = 0, (A).

(a) Prove that v is a measure on the o-algebra M(I).

(b) Prove that if f is a measurable function [ f dv = f(xo).

(¢) Give examples of three other o-algebras on which v
defines a measure. The measure v is called the Dirac
d-measure.

(6) If {v,}, n € N is a sequence of finite measures defined on
the o-algebra M(I), then we say that this sequence con-
verges weakly to the finite measure v if for every continuous
function f:[0,1] — R,

lim fdz/n:/f dv.

n—oo

Let
1 n
Uy = — 1)
n n Z k
k=1
where §; is the Dirac d-measure, dy,, with zo = % (with

o-algebra the Lebesgue measurable sets). Prove that {v,}
converges weakly to Lebesgue measure p. with respect to p.

4.4. General Measurable Functions

In this section we return to Lebesgue measure p on the interval
[0, 1] but, consider extended measurable functions which may be un-
bounded both above and below. We define

fH(z) = max{f(z),0}
and
[ (x) = —min{f(z),0}.
These are both non-negative measurable functions and
flz) = fT(x) = [~ (2).

Definition 4.4.1. (Lebesgue integrable). If f:[0,1] — [—o0, x]
18 a measurable function, then we say f is Lebesgue integrable pro-
vided both fT and f~ are integrable (as non-negative functions). If
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f s integrable, we define

[tau= [t au- [ 5 an

Proposition 4.4.2. Suppose f and g are measurable functions on
[0,1] and f = g almost everywhere. Then if f is integrable, so is
g and [ f du = [g du. In particular, if f = 0 almost everywhere,
[ fdu=0.

Proof. If f and g are measurable functions on [0,1] and f = g al-
most everywhere, then fT = gT almost everywhere, f~ = ¢~ al-
most everywhere, and f* and f~ are integrable. It then follows from
Proposition 4.1.4 that g™ and g~ are integrable and that [ f* du >
[g" dpand [f~ du > [g~ dp. Switching the roles of f and
g this same proposition gives the reverse inequalities, so we have
[rtdu= [g" dpand [f~du=[g™ dp. O

Proposition 4.4.3. A measurable function f : [0,1] — [—o0, 0] is
integrable if and only if the the function |f| is integrable.

Proof. Notice that |f(z)| = fT(z) + f~(z) so |f(z)] > f*(x) and
|f(x)] > f~(x). Thus, if |f] is integrable, it follows from Proposi-
tion 4.1.4 that both f and f~ are integrable. Conversely, if f* and
f~ are integrable, then so is their sum |f]. O

Theorem 4.4.4. (Lebesgue convergence theorem). Suppose
fn is a sequence of measurable functions defined on [0,1] and g is an
integrable function such that |f,(x)| < g(x) for all n and almost all
z. Iflim f,,(z) = f(x) for almost all x, then f is integrable and

[ #du=tin [ £ dn.

Proof. The functions

S (2) = max{fn(2),0} and f; (2) = —min{f,(z),0}
satisfy

lim f,(x) = f"(2) and lim f (z) = f(z)

n—oo
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for almost all z. Also, g(x) > f,F(z) and g(z) > f, (x) for almost all
z. Hence, by Theorem 4.2.1

/f+ dp = lim /fi[ dp and /f* dp = lim /f; du.
Thus, f = f© — f~ is integrable and

[ran=[san- [ a

= lim [ fF—f, du
= lim | f, du

O

The following theorem says that for any € > 0 any integrable
function can be approximated within € by a step function if we are
allowed to exclude a set of measure ¢.

Theorem 4.4.5. If f : [0,1] — [—00,00] is an integrable function,
then given € > 0 there is a step function g : [0,1] — R and a measur-
able subset A C [0,1] such that p(A) < e and

|f(z) —g(x)| < e forall x ¢ A.

Moreover, if |f(z)| < M for all z, then we may choose g with this
same bound.

Proof. We first prove the result for the special case of f(z) = Xg(x)
for some measurable set E. This follows because there is a countable
cover of E by open intervals {U;}$2, such that

() < len(Ui) < p(E) +

and hence

(4.4.1) p((UUi)\E) < g
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Also, we may choose N > 0 such that

(o) o0 €
4.4.2 (Uu) <D tenw <.
( ) ,uLJNU _;\,en(U)<2

Let Vy = Ufil U;. It is a finite union of intervals, so the function
g(x) = Xy, is a step function and if A = {z | f(z) # g(z)}, then

Ac (w\E) U (E\Ty) (@Ui) \E)u (gm),

so it follows from equations (4.4.1) and (4.4.2) that u(A) < e. This
proves the result for f = Xg.

From this the result follows for simple functions f = Y r;Xg,
because if g; is the approximating step function for Xg,, then g =
> rig; approximates f (with a suitably adjusted ¢).

If f is a bounded measurable function by Theorem 3.2.1 there
is a simple function h such that |f(z) — h(z)| < /2 for all x. Let g
be a step function such that |h(z) — g(z)| < €/2 for all x ¢ A with
p(A) < e. Then

€

[f(z) = g(z)| < [f(2) = h(2)| + |h(z) = g(z)] < §+ 5

for all z ¢ A. That is, the result is true if f is a bounded measurable

:E’

function.

Suppose f is a non-negative integrable function and let A, =
{z | f(z) >n}. Then

nu(Ay) = /n%An dp < /f dp < oo.
It follows that
nlgrgo w(Ayp) = nILrI;O % /f dp = 0.
Hence, there is an N > 0 such that pu(Ay) < e/2.

If fy = min{f, N}, then fx is a bounded measurable function.
So we may choose a step function g such that |fx(z) — g(x)| < /2
for all z ¢ B with u(B) < ¢/2. It follows that if A = Ay U B, then
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u(A) <e. Also, if z ¢ A, then f(z) = fn(z), so

|f(2) = g(2)| < |f(x) = (@) + | fn(2) — g(2)]
= |fn(z) = g(z)] <e.
Hence, the result holds for non-negative f.
For a general integrable f we have f = fT — f~. The fact that
the result holds for f* and f~ easily implies it holds for f.
Suppose now that f is bounded, say |f(z)| < M for all z, and g
satisfies the conclusion of our theorem, then we define
M, if g(x) > M;
g1(z) = g9(), it =M < g(z) < M;
—M, if g(x) < —M.
The function g; is a step function with |g;(z)| < M and ¢1(z) = g(x)
except when |g(x)| > M. Note that if g(z) > M and x ¢ A, then

f(@) <M = gi(x) < g(z),
so |g1(z) — f(z)| < €. The case g(z) < —M is similar. O

We can now generalize Theorem 3.2.4 to cover Lebesgue inte-
grable functions and not just bounded functions. The proof is left as
an exercise.

Theorem 4.4.6. The Lebesgue integral satisfies the following prop-
erties:

I. Linearity: If f and g are Lebesgue integrable functions and
c1,c2 € R, then

/clf+029 du=cl/fdu+02/g dp.

II. Monotonicity: If f and g are Lebesque measurable and
f(z) < g(x) for all x, then [ f du < [ g dpu.
ITI. Absolute value: If f is Lebesgue integrable, then |f| is

also and | [ f dp| < [|f] dp.

IV. Null sets: If f and g are equal except on a set of mea-
sure zero and f is integrable, then g is also integrable and

[ fdp=[gdu.
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Exercise 4.4.7.

(1)

(2)

Prove that if f,g, h are measurable functions and f = g
almost everywhere and g = h almost everywhere, then f = h
almost everywhere.

Suppose v is a finite measure defined on a o-algebra of
subsets of a set X. Define f : X — [—00,00] to be an
integrable function analogously to Definition 4.4.1. Prove
that the Lebesgue convergence theorem remains valid in this
more general setting. Hint: You will need part (4) of Exer-
cise (4.3.9).

Prove that if f : [0,1] — [—00,00] is an integrable func-
tion, then given € > 0 there exists a continuous function
g :[0,1] — R and a set A such that u(A) < € and |f(z) —
g(z)] < e forall x ¢ A, and g(0) = g(1). Hint: Use part (6)
of Exercise 3.1.11.

Prove that the, not necessarily bounded, integrable func-
tions from [0, 1] to R form a vector space.

Prove that if g is an integrable function on [0, 1], then there
is a sequence of simple functions {g, } such that g,, converges
to g pointwise and |g,(z)| < |g(z)]| for all x. Conclude from
the Lebesgue convergence theorem that lim [ g, du = [ g dp
and lim [ [g,| dpu = [ |g] dps.

Suppose {E,}%2 is a countable collection of pairwise dis-
joint measurable subsets of I and f is an integrable function.
Prove that if

E= DE"’ then /Efd,u:i/E f du.
n=1 n=1 n

This was proved in Corollary 4.2.5 with the additional as-
sumption that f is non-negative.

Proposition 4.4.2 proves the null set part of Theorem 4.4.6.
Prove the remaining parts of this theorem, namely linearity,
monotonicity, and the absolute value property. (You may
use Theorem 3.2.4).



Chapter 5

The Hilbert Space L?

5.1. Square Integrable Functions

In this chapter we will develop the beginnings of a theory of function
spaces with many properties analogous to the basic properties of R™.
To motivate these developments we first take a look at R™ in a differ-
ent way. We let X = {1,2,3,...,n}, the first n natural numbers, and
we define a measure v on X which is called the “counting measure”.

More precisely, we take as o-algebra the family of all subsets of
X and for any A C X we define v(A) to be the number of elements in
the set A. It is easy to see that this is a measure and that any function
f X — R is measurable. In fact, any function is a simple function.
This is because there is a partition of X given by 4; = {i} and clearly
[ is constant on each A;, so f =" | r;Xa, where r; = f(i).
Consequently, we have

n n
/f dv =Y "riv(A) =Y ().

i=1 i=1
For reasons that will be clear below we will denote the collection
of all functions from X to R by L?(X). The important thing to note
is that this is just another name for R™. More formally, L?(X) is
the vector space of all functions from X to R. This vector space can
also be seen as the set of all finite sequences (z1,z2,...,2,) with
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the correspondence between the two given by f «— (21, x2,...,2,)
where x; = f(i).

It is useful to view the usual inner product on R™ (the “dot”
product given by (z,y) = >, x;y;) in light of this correspondence.
If f,g € L?>(X) are the functions corresponding to vectors z and y,
respectively, then z; = f(i) and y; = g(7), so

n

(wy) = Y ww = 3 fli)gli) = / fg dv.
1=1

Also, the norm (or length) of a vector is given by

ol = (ma) = Soat = S s07 = [ aw
i=1 i=1

It is this way of viewing the inner product and norm on R™ which
generalizes nicely to a space of real-valued functions on the inter-
val. In order to make this generalization work we have to restrict
our attention to functions which are not just integrable, but whose
square is integrable. In fact, if the square of a function is integrable,
then the function is integrable, but the converse is not true. (See
Exercise 5.1.10 below.)

In this chapter it will be convenient to consider functions on the
more general closed interval [a,b] rather than [0,1]. Of course, all
of our results about measurable functions and their integrals remain
valid on this different interval.

Definition 5.1.1. (Square integrable). A measurable function
f i la,b] — [—00,00] is called square integrable if f2 is integrable.
We denote the set of all square integrable functions by L?[a,b]. We
define the norm of f € L?[a,b] by

i91= ([ 7 an)”

Notice that the function || || is not quite a norm in the usual sense
(as defined in Definition A.9.4 and described in Proposition A.9.6).
The one way in which it fails strictly to be a norm is that || f|] = 0
implies f(z) = 0 almost everywhere rather than everywhere. The
pedantic way to overcome this problem is to define L?[a, b] as the vec-
tor space of equivalence classes of square integrable functions, where
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f and g are considered “equivalent” if they are equal almost every-
where. It is customary, however, to overlook this infelicity and simply
consider L?[a,b] as a vector space of functions rather than equivalence
classes of functions. In doing this we should keep in mind that we
are generally considering two functions the same if they agree almost
everywhere.

Proposition 5.1.2. The norm || || on L?[a,b] satisfies ||cf| = ||| f|l
for all ¢ € R and all f € L?[a,b]. Moreover, for all f, || f|| > 0 with
equality only if f =0 almost everywhere.

Proof. We see

lefll = ([ 7% an)* = v ( [ 72 )" = ellsi,

Since [ f% du >0, clearly || f|| > 0. Also, if

If] =0, then /f2 dj =0,

So by Corollary 4.1.5 f2 = 0 almost everywhere and hence f = 0
almost everywhere. O

Lemma 5.1.3. If f,g € L?[a,b], then fg is integrable and

2 [ 179l du < 1117 + gl
Equality holds if and only if | f| = |g| almost everywhere.

Proof. Since

0 < (If(2)] = lg(@))* = f(x)* = 21 f(2)g(x)] + g(2)?
we have 2|f(z)g(z)] < f(x)?+ g(z)?. Hence, by Proposition 4.1.4, we
conclude that |fg| is integrable and that

2 [ 179l ds < 11 + gl

Equality holds if and only if [(|f(z)| — |g(z)])? dp = 0 and we
may conclude by Corollary 4.1.5 that this happens if and only if
(|f(z)] — lg(z)])? = 0 almost everywhere and hence that |f| = |g|
almost everywhere. O

Theorem 5.1.4. L?[a,b] is a vector space.



86 5. The Hilbert Space L?

Proof. We must show that if f,g € L?[a,b] and ¢ € R, then cf €
L?[a,b] and (f + g) € L*[a,b]. The first of these is clear since f? is
integrable implies that ¢ f? is integrable.
To check the second we observe that
(f+9)°=f"+2fg+ 9" < f*+2/fg + ¢

Since f2?, g% and |fg| are all integrable, it follows from Proposi-
tion 4.1.4 that (f + g)? is also. Hence, (f + g) € L?[a,b]. O

Theorem 5.1.5. (Hélder inequality). If f,g € L*[a,b], then

/ \Fal du < IF1l Nl

Equality holds if and only if there is a constant ¢ such that |f(x)| =
clg(x)| or |g(x)| = ¢|f(x)| almost everywhere.

Proof. Ifeither || f|| or | gl is 0, the result is trivial so assume they are
both non-zero. In that case the functions fo = f/||f]| and go = g/||gll
satisfy [ foll = llgoll = 1.

Then by Lemma 5.1.3

2/\fogo\ dyi < [Lfol® + oo =2,
SO

/\fogo\ dp <1,

and equality holds if and only if | fo| = |go| almost everywhere. So

1
T ol dp = d 1,
an ] Vol = [ Vosol do <

[ 1591 dn < 111 gl

Equality holds if and only if | fo| = |go| almost everywhere, which

and hence

implies there is a constant ¢ with |f(z)| = ¢|g(z)| almost everywhere.
O

Corollary 5.1.6. (Cauchy-Schwarz). If f,g € L?[a,b], then

| [ oau] <171 gl
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Equality holds if and only if there is a constant ¢ such that f(x) =
cg(x) or g(x) = cf (x) almost everywhere.

Proof. The inequality follows from Holder’s inequality and the ab-
solute value inequality since

| [ fodu| < [179l du< 111 Tl

Equality holds when both of these inequalities are equalities. In this
case, suppose first that [ fg du > 0. Then [ |fg| du = [ fg du, so
[1fgl — fg du = 0 and hence |fg| = fg almost everywhere. This
says that f and g have the same sign almost everywhere. Since the
second inequality is an equality we know from Holder that there is
a constant ¢ such that |f(z)| = c|g(z)| or |g(z)| = c|f(x)| almost
everywhere. This togther with the fact that f and g have the same
sign almost everywhere implies f(z) = cg(x) or g(x) = ¢f(z) almost
everywhere. For the case that [ fg du < 0 we can replace f with —f
and conclude that f(x) = —cg(x) or g(z) = —cf(z). Conversely, it is
easy to see that if f(z) = cg(z) or g(x) = cf(x) almost everywhere,
then the inequality above is an equality. O

The following result, called the Minkowski inequality, is the tri-
angle inequality for the normed vector space L?[a, b].

Theorem 5.1.7. (Minkowski’s inequality). If f,g € L?[a,b], then
I1f+gll < 171+ llgll-
Proof. We observe that
I+ 9l = [ (54 9* du

= /(fQ +2fg+g°) dp

S/f2+2|fg\+g2 du
< IFI7+201£1l llgll + llgI> by Hélder’s inequality

= (171 + llgl)?-

Taking square roots of both sides of this equality gives the triangle
inequality. O
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Definition 5.1.8. (Inner product on L%[a,b]). If f,g € L?*[a,],
then we define their inner product by

:/fg dp.

Of course, we have to prove that (, ) actually satisfies the prop-
erties required of an inner product on a real vector space as defined
in Definition A.9.3.

Theorem 5.1.9. (Inner product on L%[a,b]). For any f1, f2,9 €
L?[a,b] and any c1,co € R the inner product on L*[a,b] satisfies the
following properties:

(1) Commutativity: (f1,9) = (g, /1)

(2) Bilinearity: (c1f1 + caf2,9) = c1(f1,9) + c2(f2, 9).

(3) Positive Definiteness: (g,g) = ||g||? > 0 with equality if and
only if g = 0 almost everywhere.

(4) The norm associated with the inner product { ,) is the norm
Il on L?[a,b]. Le. |lglI* = (g.g) for every g € L*[a,}].

Proof. Clearly, (f,9) = [fg dp = [gf du = <g,f) Bilinearity
holds because of the hnearlty of the integral. Also, (g,9) = [ g% dp >

0. Corollary 4.1.5 implies that equality holds only if g = 0 almost
everywhere. Finally, from the definitions

lol* = [ o du= (g.9)

Exercise 5.1.10.

(1) Give an example of a function f : [a,b] — R such that f? is
integrable but f is not. Hence, not all integrable functions
are in L?[a,b]. (See part (1) of Exercise 4.1.8.)

(2) Provethatif f € L?[a,b], then f is integrable. Together with
(1) this proves L?[a,b] is a proper subset of the integrable
functions on [a, b].
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(3) Prove that if f € L%[a,b], then

([irtaw) <w-a) [ an

5.2. Convergence in L?

We have discussed uniform convergence and pointwise convergence
and now we wish to discuss convergence in the L?[a, b] norm | ||. Note
that again we are adopting the customary convention by which || || is
called a norm even though || f|| = 0 implies only that f(z) = 0 almost
everywhere. So again if we were to be pedantic this is a norm on
the vector space of equivalence classes of functions which are equal
almost everywhere. With this caveat the vector space L%[a,b] is a
metric space with distance function given by dist(f, g) = ||f — g||-

Definition 5.2.1. (Convergence in L?). If {f,}°2, is a sequence
in L?[a,b], then it is said to converge to f in L*[a,b] if

T [|f — full = 0.

Functions which are bounded form a dense subset of L?[a, b]. In
fact, the following result shows that a good bounded function approx-
imating f € L?[a,b] can be obtained by taking n large and defining
fn(x) to be n if f(x) > n, or —n if f(z) < —n, and f(x) otherwise.

Lemma 5.2.2. (Density of bounded functions). Suppose f €
L?[a,b]. If we define
n, if f(z) > n;
fu(@) = § f(@), if —n < f(2)<n;
—n if f(z) < —n,
then
T | = full = 0.

Proof. We will show that for any € > 0 there is an n such that
|l f — full?> < e. First we note that |f,(x)| < |f(z)] so

(@) = fa(@)* < 1f(@)] + 21 f @)] [fu(@)] + | ful(@)?
< A|f(@).
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Let B, = {z | |f(z)| > n} = {z | |f(®)]* > n?} and let C =
[1f]? du. Then

C= [ duz [ 1P duz [ dp=rnuEn)

E, n

and we conclude that u(E,) < C/n?.

We know from absolute continuity, Theorem 4.1.6, that there
is a d > 0 such that [, |f|* du < /4 whenever u(A) < é. Since
|f(z) = fu(z)] = 0 when = ¢ E,,, we have

I = full? = / = ful du

=/En|f—fn|2du
S/)Mﬂ2@

n

g
<45 =g,
1 g

whenever n is sufficiently large that u(E,) < C/n? <. O

In fact, we can do better than approximating a function f €
L?[a,b] by bounded functions; we can approximate it by continuous
functions or even step functions. But this is an approximation only
in the L? norm! That is, we can show | f — g|| is small, but that does
not imply anything about the size of |f(x) — g(z)| for a particular z.

Proposition 5.2.3. (Density of step functions and continuous
functions). The step functions are dense in L*[a,b]. That is, for
any € > 0 and any f € L?[a,b], there is a step function g : [a,b] — R
such that ||f — g|| < e. Likewise, there is a continuous function h :
[a,b] — R such that ||f — h|| < e. The function h may be chosen so
h(a) = h(b).

Proof. By the preceding result we may choose n so that || f—f,| < 5.
Note that | f,(z)| < n for all x. Suppose now that ¢ is any given small
positive number. According to Theorem 4.4.5 there is a step function
g with |g| < n and a measurable set A with pu(A4) < § such that
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|fn(z) —g(x)] < 6 if x ¢ A. Hence,

1 — g2 =/|fn P

=/ fa =gl du+/ | = 9I? dps
A Ac
< / 4n? dp + 62 du
A Ae
< An?p(A) + 0% p(A°) < 4n?s + 262
Clearly, if we choose § sufficiently small, then
1 — gll < V/An23 + 202 < %

It follows that [|f — g[| < [[f = full + lfn — gll <&

The proof for continuous functions is the same, except Exer-
cise 4.4.7 3 is used in place of Theorem 4.4.5. The details are left
as an exercise. g

In any vector space with a norm || || we can talk about convergent
sequences. The meaning is precisely what you would expect. As
stated in Definition A.11.1 of our “background” appendix, if {v,} is
a sequence in V, then lim v, = w means nlLII;O lw — vy = 0.

n—oo
This is equivalent to the usual definition in R except we use the
norm || || in place of absolute value. Similarly, we can define the
concept of Cauchy sequence in a normed vector space. There are
several items from Definition A.11.2 which we will now make use of.
The reader may wish to review the material of Section A.9

Definition 5.2.4. (Cauchy sequence, complete). Let V be a real
vector space with inner product { , ) and associated norm || ||.

o A sequence {v,} in V is said to converge to w € V provided

lim ||w —v,| = 0.
n—oo

o A sequence is called Cauchy provided for every ¢ > 0 there
is an N > 0 such that ||v, — vp|| < € when n,m > N.

o If all Cauchy sequences in'V converge, then V is called com-
plete.
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An inner product space with a complete norm is one of the basic
objects of analysis. It is commonly given the name Hilbert space after
the German mathematician David Hilbert.

Definition 5.2.5. (Hilbert space). A Hilbert space is a vector
space with an inner product whose associated morm is complete.

As with R, in a Hilbert space a sequence is a Cauchy sequence if
and only if it converges.

Examples 5.2.6.

(1) The vector space R™ with the usual dot product is a Hilbert
space.

(2) The space of square summable sequences ¢? with the inner
product of Exercise A.9.9 is a Hilbert space.

(3) In general, a vector space of functions with an inner prod-
uct may not be complete. Both step functions and continu-
ous functions are vector subspaces of L?[a, b] and inherit its
inner product, but they are not complete. Indeed, Propo-
sition 5.2.3 shows for any f € L2[a,b] which is not con-
tinuous there is a Cauchy sequence of continuous functions
converging to f and hence not converging in the subspace
of continuous functions.

Our next result asserts that L?[a,b] is complete and hence is a
Hilbert space.

Theorem 5.2.7. (L?[a,b] is complete). The vector space L?|a,b]
with inner product { , ) is a Hilbert space.

Proof. We have already shown that L?[a,b] is an inner product
space. All that remains is to prove that the norm || || is complete,
i.e., that Cauchy sequences converge (in the L? norm).

Let {f}5°; be a Cauchy sequence. Then we may choose positive
integers n; such that

1
”fm - fn“ < 5

whenever m,n > n;. If we define go = 0 and g; = f,, for ¢ > 0, then

1
llgi+1 — gill < 5
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for i > 1 so, in particular, Y o ||gi+1 — gi|| converges, say to S.

Consider the function h,,(x) defined by
n—1

hn () = Z |git1(2) — gi(2)].
i=0

For any fixed x the sequence {h,(x)} is monotone increasing so we
may define the extended real-valued function h by h(z) = lim h,(z).
Note that by the Minkowski inequality

n—1

[hnll < Z gi+1 — gl < S.
i=0
Hence, [hZ du = ||hy,||*> < S2. Since h,(x)? is a monotonic in-
creasing sequence of non-negative measurable functions converging
to h?, we conclude from the Monotone convergence theorem (Theo-

rem 4.2.3) that /h2 dp = lim /hi dp < 82, so h? is integrable.
n—oo

Since h? is integrable, h(z) is finite almost everywhere. For each
x with finite h(z) the series of real numbers Y .~ (git1(x) — gi(z))
converges absolutely and hence converges (see Theorem A.3.7). We
denote its sum by g(z). For z in the set of measure 0 where h(z) = +00
we define g(z) = 0.

Notice that

n—1

gn(®) =D (gis1(x) — gi(x))

i=0
because it is a telescoping series. Hence,

n—1
Jim gn(x) = Jim Z(giJrl(x) —gi(z)) = g()
i=0

for almost all . Moreover,

9(a)] = Tim_|gn (@)

n—1
< nlggo z; |gi+1(x) — gi()]
i

= lim h,(z) = h(x)

n—oo
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for almost all x, so |g(z)|? < h(x)? and hence |g(x)|? is integrable and
g € L*[a,b].

We also observe that
19(x) = gn(2)]> < (|g(2)] + |gn(2)])? < (2h()).

Since lim |g(z) — gn(z)|* = 0 for almost all z the Lebesgue conver-
n—oo

gence theorem, Theorem 4.4.4, tells us lim / lg(z) — gn(2)|* du = 0.
This implies lim ||g — gn| = 0.
Hence, given € > 0 there is an ¢ such that ||g — ¢;|| < €/2 and

1/2¢ < /2. Recalling that g; = f,,, we see that whenever m > n; we
have

”g - me < ”g_gi” + ng - me
<eg/2+¢e/2=¢.
Hence lim |lg — fm] =0. O

We have shown that if {f,} is a Cauchy sequence in L?[a, b], then
there is a function g € L?[a,b] such that W}Enoo llg = fml| = 0. This,
however, does not immediately tell us for any particular z € [a, b] that
77}i_r)noo lg(z) — fm(x)| =0, i.e., it implies nothing about pointwise con-
vergence. On the other hand, our proof of convergence in L?[a, b] does
imply the existence of a subsequence { f,,,} which converges pointwise
almost everywhere. We formalize this as follows

Corollary 5.2.8. If the sequence { f,,} converges in L*[a,b] to f, then
there exists a subsequence { fn, }32, such that

lim £,,(@) = (@)
for almost all x € [a, b].

Proof. Since {f,} converges in L?[a,b] it is Cauchy (see part (1)
of Exercise A.11.3). In the proof of Theorem 5.2.7 we constructed
a function g, associated to the Cauchy sequence {f,}, and a subse-
quence g; = fp, with the property that _lim lg — gi|| =0 in L?[a,b]
and o

lim g;(z) = g(z)

—00
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for almost all # € [a, b]. Since {g;} converges to f and to g in L?[a, b]
we conclude that f(x) = g(x) for almost all x. O

5.3. Hilbert Space

In any Hilbert space we can, of course, talk about convergent series as
well as sequences. The meaning is precisely what you would expect.
In particular, if H is a Hilbert space and {u,} is a sequence in H,
then

means lim s,, = s where

n
Sp = E U, -
m=1

We will say a series Y °_ um, converges absolutely provided the se-
quence > ||um]| converges.

Proposition 5.3.1. (Absolutely convergent series). If a series
in a Hilbert space converges absolutely, then it converges.

Proof. Given € > 0 there is an N > 0 such that whenever n > m >

N,
n oo
Do lluml <7 Jumll <.
i=m i=m
Let s, = Y iy u;, then |[s, — sy || < 30 |lum|| < e. It follows that
{sn} is a Cauchy sequence. Hence it converges. O

We will also talk about perpendicularity in H. We say =,y € 'H
are perpendicular (written x L y) if (z,y) = 0.

Theorem 5.3.2. (Pythagorean theorem). If z1,zs,...,2, are
mutually perpendicular elements of a Hilbert space, then

n 2 n
[ =3 taar®
=1 i=1
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Proof. Consider the case n = 2. If x L y, then
o+ yll* = (z +y,z +y) = (z,2) + 2z,y) + (y,9) = l|=[* + [yl
since (x,y) = 0. The general case follows by induction on n. O

Definition 5.3.3. (Bounded linear functional). A bounded lin-
ear functional on a Hilbert space 'H is a function L : H — R such
that for all v,w € H and ¢1,c2 € R, L(civ+ cow) = ¢1 L(u) 4+ co L(w)
and such that there is a constant M satisfying |L(v)| < M||v|| for all
veH.

The Cauchy-Schwarz inequality is a standard result for any real
vector space with an inner product. A proof has been provided in
Proposition A.9.5 of Appendix A. In the case of the Hilbert space
L?[a, b] this is just the corollary to Holder’s inequality, given in Corol-
lary 5.1.6.

Proposition 5.3.4. (Cauchy-Schwarz inequality). If (H,{, ))
s a Hilbert space and v,w € H, then

(v, W) < [Jo| [|wl],

with equality if and only if v and w are multiples of a single vector.

For any fixed « € H we may define L : H — R by L(v) = (v, z).
Then L is a linear function and as a consequence of the Cauchy-
Schwarz inequality it is bounded. Indeed, ||L(v)|| < M]||v|| where
M = ||z||. Our next goal is to prove that these are the only bounded
linear functionals on H.

Lemma 5.3.5. Suppose ‘H is a Hilbert space and L : H — R is a
bounded linear functional which is not identically 0. If V = L~1(1),
then there is a unique x € V such that

[[#]| = inf ||v]].
veY
That s, there is a unique vector in V closest to 0. Moreover, the

vector x is perpendicular to every element of L~1(0), i.e., if v € H
and L(v) = 0 then (z,v) = 0.

Proof. We first observe that V is closed, i.e., that any convergent
sequence in V has its limit in V. To see this suppose lim z,, =  and
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Zp € V. Then |L(x) — L(xy,)| = |L(x — z,,)| < M||z — x,|| for some
M. Hence since L(z,) = 1 for all n, we have

|L(z) — 1] < lim M|z — z,] = 0.
Therefore, L(z) =1 and x € V.
Now let d = in‘f) |lv]| and choose a sequence {x,}5°; in V such
ve

that lim ||, || = d. We will show that this sequence is Cauchy and
hence converges.

Notice that (z,, + z,,)/2 is in V, so
[(@n + 2m) /2] > d and ||z, + x| > 2d.

By the parallelogram law (Proposition A.9.6)

l|zn — mm”2 + [|ln + 33m||2 = 2l|zn|” + 2[|zm 1.
Hence,

20 = Zml|® = 2]z |* + 2)lzm|® = |20 + m]|?

< 2ljn? + 2 |? — .

As m and n tend to infinity the right side of this inequality goes to
0. Hence the left side does also and lim ||a,, — @, || = 0. That is, the

sequence {x,}52 4 is Cauchy. Let 2 € V be the limit of this sequence.
Since ||z|| < ||z — zn]| + ||2x|| for all n, we have

2]l < Tim [lz — [l + lim |[z,[| = d;
n—oo n—oo

but x € V implies ||z|| > d, so ||z| = d.

To see that x is unique suppose that y is another element of V
and |ly|| = d. Then (z+y)/2isin V so || +y| > 2d. Hence using the
parallelogram law again,

lz = ylI* = 2]|z]|* + 2|lyl* — [l + yl* < 4d® — 4d* = 0.
We conclude that x = y.

Suppose that v € L™1(0). We wish to show it is perpendicular to
x. Note that for all ¢ € R the vector z +tv € L71(1), so ||z + tv|* >
|lz|%. Hence

1 + 2¢(z, v) + [|v* > [|=]]?, s
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2t(z,v) + t?||v||* > 0 for all t+ € R. This is possible only if (z,v) =
0. O

In the following theorem we characterize all the bounded linear
functionals on a Hilbert space. Each of them is obtained by taking
the inner product with some fixed vector.

Theorem 5.3.6. If 'H is a Hilbert space and L : H — R is a bounded
linear functional, then there is a unique x € H such that L(v) = (v, x).

Proof. If L(v) = 0 for all v, then = 0 has the property we want,
so suppose L is not identically 0. Let o € H be the unique point in
L~1(1) with smallest norm, guaranteed by Lemma 5.3.5.

Suppose first that v € H and L(v) = 1. Then L(v — o) = L(v) —
L(zo) =1—1=0, so by Lemma 5.3.5 (v —xg,xo) = 0. It follows that
the vector x = z/||z0/|? is also perpendicular to v — g, so

X0 To

Zo 4 v
)-l—(xo,w)—l—L( ).

o2

<’U,.’L‘>=<U >:<U_$0’

lol?
Hence, for any v with L(v) = 1 we have L(v) = (v, ). Also, for any
v with L(v) = 0 we have L(v) =0 = (v, z) by Lemma 5.3.5.
Finally, for an arbitrary w € H with L(w) = ¢ # 0 we define
v=w/e¢, so L(v) = L(w)/c = 1. Hence,
L(w) = L(ev) = ¢L(v) = ¢{v,z) = (cv,z) = (w, x).

To see that x is unique, suppose that y € H has the same prop-
erties. Then for every v € H we have (v,z) = L(v) = (v,y). Thus,
(v, —y) =0 for all v and, in particular, for v = z — y. We conclude
that ||z —y||> = (x —y,x —y) =0, 50 x = 4. O

Exercise 5.3.7. If V; and Vs are Hilbert spaces, we say a function
f: V1 — Vs is linear if for every x,y € V; and every a,b € R,
flaz 4+ by) = af(x) + bf(y).

The function f is continuous at xg if for every € > 0 thereis a § > 0
such that ||f(z) — f(zo)|| < € for all z with ||z — x| < 4.
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(1)

(2)

Prove that a linear function f :V; — Vs is continuous (i.e.,
continuous at every xg € V;) if and only if it is continuous
at xo =0 € V.

Prove that a linear function f : V; — Vs is continuous if
and only if there is an M > 0 such that for all z € Vy,

1f (@) < Ml|z|].

The kernel of a continuous linear function f : Vi — Vs is
defined to be

K={veV | f(v) =0}

Prove that K is a vector subspace of H. Prove K is closed;
ie., if v, € K and limv, = w, then w € K.

Suppose H is a Hilbert space, L : H — R is a bounded linear
functional, and V = L~1(0). Prove there is a linear function
P : H — V such that P(P(z)) = P(x) for all x € H and
such that  — P(x) is perpendicular to v for all z € H and
all v € V. The function P is called an orthogonal projection
onto V.

5.4. Fourier Series

As always we would like to reproduce for a Hilbert space as many

properties of R™ with its usual “dot product” as possible. In R"™ it

is very useful to have an orthonormal basis, i.e., a set of n unit vec-
tors {u;}_; which are pairwise perpendicular (and which necessarily
then span R™ and are necessarily linearly independent). If we have

such an orthonormal basis then it is not difficult to show (see Propo-
sition A.9.8) that if we denote the dot product of u and v by (u, v),
then for any v € R™,

n

v = Z(U, U YUy

i=1

Moreover, this expression is unique, i.e., if

n
v = E a; U;
i=1

for some real numbers a;, then a; = (v, u;).
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It is these properties we wish to generalize to (infinite dimen-
sional) Hilbert spaces. It is not generally possible to find vectors
{u;}$2, in a Hilbert space H such that any v € H can be expressed
as a finite linear combination of the u;’s. Instead we want to write
v € H as an infinite series

oo
v= E ait;,
i=1
by which, of course, we will mean the series > a;u; converges in H to
V.

Definition 5.4.1. (Orthonormal family). A family of vectors
{un} in a Hilbert space H is called orthonormal provided for each
n, |lunll =1 and (upn, um) =0 if n # m.

Theorem 5.4.2. If {u, })_, is a finite orthonormal family of vectors
in a Hilbert space H and w € H, then the minimum value of

N
Hw— E Cnln
n=0

for all choices of ¢,, € R occurs when ¢, = (w, uy).

Proof. Let ¢, be arbitrary real numbers and define a,, = (w,u,).

Let
N N
u= E anly, and v = E CrUp,-
n=0 n=0

Notice that by the Pythagorean theorem (Theorem 5.3.2),

Z lan|? and (v,v) Z len|?

Also,

N N
E w Un E Ay Cpy .
n=0 n=0
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Hence,
Jw = = (w = v,w —v)

= [[wl* = 2(w, v) + [lv]®

N N
= ||’LUH2 -2 Z ApCp + Z |Cn‘2
n=0 n=0

N N
= ||”LUH2 - Z ‘an‘Z + Z(an - Cn)z
n=0 n=0
N
= Jlwl® = flul® + > lan — cal.

n=0
It follows that
lw = ol > [l = fJu]?
for any choices of the ¢, ’s and we have equality if and only if ¢,, = a,.
That is, for all choices of v, the minimum value of |jw — v||? occurs
precisely when v = u. O

Definition 5.4.3. (Complete orthonormal family). If {u,}>2,
18 an orthonormal family of vectors in a Hilbert space H, it is called
complete if every w € ‘H can be written as an infinite series

o0
w = Z Cnlin
n=0
for some choice of the numbers c,, € R.

Theorem 5.4.2 suggests that the only reasonable choice for ¢, is
¢n = (w,uy) and we will show that this is the case. These numbers
are sufficiently frequently used that they have a name.

Definition 5.4.4. (Fourier series). The n'" Fourier coefficient
of w with respect to an orthonormal family {u,}22, is the number
(w,un). The infinite series

o0

Z(w,un>un

n=0

18 called the Fourier series of w.



102 5. The Hilbert Space L2

Theorem 5.4.5. (Bessel’s inequality). If {u;}2, is an orthonor-
mal family of vectors in a Hilbert space H and w is any element of

‘H, then
> [ w,u)? < Jlwl?.
i=0

In particular this series converges.

Proof. Let s, be the partial sum for the Fourier series. That is,
Sp = i o{w, up)u,. Then since the family is orthogonal, we know
by the Pythagorean theorem (Theorem 5.3.2) that

n

(5.4.1) sl = 3 oo, s Zl w, i)
=0

This implies that s,, L (w — s,) because
(w = 8, 8n) = (W, 80) = (80, 5n) ZI w, un) | = ||snl* =

Since s, L (w — sp,) we know
(5.4.2) lwl® = [Isall? + lw = sul®
by the Pythagorean theorem again. Hence, by equation (5.4.1),

n
[w, un)[* = Isnl* < w]*.
=0
Since |[s,,||? is an increasing sequence it follows that the series
o0
[(w, up)[? = lim s * < fw]®
converges. O

Proposition 5.4.6. (Fourier series converge). If {u,}52, is an
orthonormal family of vectors in a Hilbert space H and w € H, then
the Fourier seriesy .o (w, w;)u; with respect to {u;}32, converges. If
the orthonormal family is complete, then it converges to w. Moreover,
it is unique in the sense that if > oo ciu; = w, then ¢; = (w,u;).
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Proof. Let s, be the partial sum for the Fourier series. That is,
Sn =i ow,uhu;. So if n>m, s, — s = Z?:m+1<w, (TENYTES

Then since the family is orthogonal, we know by Theorem 5.3.2
that

n n
I = smll> = 3 Iwyuduill> = 37w,
i=m-+1 i=m-+1

Since the series Y o< |(w,u;)|? converges we conclude that given & >
0, there is an N > 0 such that ||s,, — sp||* < €2 whenever n,m > N.
In other words, the sequence {s,} is Cauchy, so it converges.

If the family {u,}22, is complete there exist numbers ¢; such
that the series Zfio c;u; converges to w. So the partial sums S, =
S ciu; satisfy

w= lim S,.

n—oo

Hence, since the linear functional L(x) = (x,u;) is continuous
(w,uj) = ( lim S,,u;) = lim (S,,u;) = ¢;.
n—oo n—oo

Thus, the sequence Y .o c;u; which converges to w is the Fourier
series of w. O

If Bessel’s inequality is actually an equality, then the Fourier se-
ries for w must converge to w in H. This result is called Parseval’s
theorem.

Theorem 5.4.7. (Parseval’s theorem). If {u,}2, is an or-
thonormal family of vectors in a Hilbert space H and w € 'H, then

o0
> Hw,u) P = Jwl?
i=0
if and only if the Fourier series with respect to {u,}52, converges to

w, i.e.,
o0

Z(w,u»uz = w.

=0

Proof. As above let s, be the partial sum for the Fourier series.
We showed in equation (5.4.2) that ||w||? = ||snl|® + ||w — sn|*
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Clearly, lim |w — s,|| = 0 if and only if lim ||s,||* = ||w|/?. Equiv-
alently (using equation (5.4.1)), Yo7 (w,un)u, = w if and only if
> omeo [ {w, un)? = Jlwll?. O

Exercise 5.4.8. Suppose H is a Hilbert space and {u;}$2, is an
orthonormal family. Define P : H — H by

P(w) = Z(w,ui>ui,
i=0
which we know converges by Proposition 5.4.6.

(1) Prove that P and (I — P) are continuous and linear, where
I :'H — H is the identity function. (See Exercise 5.3.7.)

(2) The kernel of P is defined to be K = {u € H | P(u) = 0}.
Prove that K and P(H) are closed subspaces of H. (See
Exercise 5.3.7.)

(3) Prove that every element w € H can be written uniquely as
w=u+v with v € K and v € P(H).

5.5. Complex Hilbert Space

Up until now we have focused on real vector spaces and real-valued
functions. However, much of modern mathematics and physics (es-
pecially quantum mechanics) is based on the study of complex vector
spaces and, in particular, complex Hilbert spaces which we now inves-
tigate. In Section 6.2 we will discuss the integration of complex-valued
functions and then in Section 6.3 we will consider a very important
complex Hilbert space of square integrable functions.

However, our first task is to replicate the results of the previous
section for complex vector spaces instead of real vector spaces. We
must replace the inner product with a Hermitian form whose defini-
tion is repeated here from Definition A.10.3. The reader unfamiliar
with complex vector spaces may wish to consult Section A.10.

Definition 5.5.1. (Hermitian form, associated norm). A Her-
mitian form on a complex vector space V is a function {, ) : VxV —
C which satisfies:
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(1) Conjugate symmetry: (v,w) = (w,v) for all v,w € V.
(2) Sesquilinearity:
(e1v1 + cavg, w) = c1{vy, w) + cove, w) and
(v, crwy 4 cawa, ) = €1 (v, w1) + C2{v, ws)
for all vi,ve, w1, ws €V and all ¢1,co € C.

(3) Positive definiteness: For all w € V, (w,w) is real and
> 0 with equality only if w = 0.

The norm || || associated to { , ) is defined by ||v||* = (v, v).

Note that, as is customary, we will use the same notation, namely
(, ), for a Hermitian form on a complex vector space and an inner
product on a real vector space and will also write || || for the associated
norm in both cases. The reader must know which is intended by
the context. This is similar to our use of the same notation | | for
absolute value of real numbers and modulus of complex numbers.
These notational conventions have the useful effect of making the
proofs of some results about real inner product spaces and the proofs
of their complex vector space analogs identical word for word and
symbol for symbol. In other words, the syntax of the two proofs is
identical, but the semantics is different with ( , ) meaning a real inner
product in one and a Hermitian form in the other. When this occurs
as in Theorem 5.5.11, Proposition 5.5.12, and Theorem 5.5.13 below,
rather than repeat the proof of the real version word for word we will
simply refer the reader to that proof.

We will also need the following results which are analogous to
results with the same names for real vector spaces.

Proposition 5.5.2. If V is a complex vector space with Hermitian
form {, ) and associated norm || ||, then

(1) (Pythagorean theorem). If the vectors x1,2a,..., T, are
mutually perpendicular, then

n 2 n
[ =3 taar®
=1 i=1
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(2) (Cauchy-Schwarz inequality). For all v,w € V,
[{v, w)| < [ol] [lwl],

with equality if and only if v and w are multiples of a single
vector.

(3) (Triangle inequality). For allv,w € V, |Jv+w] < |Jv]| +
[[w]l.

Proof. This proposition combines the results of Proposition A.10.7,
Proposition A.10.8, and Proposition A.10.9 from the discussion of
complex vector spaces in Appendix A. The proofs can be found in
Section A.10. d

Definition 5.5.3. (Orthonormal family). A family of vectors
{un} in a complex Hilbert space H is called orthonormal provided
for each n, |lun|l =1 and {(un,um) =0 if n # m.

As with real vector spaces we have the notion of a complex Hilbert
space in which Cauchy sequences converge.

Definition 5.5.4. (Complex Hilbert space). If H is a complex
vector space with Hermitian form ( , ) and associated norm | ||,
then it is called a complex Hilbert space provided it is complete, i.e.,
sequences which are Cauchy with respect to the norm || || converge.

In a complex Hilbert space linear functionals take values in the
complex numbers.

Definition 5.5.5. (Bounded linear functional). If H is a com-
plex Hilbert space, a bounded linear functional on H is a function
L :H — C such that for all v,w € H and ¢1,c0 € C, L(c1v + cow) =
c1L(u) + coL(w) and such that there is a real constant M > 0 satis-
fying |L(v)| < M||v]|| for allv € H.

The following theorem is the complex version of Theorem 5.3.6.
The proof is very similar and is left as an exercise.

Theorem 5.5.6. If H is a complex Hilbert space and L : H — C is
a bounded linear functional, then there is a unique x € H such that
L(v) = (v, z).
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Exercise 5.5.7.

(1)

If {u,}52, are elements of a complex Hilbert space H, we
say the series > -, u, converges absolutely if Y > | ||luy||
converges. Prove that if a series converges absolutely, then
it converges in H.

State an analog of Lemma 5.3.5 for complex Hilbert spaces
and give its proof.

Give the proof of Theorem 5.5.6.

Suppose H is a complex Hilbert space, L : H — C is a
bounded linear functional, and V = L~1(0). Prove there is
a linear function P : H — V such that P(P(z)) = P(z) for
all x € H and such that . — P(x) is perpendicular to v for all
x € H and all v € V. The function P is called an orthogonal
projection onto V.

Theorem 5.5.8. If {u, }\_, is a finite orthonormal family of vectors
in a complex Hilbert space H and w € H, then the minimum value of

N
Hw— E Cplln

n=0

for all choices of ¢,, € C occurs when ¢, = (W, uy).

Proof. Let ¢, be arbitrary complex numbers and define a,, = (w, u,,).

Let

u= g apu, and v = E Crlp,-

n=0

Notice that the Pythagorean theorem and Proposition 5.5.2 imply

that

Also,

Z lan|? and (v,) Z len 2.

N
v) = Z Cn{w, up)

n=0

N
= E Ay Cp .
n=0
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= [Jwl* = (w,v) = (v, w) + [Jv]|?

N N N
= ||lw|]® - Zanén - Z anCn + Z lcnl?
n=0 n=0 n=0

N N
=l = 3 Janl? + S — cnyan — )
n=0 n=0
N
ol =l + 3 Jan — el
n=0

It follows that

oo = vll? > w2 = |u]
for any choices of the ¢,’s and we have equality if only if ¢, = a,.
That is, for all choices of v, the minimum value of |jw — v||? occurs
precisely when v = u. O

Definition 5.5.9. (Complete orthonormal family). If {u,}>2,
18 an orthonormal family of vectors in a complex Hilbert space H, it
is called complete if every w € H can be written as an infinite series

o0
w = Z Cnlin
n=0
for some choice of the numbers c,, € C.

Theorem 5.5.8 suggests that the only reasonable choice for ¢, is
¢n = (w,uy) and we will show that this is the case. As in the real
case these numbers are called Fourier coefficients.

Definition 5.5.10. (Complex Fourier series). If H is a complex
Hilbert space, the complex Fourier coefficient of w € H with respect to
an orthonormal family {u,}22  is the number (w,u,). The infinite

Series
o0

Z<wa Un>un

n=0
1s called the Fourier series.
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Theorem 5.5.11. (Bessel’s inequality). If {u;}$2, is an orthonor-
mal family of vectors in a complex Hilbert space H and w is any
element of H, then

oo
D lw u)? < lwl®.
=0

In particular, this series converges.

Proof. The proof is identical to that of Theorem 5.4.5 when ( , ) is
interpreted as the Hermitian form on H rather than an inner product.
O

Proposition 5.5.12. (Fourier series converge). If {u,}>2, is
an orthonormal family of vectors in a complexr Hilbert space H and
w € H, then the Fourier series Y .o (w, u;)u; with respect to {u; 152
converges. If the orthonormal family is complete, then it converges
to w. Moreover, it is unique in the sense that if Z;’io cu; = w, then
ci = (w, u;).

Proof. The proof is identical to the proof of Proposition 5.4.6. [

As in the real case, if Bessel’s inequality is actually an equality,
then the Fourier series for w must converge to w in H.

Theorem 5.5.13. (Parseval’s theorem). Suppose {u,}52 is an
orthonormal family of vectors in a complexr Hilbert space H and w €
‘H, then

oo
> (wug)? = [fw])?
i=0
if and only if the Fourier series with respect to {u,}>2 converges to

w, i.e.,
o0

Z(w,u»ul =w.

=0

Proof. The proof is identical to the proof of Theorem 5.4.7. g



Chapter 6

Classical Fourier Series

In this chapter we describe the classical expansion of a square inte-
grable function as a trigonometric series and then its analogue for
square integrable complex-valued functions. We will work on the in-
terval [a, b] = [—m, 7] because it greatly simplifies the formulas.

6.1. Real Fourier Series

In addition to using the domain [—, 7] for our functions it simplifies
notation to alter the definition of the inner product by a factor of
1/m.

Definition 6.1.1. (Inner product on L?[—,7]). We define the
inner product { , ) on L?[—m, 7], the vector space of square integrable
functions on [—m, 7|, by

s

(f.9)= % » fg dp.

Clearly, the factor 1/7 does not alter the property of (, ) being an
inner product or of the associated norm being a norm. The advantage
of this definition is we have a fairly simple orthonormal family for the
Hilbert space L?[—, 7.

111
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Theorem 6.1.2. The family of functions

F={! inna}
= ¢ —=, cosnzx, sinnx
{\/5 }nzl

is an orthonormal family in L?|—m, 7.

Proof. Recall that Euler’s formula says e? = cos 6 +i sin # and hence

e"* = cosnx + isinnx

and

—inx

e = cosnx — isinne.

From this it is straightforward to calculate
einz + efin:r: einz _ efinz
cosnt = ——— and sinnz = -
2 27
Multiplying the expressions for cosnx and cos mx we see
(6.1.1) COS NX COS ML =
ei(7z+7n)x _|_ei(n—m)x + ei(m—n)x +e—i(n+m)x
4

According to part (3) of Exercisel.6.3 for any integer k # 0,

™ ikm —ikm
; e — e
/ €Zkr d.’]f =— =0.

- ik
Therefore, since n, m > 0, the expression (6.1.1) for cos na cos ma
implies that when n # m,
1 s
(cosnx,cosmx) = — / cos nx cosmzx dx = 0.
s —T

Also, when n = m we conclude

| cos nz||* = (cos nzx, cos na)

1 T
= — cos® nx dx
s —Tr

1 /TF eQinz +2+672inz
= — 1 dx

™J %

=1
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A similar argument shows (sinnz,cosmz) = 0 and also that
(sinnz,sinmaz) =1 if n = m and 0 otherwise.

Finally, it is clear that ||%H =1 and

1
(—=,sinnzx) = (—=, cosnz) = 0.

V2 V2
O

We can now define the classical Fourier coefficients. With one
exception these are just the special case for the orthonormal family
F of the general Fourier coefficients defined in Definition 5.4.4. The
one exception is the Fourier coefficient Ag, corresponding to the el-
ement % in the orthonormal family F. It is not the one given by
Definition 5.4.4. According to that definition the value should be

1 1
<fvﬁ>=ﬂ—\/§/fdu-

However, in the Fourier series that coefficient should be multiplied by
the (constant) function % giving the value

%/fd,u.

For simplicity it is conventional to combine the coefficient and the

constant function % in this way and define Ay as below, simplifying

the expression of the Fourier series.

Definition 6.1.3. (Classical Fourier coefficients). If f is an

element of L?[—m, 7|, then its classical Fourier coefficients are
1
Ag = — d
0= 55 [ 1) du.
1
A, =— /f(x) cosnz du,
s

1
B,=-— /f(x) sinnx dpu,
™

for n > 0. The Fourier series of f is

A+ i A, cosnx + i B, sinnz.

n=1 n=1
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The goal of the remainder of this section is to show that this
Fourier series with respect to the orthonormal family

F={2 innzl
= {—=, cosnx, sinnx
{\/§ }nzl

converges to f in L?[—m, 7]. Hence, the orthonormal family F is com-
plete.

Definition 6.1.4. (Algebra of functions). An algebra of functions
is a vector space A of real-valued functions defined on some set X with
the additional property that if f,g € A, then fg € A.

We will be particularly interested in the set which is the unit circle
in R? and which we denote by T.! Note that T = {(cosf,sinf) | —m <
0 < m}. We will identify points in T by the parameter 8 noting that
0 = —m and 6 = 7 correspond to the same point of T. The vector space
of all real-valued continuous functions defined on T will be denoted
C(T). Note that C(T) is an algebra of functions. We will sometimes
abuse notation slightly and consider C'(T) as the set of continuous
functions h : [—m, 7] — R which satisfy h(—7) = h(7).

Theorem 6.1.5. (Stone-Weierstrass). Suppose A C C(T) is an
algebra satisfying

(1) the constant function 1 is in A, and

(2) A separates points; i.e., for any distinct 0y and 61 inT there
is p € A such that p(0y) # p(61).

Then given any € > 0 and any f € C(T) there is p € A such that
|7(0) —p(8)| < e for all 6 € T.

A proof can be found in Chapter IIT of [L] or in Chapter 9, Sec-
tion 9 of [Ro]. This result is usually stated in greater generality than
we do here. For example, the set T can be replaced by any compact
metric space, but the special case above suffices for our purposes.
Indeed, what we will use is the fact that any f € C(T) can be ap-
proximated by a so-called “trigonometric polynomial”. The following
corollary to the Stone-Weierstrass theorem makes this precise.

11t is denoted by T because it is the one-dimensional torus T*.
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Corollary 6.1.6. Suppose that g is a continuous function defined on
[—7, 7] such that g(—n) = g(w). If € > 0, then there are N > 0 and
an, by, €ER, 1 <n <N such that |g(x) — p(z)| < &, for all x, where

N N
p(z) = ap + Z Qp COSNX + Z by sinnzx.

n=1 n=1

Proof. Let A be the collection of all functions on T of the form

N N
q(0) = ao + Z a,, cosnb + Z b, sin nd
n=1 n=1
for some choices of N, a,, and b, and —7 < # < 7. Then A is a
vector space and contains the constant function 1. It is an algebra as
a consequence of the following trigonometric identities (see part (1)
of Exercise 6.1.10):

sin(61) cos(02) = %(sin(@l 1 0) + sin(0; — 05)).
cos(fy) cos(fy) = %(cos(% + 602) + cos(61 — 6)),
sin(6,) sin(6) = %(005(91 + 65) — cos(f; — 62)).

It is also the case that A separates points of T. To see this, note
that if —7 < 61,09 < 7 are real numbers with sinf; = sinfy and
cos f1 = cos 0y then 01 = 6. Therefore, if 61 # 05, then either sin 6y #
sin f or cos )y # cosfs.

We may consider the function g given in the hypothesis as a
function g : T — R. It is well defined and continuous at the point
of T where @ = 7 (which is also the point where § = —7) because
g(—m) = g(m).

Given ¢ > 0, we apply the Stone-Weierstrass theorem to the
function g and the algebra A. We conclude that there is an N > 0
and real numbers a,, and b,, 1 < n < N such that the function

N N
p(0) = a0+ Z a,, cosnb + Z b, sin no

n=1 n=1
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satisfies |g(0) — p(0)] < e for all § € [—m, «w]. Note that p(—m) = p(r).
The function p(z) for x € [—m, w] then satisfies the conclusion of the
theorem. 0

Theorem 6.1.7. (Fourier series converge in L?). Suppose that
f € L?|—m, 7). Then the Fourier series for f with respect to the or-
thonormal family F converges to f in L?|—m, x|. In particular, the
orthonormal family F is complete.

Proof. Given e > 0, we know by Proposition 5.2.3 there is a continu-
ous function g € L?[—, 7] such that g(—n) = g(r) and || f —g|| < £/2.

By Corollary 6.1.6 to the Stone-Weierstrass theorem there is a
function

N N
p(x) = ap + E G, COSNT + E b, sinnx
n=1 n=1

with [g(z) — p(z)| < V&/2 for all 2. So |lg —p|* = [(g—p)* du <
[e/4du=e/2m Hence, || f—pll < |f—gll+llg—pl| < e/2+¢/2m <e.

Let
N N
Sn(z) = Ao+ Z A, cosnx + Z B,, sinnx
n=1 n=1

where A, and B,, are the Fourier coefficients for f with respect to F.
Then Sy () is the partial sum of the Fourier series of f. According to
Theorem 5.4.2 for every m > N, || f =S|l < I|f—pll, so || f—Sm|| < e.
This proves nh_}n;@ IIf = Swm| = 0. O

It is important to note that while we have proved that the Fourier
series of a function f € L?[—m, 7| converges to f in the Hilbert space
L?[—m, «] this is not at all the same thing as saying that for a fixed
xo the Fourier series

oo o0
A+ Z A, cosnxg + Z B,, sinnx

n=1 n=1

converges to f(xg). However, if we define the partial sum

m m
S7n - AO + Z An COSNxy, —+ Z Bn Sin nxo

n=1 n=1
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then according to Corollary 5.2.8 the fact that S,, converges to f in

L?[—m, «r] implies there is a subsequence {n;} such that lim S,,(z) =
71— 00

f(z) for almost all x € [—m,7].

It turns out, however, it is not necessary to take a subsequence!
In what is considered one of the most remarkable achievements of
twentieth century mathematics Lennart Carleson proved the following
result in [C].

Theorem 6.1.8. (Carleson’s theorem). Suppose f € L?[—m, 7]
and
o0 o0
Ay + ZA" cosnT + Zaninnaz
n=1 n=1
is its classical Fourier series. Then this series converges to f(x) for
almost all values of x € [—m, 7).

The proof is considered difficult and delicate and is well beyond
the scope of this text. In fact, Carleson proved the more general
analog of this result for complex Fourier series (see Theorem 6.3.5

below).

In general, if a function f is continuous, its Fourier series may
not converge pointwise to f at every point. But if a function f is
differentiable the situation is better.

Theorem 6.1.9. If f : [—7, 7] — R is differentiable at xo € (—m,7),
then the Fourier series of f at xg,

(oo} oo
Ay + Z A, cosnxg + Z B,, sinnxg,

n=1 n=1
converges to f(xg). If the right and left derivatives of f exist at —m
and T respectively, then the Fourier series evaluated at either —m or

T converges to
f=m) + f(r)
5 .
Again the proof of this result is outside the scope of this text. A

more general result (with proof) can be found as Theorem 1.2.24 of
the text [P] by Pinsky.
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Exercise 6.1.10.

(1) Use Euler’s formula which says e? = cos @ +isin 6 to derive
the trigonometric identities:

1

sin 0, cos Oy = E(sin(Ql + 63) + sin(6; — 92)),
1

cos 0y cos @y = 5(608(91 + 63) + cos(0; — 92)),

1
sin 01 sin 0y = 5(005(91 + 6) — cos(0; — 92)).

(2) A function f is called even provided f(—z) = f(x) for all
x. If f € L?[—7, 7| is even, prove that its classical Fourier
coefficients B,, are 0 for all n > 0.

(3) If f € L%[—m, |, prove that for each n € N,

T d 2 27T2n+1 2d
n <
T R

(4) Find the Fourier series for the function f(z) = x on [—m, 7.

Use it with a suitable value of z to show

_Z 2n—|—1

n=0

(5) Find the Fourier series for the function f(x) = 22 on [—, 7].

Use it with a suitable value of = to evaluate
oo
>
n2

(6) Let P = {c+ (22 —1)p(z) | p() is a polynomial and ¢ € R}.
Prove that for any € > 0 and any continuous ¢ : [-1,1] — R
with g(—1) = g¢(1) there is a po € P such that |g(x) —
po(x)] < € for all x € [—1,1]. You may use the Stone-
Weierstrass theorem.

(7) Give an example of a sequence of functions { f,,} which con-
verge in L?[a,b] to a function f, but for which the sequence
{fn(z)} fails to have a limit for every = € [a,b]. Hint: See
part (5) of Exercise 3.3.5.
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6.2. Integrable Complex-Valued Functions

Now we want to consider functions f : [a,b] — C, i.e., functions whose
domain is an interval of reals, but whose values are complex numbers.

Definition 6.2.1. (Integrable complex function). Suppose f :
[a,b] — C is a complez-valued function and u(x) = R(f(x)), the real
part of f, and v(z) = S(f(x)), the imaginary part of f. Then f is
called measurable if u and v are measurable. We say f is integrable
if u and v are integrable and in that case we define

b b b
/fdp:/udqui/vdu.

Proposition 6.2.2. The integral is a complex linear functional, i.e.,
if c1,co € C and f,g are integrable, then c1 f + cog is integrable and

b b b
/clf+029du=cl fdu—!—cz/gdu.

It also commutes with complex conjugation, i.e., the function f is
integrable if and only if its complex conjugate f is integrable and

/:fdu=/abfdu-

The proof follows easily from the linearity of the integral of real-
valued functions and the definition of complex multiplication. It is
left as an exercise.

Proposition 6.2.3. Suppose f : [a,b] — C is measurable. Then:

(1) The function f 1s integrable if and only if the real-valued
function | f(z)] is integrable. Moreover,

\/fdu\</ 1f] dp.

(2) The function |f(z)|? is integrable if and only if u(z) =
R(f(z)) and v(x) = I(f(z)) are in L?[a,b].

Proof. To show part (1) we note that since |f(x)| > |u(z)| for all
x, it follows that if |f(x)| is integrable, then |u(x)| is integrable and
hence u(x) is integrable. The same argument applies to v(x).
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Conversely, if v and v are integrable, then so are |u| and |v|. Since

@) = Va@? +o(@)? < ¢ (ju(@)| + o)) = fu(a)] + o)

for all x, it follows that |f(z)| is integrable.

To prove the inequality from (1) we first show it for simple func-
tions. Suppose

f(l‘) = Z ciXa,
=1

where {A;}, is a measurable partition of [a,b] and ¢; € C. Then
b m
YREZE S
a i=1
<Y Jein(A))|
i=1
m
=Y leilu(A:)
i=1

=/ab|f|du

where the inequality is a consequence of the triangle inequality for C.

To prove the general result we let 4 and v be the real and complex
parts of f. By part (5) of Exercise 4.4.7 there is a sequence of simple
functions {u, } converging pointwise to u such that |u,(z)| < |u(z)]
for all z. Likewise, there is a sequence of simple functions {v,}
converging pointwise to v such that |v,(z)| < |v(x)| for all z. Let
fn = un + iv, and observe that

[fa(@)? = [un(@)? + |on(2)* < Ju(@)® + [v(2)* = |f(2)]*.
Since f, converges pointwise to f, the functions |f,| converge point-

wise to |f|. The Lebesgue convergence theorem applied to the se-
quences {u, } and {v, } (which are bounded by |u| and |v| respectively)
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then tells us that
lim /fn dp = lim /(un +ivy) dp

n—oo

= lim [ u,dp+i lim [ v, du

n—oo

Il
—
<
&
=
+
—
S
Y
=

Also applying Lebesgue convergence to {|f,|} which is bounded by

|f] we see
Jim [15.0 du= [ 11] dn

Since f,, is a simple function for which we have proved the desired
inequality we conclude that

[ £ du| =

[

B
—
=
.
=

IN
=

=
a

=

|
—
=
3
=

To prove (2) we observe that since |f(x)*> > u(z)? for all z, it
follows that integrability of | f(x)|? implies integrability of u(x)2. The
same argument applies to v(x). Conversely, if u? and v? are integrable,
then so is |f(2)|? = u(z)? + v(x)?2. O

Definition 6.2.4. (Square integrable complex functions). The
set of all complex functions f : [a,b] — C such that |f(z)|? is inte-
grable are called the square integrable complex functions and will be
denoted L2[a,b).

Proposition 6.2.5. The set L?[a,b] is a complex vector space. More-
over, if f,g € L%[a,b], then fg is integrable.

Proof. Suppose f, g € L?[a,b], so the four functions u1 (z) = R(f(x)),
uz(x) = R(g(z)), vi(z) = I(f(x)), and va(x) = J(g(x)) are all in
L?[a,b]. Tt follows that (u; + ug) and (vy + vg) are in L?[a,b], so
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f+g=(u1 +u2) +i(vy +vy) is in L2[a,b]. Clearly, if ¢ € C, then
cf € L%a,b], so L2[a,b] is a complex vector space.

Also, fg = (ujua—v1v2)+i(uiva+vius). Since the product of two
functions in L>[a, b] is integrable it follows that fg is integrable. [

Exercise 6.2.6.

(1) Prove Proposition 6.2.2.

(2) Suppose f, : [a,b] — C, n € N is a sequence of measur-
able functions and u, (z) = R(fn(z)) and v, (x) = S(frn(x)).
Prove that lim f, = f in L?[—m, x| if and only if

lim u, = R(f) and lim v, = S(f) in L*[-, 7).

6.3. The Complex Hilbert Space L2[—, 7]

As we want to discuss complex Fourier series it is again convenient to
use the interval [a, b] = [—7, 7]. Also, we will again scale the Hermitian
form in order to obtain a simple orthonormal family. This time we
scale by a factor of 1/2x.

Proposition 6.3.1. (Hermitian form). The function
(,):L?[—n,7] x L}[-m,7] = C
defined by
1 T
= — gd
{f.9)=5- /_Tr fg dp

is a Hermitian form.

Proof. The sesquilinearity is straightforward and will be left as an
exercise.

We note ) .
5= 5= [ VP duzo,

2 J_,
with equality only if | f(2)|?> = 0 almost everywhere. Hence, (f, f) =
0 only if f(x) = 0 almost everywhere.
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The fact that (f,g) = (g, f) follows from the fact that

T T ™

1 1 — 1 R
<f,g>:% _Trfs‘zdu:% _Trfgdu:§ _ngdxt:<g,f>-

O

In the complex Hilbert space L2[—m,«| there is an even simpler
orthonormal family than the trigonometric polynomials we used for
L2[—m, .

Theorem 6.3.2. The family of functions F, = {em*}°%
orthonormal family in L*[—, 7.

oo 18 an

Proof. According to part (3) of Exercise 1.6.3 for any integer k # 0,

™ ik —ikm
) e — e
ety =~ = 0,
ik

—T

so it follows that if n # m,

. . 1 L
<eznwvezmw> _ 7\/ ez(n—m)a; dr = 0.

2 J_,
Also,
_ . 1 (7
(e, ey = —/ 1de =1,
2 J_,
so the family F; is an orthonormal family. O

Following Definition 5.5.10 we define the Fourier series with re-
spect to Fe.

Definition 6.3.3. (Fourier series). If f € L?[—n, 7|, its Fourier
coefficients with respect to F¢ are defined to be

Cn = <f7 einw> =

= g

for each n € Z. The Fourier series of f is defined to be

o0
C ez’n:c
E n .

n=—oo

(z)e™ ™ dx
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Theorem 6.3.4. (Fourier series converge in L?[—7,7]). The
classical Fourier series of f € L2[—m, 7| converges to f in L2[—m, n].

Hence,
X oo
fc — {elnu'L'}
n=-—oo
is a complete orthonormal family in L2[—m, 7).

Proof. To see that the complex Fourier series converges to f we
use the fact that the real classical Fourier series of a real function
u € L?[—m, 7] converges to u. Let f be an element of L2[—m,n] and
suppose u(x) and v(z) are its real and imaginary parts, so f(z) =
u(x) + w(x).

By Theorem 6.1.7 there is a trigonometric polynomial

m m
pm () = ap + Zan cosnx + an sinnz

n=1 n=1
such that in the real Hilbert space L?[—m, 7],

lim p,, = u.

m—0o0
We recall from the proof of Theorem 6.1.2 that
einr + e—inm nT __ e—inz
cosnt = —— and sinnx = -
2 24

Hence, there are complex numbers ¢,, —m < n < m, such that

m

Pm(x) = Z cne™®.

n=—m

Similarly, there are complex numbers d,,, —m < n < m, such that

qm($): Z dneinr

is real and
hm qm = VU
m—00
in L2[—m, ).
If we now define A,, = ¢, + id, and let
Tm(l‘) = pm(aj) —+ Z(Jm(l') = Z Aneinz7

n=—m
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then T,,, € L[—m,n] and

1f =Tl = llu = pm +i(v — @) | < lu = pll + [|v = gml|-
So Tim || — Th| = 0.
If S = Y Cre™, then by Theorem 5.5.8 | f — S| <
| f — Ton|l and hence lim || f — S,,,|| = 0 and we conclude lim S, = f
in L2[—m, ). O

As in the real case it is important to note that while we have
proved that the Fourier series of a function f € L2[—m, 7] converges
to f in the Hilbert space L?[—m, x|, this is not at all the same thing
as saying that for a fixed zo the Fourier series

(o)
Z O, e'mwo
n=—oo

converges to f(zg). That is, we have not shown anything about point-
wise convergence. In fact, however, the series converges pointwise
almost everywhere. In what is considered one of the most remark-
able achievements of twentieth century mathematics Lennart Car-
leson proved the following result in [C].

Theorem 6.3.5. (Carleson’s theorem). Suppose f € L[, 7]

and
[e.e]
Z C 6inm
n
n=—oo
is its classical Fourier series. Then this series converges to f(x) for
almost all values of x € [—m, 7).

The proof is considered difficult and delicate and is well beyond
the scope of this text. One indication of the delicacy is that there is an
example due to Andrey Kolmogorov of a function which is integrable
on [—m, |, but for which the Fourier series does not converge at any
point!

6.4. The Hilbert Space L?[T]

We described the set T as the unit length vectors in R?, but using the
standard correspondence (z,y) <> x+iy between R? and the complex
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plane C we can also consider it to be the complex numbers with
modulus 1, i.e., T={z € C||z| =1} = {x +iy | 22 +y? = 1}. There
is then a natural parametrization of T given by exp : [-m,7) — T
where exp(r) = € = cosz + isinz. The parametrizing function is
a bijection from [—m,7) to T and maps intervals to arcs preserving
their length. We will say A C T is Lebesgue measurable if exp~!(A4)
is measurable. We also define the Lebesgue measure pu(A) of A to be
pu(exp~t(A)).

Definition 6.4.1. We will denote by L2[T] the set of measurable
functions f : T — C such that [ |f|* dp < oc.

Proposition 6.4.2. There is a correspondence between elements of
L2[T) and L2[—m, 7] given by f — f o exp which satisfies:
(1) A function f is in L2[T] if and only if f o exp € L[—m, ).
(2) The set L?[T] is a Hilbert space with Hermitian form given
by (f,9) = [y fg dp.
(3) The function E* : L2[T| — L%[—m, ] given by E*(f) =
f oexp is an isomorphism, i.e., it is an invertible linear
transformation and preserves the Hermitian forms, so

(E*(f), E*(9)) = ([, 9)-

The proof is straightforward and is left as an exercise. The one
slightly subtle point is that if f € L2[T], then E*(f) : [-m, 7] — C
will always have the same value at m and —= so it might seem that
FE* is not surjective. However, this is not a problem when we recall
that we consider two functions in L?[—, 7] to be equal if they agree
almost everywhere. More precisely, L?[—, 7] is really the equivalence
classes of almost everywhere equal functions and E* is a bijection on
these classes.

It is common to use €‘® (rather than z) as the independent vari-
able for a function f : T — C. So we might write f(e'*) = €% rather
than f(z) = 22, which is the same function. This slight notational
abuse is really just identifying f with E*(f) since f(e'®) considered
as a function with independent variable x is just E*(f).
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With this notational convention our results about Fourier se-

* is easily consid-

ries carry over nicely to L2[T]. The function ™
ered a function of e, namely e™* = (¢®®)". Hence, the family
Fo = {e™®}>0 __ thought of as functions defined on T is an orthonor-

mal family (as an immediate consequence of Proposition 6.4.2).

Definition 6.4.3. (Fourier series). If f € L2[T], its Fourier coef-
ficients with respect to F. are defined to be

Co= (e = 5 [ e da
for each n € Z. The Fourier series of f is defined to be

Z Cneinw'
Theorem 6.4.4. (Fourier series in L2[T]). The Fourier series of
f € L2[T] converges to f in L2[T]. So F. = {e™*}2>__ _ is a complete
orthonormal family in L2[T].

Proof. Considering g(e’*) = e'"® as an element of L2[T] we observe
E*(g)(z) = €"®, as a function in L2[—n, 71]. Hence, since E* preserves
the Hermitian product it preserves Fourier coefficients. Therefore, if
f € L2[T], then E* of its Fourier series is the Fourier series of E*(f).

By Proposition 6.4.2 a series in L2[T] converges to f if and only
if E* of that series converges in L2[—m, 7] to E*(f). The result then
follows from Theorem 6.3.4. g

One advantage of L2[T] is that it is sometimes useful in computa-
tion to consider parametrizations by exp(x) = €!* on other intervals,
e.g., exp : [0,2n] — T and it is not difficult to show that integrals
fT f du can be calculated using a parametrization by exp on any
interval of length 27 (see part (2) of Exercise 6.4.5).

Exercise 6.4.5.

(1) Prove that if f € L?[—m, 7], then for all n € Z, n # 0,
T 2 ginh(27n) [T
[ e anf < RE g g

—T

Hint: Recall sinh(z) = (e® —e™7)/2.
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(2)

Prove that if f: T — C is integrable, then

/Tf dp = /;Hﬂ f(e®) dzx

for any a € R.
Prove Proposition 6.4.2.

Prove a complex version of the Stone-Weierstrass theorem
as a consequence of the real version, Theorem 6.1.5. More
precisely, let C.(T) denote the continuous complex-valued
functions f : T — C defined on T, the unit circle. Suppose
A C C.(T) is an algebra satisfying:

(a) The constant function 1 is in A.

(b) The algebra A separates points.

(¢) The function p € A if and only if its complex conjugate

pe A

Then given any ¢ > 0 and any f € C.(T) prove there is
p € A such that |f(0) —p(0)| < e forall § € T.

Use the complex Stone-Weierstrass theorem above to give an
alternate proof that complex Fourier series converge (Theo-
rem 6.3.4). You should adapt the proof of Theorem 6.1.7 to
cover complex functions.



Chapter 7

Two Ergodic
Transformations

In this final chapter we will apply some of the results on measure
theory and Fourier series to the study of two measurable dynamical
systems. In Section 4.3 we discussed measures other than Lebesgue
and we will frame some of the results in this section in that generality
though the examples we explore will focus on Lebesgue measure.

A measurable dynamical system is a function T : X — X from
a set X of “states” to itself. The set of states X is assumed to have
a measure v defined on a o-algebra of its subsets. The function T is
thought of as representing time evolution of the states. So starting
at an initial state xg € X after one unit of time the system is in state
T(z0), after two it is in state T?(xg) = T(T(x9)), etc. It is natural
to define T9(x) = z. Note that here 7" (z) means the result of n
applications of the function T, not the n!* power of T'(z). The set
{T*(x) | k >0} is called the forward orbit of z.

There are two general dynamical questions we will address in
special cases. The first question we ask concerns a measurable subset
A of X. We ask if states in A return again and again (infinitely often)
to A. Such states are called recurrent with respect to A. If X has a
notion of distance and we choose A to have small diameter this means

129
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that a recurrent state returns infinitely often to a state close to its
starting point.

The second question is what fraction of the forward orbit of a
state lies in a given measurable set A. More precisely, if we consider
{T*(x) | 0 < k < m— 1}, the first m points in the forward orbit of x,
and let N,,(z) denote the number of those points which lie in A then
we would like to know if the limit

Nu,
lim )
m— o0 m

exists. If so, how is the value of the limit related to v(A)?

As we did in the last chapter we will consider functions defined
on the unit circle T in the complex plane. So T = {e¥ | § € R} =
{cos@ +isinf | § € R}. It is clear that 6 and 6 + 27n correspond
to the same point in T so to have a single value for each point we
parameterize T by a half open interval of length 27w. In the last
chapter we used § € [—m, 7). However, in this chapter it is more
convenient to use 6 € [0, 27).

7.1. Measure Preserving Transformations

We will primarily be interested in Lebesgue measure p on T but many
of the basic definitions and results are valid for any finite measure v.
When this is the case we will make the definition or state the result
for more general measures than Lebesgue. In particular, we will say
that X is a finite measure space with measure v if X is a set, A is
a o-algebra of subsets of X and v is a finite measure defined for all
A € A. Sets in the o-algebra A will be called v-measurable. If some
property holds for all x except a set of v measure 0, we will say it
holds for v-almost all x.

Definition 7.1.1. (Measure preserving). Suppose that A is a
o-algebra of subsets of X and v is a finite measure defined on A.

e A function T : X — X is called a measure preserving trans-
formation provided for each A € A the set T~1(A) € A and
v(T71(A)) = v(A).

o A function f : X — C which satisfies f(x) = f(T(x)) for
v-almost all x s called T-invariant.
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o A set A€ Ais called T-invariant if X4(x) is a T-invariant
function.

It may at first seem strange that we require v(T~1(A)) = v(A)
rather than v(T'(A)) = v(A). These hypotheses are equivalent if T’
is a bijection, but otherwise may differ. The reason our choice is the
natural one is that we are interested in integrating the composition
foT when f is integrable. In particular, we need this composition
to be measurable. Notice that (f o T)~!([a,00]) = T~ (f~1([a, o0])).
So the hypothesis that 7~1(A) is measurable for every measurable A
will imply that f oT is measurable whenever f is. Moreover, we will
see in the proof of the following proposition that v(T~1(A)) = v(A)
is exactly what is needed to show that composing with a measure
preserving transformation 7" does not change the value of the integral
of a function.

Proposition 7.1.2. (Invariance of the integral). Suppose T is a
measure preserving transformation on a finite measure space X with
measure v. If f : X — C is integrable, then so is foT : X — C and

/fdu:/fonz/.

Proof. It suffices to prove the result for real-valued functions since
then it will hold for both the real and imaginary parts of f, and
hence for f. So assume f is real. The result holds for f = X4, for a
v-measurable set A, because X4 o T = X7_;(4). It follows that the
result holds for simple functions since both sides of the equality are
linear functions of f. If f is a bounded real measurable function, then
it is a uniform limit of a sequence of simple functions {¢, }. It is clear
that ¢ o T is the uniform limit of {¢, o T'}. We know that the integral
of a uniform limit of simple functions is the limit of the integrals (see
Proposition 3.2.3), so
/fdy:hm ¢"dy:nh_>ﬁolo/¢”OTdV:/fOTdV'

n—oo

Finally, if f is integrable we let fT(z) = max{f(z),0} and define
f(x) = min{f*(x),n}. Then the definition of the integral of a non-
negative function (Definition 4.3.4) says that the integral of f7 is the
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limit of the integrals of f, and the same holds for f* o7 and f,[ oT.
Hence,

/f*dl/*hm/erdl/*lim f;ronu:/f*onz/.

Similarly, 1ff = —min{f(z),0}, then [f~ dv = [f~oT dv
and f = f* — ,soffdz/_ffonu. O

Proposition 7.1.3. Let a be an element of R. The following trans-
formations preserve Lebesque measure on T :

(1) The function Ty : T — T given by Ty (e'*) = '@+,

(2) The function D : T — T given by T(e™®) = 2i®

Proof. We will parameterize T by the interval [0, 27) with the cor-
respondence z — e, To show (1) we observe that T, = Ty 2xn for
any integer m, so by altering « by an integer multiple of 27 we may
assume « € [0,27). In terms of our parametrization we have

T+ a, if x + a < 2m;
T(z) =
T+ o — 27, otherwise.
Thus, T is translation by « or by a — 27. The result now follows be-
cause Lebesgue measure is translation invariant (see Theorem 2.4.2).
For (2) we also parameterize T by z € [0,27). Then, if A C T,
the set D~1(A) will consist of two disjoint pieces
By =D '(A)N[0,7) and By = D~ '(A)N[x,27).
The function D on [0,7) is given (in terms of our parametrization)
by D(z) = 2z, so D(B;) = A. Hence, u(By) = $u(A) (see part (5)
of Exercise 2.4.6). Likewise, on [, 27) the function D is given by
D(z) = 2z — m and D(Bs) = A. Hence u(Bs) = 1u(A). It follows
that u(D"(4)) = p(By) + pu(Ba) = pu(A). 0

Definition 7.1.4. (Recurrent). Suppose T : X — X is a trans-
formation of a finite measure space which preserves the measure v.
A point x € X s said to be recurrent for T with respect to a v-
measurable set A provided x € A and the set of return times,
R(z)={n|T"(xz) € A, n € N},

18 infinite.
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Theorem 7.1.5. (Poincaré recurrence). Suppose T : X — X s
a transformation of a finite measure space, preserving the measure v
and suppose A C X is v-measurable. Then v-almost all x € A are
recurrent for T with respect to A.

Proof. Let B,, be the subset of A consisting of points whose return
times are all less than m, i.e., By, = {z | T"(z) ¢ Aifn > m}.
We note that T=%*"(B,,) N B,, = 0 for k € N because if z is in
this intersection, then x € B,, and Tk'm(x) € B,,, contradicting the
definition of B,,. It follows that the family of sets {T~*™(B,,)}32,
are pairwise disjoint, since if j > k and T~*™(B,,) N T~ (B,,) # 0,
then applying 7% would imply B,, N T* =)™ (B,,) # .

We note that every set in the family {77*™(B,,)} has v mea-
sure equal to v(B,,) because T preserves v, so v(T~(E)) = v(E) for
any v-measurable set E. This implies that v(B,,) = 0, since other-
wise countable additivity implies the set | J, 7~*™(B,,) has infinite
measure, but v(X) is finite.

Finally, we note B = |J,-_; By, has v measure 0 and B is the
subset of A whose points have only finitely many return times. O

Exercise 7.1.6.
(1) Prove that a v-measurable set A is T-invariant if and only
if v(A\ T 1(A)) =0 and v(T1(A)\ A) = 0.
(2) Prove that if a/27 is rational, then every point of T is peri-
odic for T,, i.e., for each x € T there is an n > 0 such that
" (z) = x.
(3) Prove that there are non-periodic points of D, but the D-
periodic points are dense in T.
(4) Define T : [0,1] — [0,1] by
T(x) = {Zx, if z €0, 3];
2 -2z, ifze (3,1

Prove that Lebesgue measure is T-invariant.
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(5) Suppose T : [0,1] — [0,1] preserves Lebesgue measure.
Prove that for almost all z € [0,1] there is a sequence of
positive integers {n;} such that

lim T (z) = .

7.2. Ergodicity

We now turn to the second question mentioned in the introduction
to this chapter, namely, what fraction of the forward orbit of a state
x¢ lies in a set A. What we would like to show is sometimes phrased
as “the time average equals the space average.” What this means is
that the fraction of the points in a forward orbit that lie in A (i.e.,
the fraction of the “time” spent in A) is equal to the fraction of the
measure of X represented by A (i.e., v(A)/v(X)). This certainly does
not hold for all measure preserving transformations. Think about the
identity transformation, for example. Indeed, this property will fail
any time there is a set A with 0 < v(A4) < v(X) and A = T71(A)
because then, if g € A, the entire forward orbit of zy lies in A,
but A does not contain 100% of the measure of X. Clearly, the
condition that A = T~1(A) implies that A is T-invariant. In fact,
A is T-invariant if and only if A and T~!(A) differ only by a set
of v measure 0 (see part (1) of Exercise 7.1.6). We conclude that a
necessary condition for the time average to equal the space average is
that no T-invariant set A has measure strictly between 0 and v(X).
Remarkably we will see below that this condition is sufficient as well
as necessary. It should be clear that this is a property worthy of a
name (albeit a strange one).

Definition 7.2.1. (Ergodic transformation). Suppose T : X —
X is a measure preserving transformation for the finite measure v
defined on a o-algebra A of subsets of X. Then T is called ergodic if
every T-invariant set A € A satisfies either v(A) =0 or v(A°) = 0.

For an ergodic transformation 7" the only T-invariant sets are sets
of measure zero or the complements of sets of measure zero. So we
expect T-invariant functions also to be very restricted. This is indeed
the case.
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Proposition 7.2.2. (Invariant functions). Suppose T : X — X
preserves the finite measure v. Then T is ergodic if and only if every
v-measurable function f : X — C which is T-invariant is constant
except on a set of v measure 0.

Proof. Suppose the only T-invariant functions are v-almost every-
where constant. A set A is T-invariant only if the function X4 is
T-invariant. Since X 4(z) has only two possible values, 0 and 1, the
function X 4 must either be equal to 0, except on a set of v measure 0,
or X 4 must be 1, except on a set of v measure 0. Therefore, v(4) =0
or v(A°) = 0.

Conversely, if f is a T-invariant measurable function that is not
v-almost everywhere constant, then there is a ¢ € R such that if
A = f71([0,¢)), then v(A) > 0 and v(A°) > 0. The set A is T-
invariant. O

We are now prepared to prove that two interesting transforma-
tions of T that preserve Lebesgue measure are actually ergodic. Our
primary tool in doing this is the Fourier series for functions in L2[T)
which we investigated in Section 6.4.

Proposition 7.2.3. (Ergodicity of T,,). If a/27 is irrational, then
the transformation T, : T — T given by Tp(e™®) = e*®+®) s ergodic.

Proof. For f € L2[T] and T a measure preserving transformation
define Ur(f) = f o T. Proposition 7.1.2 implies

/|f|2 dp = /\UT * dp,

so Ur(f) € L2[T] and ||Ur(f)|| = || f|l- Similarly, if g € L?[T], the
same proposition implies that

(f,9) = {Ur(f),Ur(g))-
The function Ur : L2[T] — L2[T] is also linear.

It follows that if Y~ _, v, is any series which converges in LZ2[T]
to f, then ) _, Ur(v,) is a series which converges to Ur(f) = foT
in L2[T].

Suppose f € L2[T] and let >,
f is Ty-invariant, then f = Up, (f) almost everywhere and by the

C, e be its Fourier series. If
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remarks above, the series Y ., C,,Ur, (€"*) converges to f in L2[T].
Since Ur, (™) = ei(@ta) = einagine we conclude that the series
> nez €M Cre™™ converges in L2[—m, m] to f. The uniqueness of the
Fourier series then implies C,, = e“(C,,. So for each n € Z either
C,, = 0 or €™ = 1; but €™ = 1 only if na = 2mrm for some integer
m. Since «/27 is irrational this happens only if n = 0. We conclude
that C;, = 0 whenever n # 0. Thus, the Fourier series for f reduces
to the constant function f(e'*) = Cy. Hence, the only T, invariant
functions are constant almost everywhere and T, is ergodic. O

Proposition 7.2.4. (Ergodicity of D). The transformation D :
T — T given by D(e™®) = 2 is ergodic.

Proof. As in the previous proposition we observe that if Up(f) is
defined by Up(f) = f o D, then Up(f) € L2[T] for all f € L2[T] and

(f,9) =(Up(f),Up(g))
whenever f,g € L2[T] by Proposition 7.1.2.

Suppose f € L2[T] is D-invariant and let Y, ., Cre™ be its
Fourier series. Then the series ), C,,Up(e™*) converges to Up(f)
which equals f almost everywhere. Since Up(e™™*) = 2" we con-
clude ) Cne?™® converges in L2[T] to f. By the uniqueness of
Fourier series the coefficient of e'™* must be the same in the two series
>onez Cn€™ and Y ;) Cre?™®. If n is odd this coefficient is 0 in
the second series and C,, in the first. We conclude that C,, = 0 if n
is odd. Likewise, the coefficient of €2""® is Cs,, in one series and C,,
in the other. Hence Cy,, = C,, for all n € Z. It follows that Cs,, = 0
if n is odd. A simple induction shows that C,, = 0 for all n # 0.

Thus, again the Fourier series for f reduces to the constant func-
tion f(e®®) = Cp. O

Exercise 7.2.5.

(1) Suppose a/27 is irrational. Prove that every point of T has
a forward orbit for the transformation T, which is dense in
T.
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(2) Prove that there exists an x € T whose forward orbit for the
transformation D is dense in T. But give an explicit example
of a point in T whose forward orbit for D is not dense.

(3) Prove that if m € N and m > 1, then the function M : T —
T given by M (e®) = '™ preserves Lebesgue measure and
is ergodic. That is, there is nothing special about the role
of the natural number 2 in the ergodicity of D.

7.3. The Birkhoff Ergodic Theorem

We are now prepared to state (though not prove) what is by far the
most important theorem of measurable dynamics. A proof can be
found in [J], [M] or [Z].

Theorem 7.3.1. (Birkhoff ergodic theorem). SupposeT : X —
X is a transformation of a finite measure space preserving the measure
v and suppose f : X — C is integrable. Then there is a T-invariant
integrable function f* : X — C with the property that for v-almost
allz € X,

n—1
Tim LS (T @) = ()
k=0
and [ f* dv=[f dv.

A particularly important special case is when T is ergodic so the
only T-invariant functions are constants. In that case we conclude
that for almost all = the limit of the sequence of orbit averages

1 n—1
lim — k
Jim = f(T"())
k=0
is equal to the constant function whose value is

I/(lx)/fdz/,

We can now explain why for ergodic transformations we say, “The

the average value of f.

time average equals the space average.” If f is an integrable function
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defined on X its “space average” is

I/(lx)/fdl/.

On the other hand, the “time average” of f over n units of time
starting at an initial state zq is

1 n—1
L AT o))
k=0

So the Birkhoff ergodic theorem says the limit of the time averages
of f as time goes to infinity is equal to the space average of f — at
least for all initial states except a set of v measure 0.

If in the Birkhoff ergodic theorem we let f be X4 for some mea-
surable set A, we can answer the question raised at the beginning of
this chapter, at least in the special case that T is an ergodic trans-
formation.

Corollary 7.3.2. Suppose T : X — X is an ergodic transformation
preserving a finite measure v on a measure space X and A C X
is v-measurable. Let N,,(z) denote the number of points in the set
AN{f*(x) 11::_01’ i.e., the number of points in A from the orbit segment
of length m starting with x. Then for v-almost all x € X,

lim Non(2) = V(A).

m—oo M v(X)

Proof. Let f = X4 and observe that

i @) g LN ey = L [ xy ar = YA
W}EHOO m _rr}—womkzzoxA(T()) V(X)/XAd v(X)

where the second equality follows from the Birkhoff ergodic theorem.
O

The Poincaré recurrence theorem (Theorem 7.1.5) asserts that
for v-almost all points x € A the forward orbit of x for a measure
preserving transformation 7' returns to A infinitely often. For an
ergodic transformation 7" we can do much better and consider how
often the forward orbit of a point & not necessarily in A visits the set
A. In fact, if v(A) > 0, then for v-almost all © € X the forward orbit
of x visits A infinitely often.
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Corollary 7.3.3. Suppose T : X — X is an ergodic transformation
preserving a finite measure v on a measure space X and v(A) > 0 for
a subset A C X. Then for v-almost all v € X the set {n | T"(z) € A}
of times when the forward orbit of x is in A is an infinite set.

Proof. By the previous corollary, for v-almost all x,

lim Ny () _ v(A)

> 0.
m—oo M y(X)

Since the sequence {N,,(z)} is monotonic increasing it cannot be
bounded as that would imply the limit is 0. O

Even this relatively weak corollary of the Birkhoff ergodic the-
orem has some remarkably surprising consequences. Part (2) of the
exercise below illustrates one of them.

Exercise 7.3.4.

(1) Suppose T : [0,1] — [0,1] is defined by

2z, if z €0,1];
T(x) = . Ll
20— 1, ifxe(5,1]

Prove that T preserves Lebesgue measure and is ergodic.
Hint: How is T related to D?

(2) Consider your favorite movie M in the digital format of your
choice. So M is a very long (but finite) string of 0’s and 1’s.
Prove that for almost all z € [0, 1] your movie’s encoding M
occurs infinitely often in the digits of the binary expansion
of . Indeed, the binary expansion of almost all 2 € [0, 1] will
contain the digital encoding of every movie which has ever
been made or ever will be made. Each will occur infinitely
often. Hint: Find an expression for T(x) in the previous
exercise in terms of the binary expansion of x.



Appendix A

Background and
Foundations

This appendix gives a very terse summary of the properties of the
real numbers which are used throughout the text. It is intended as a
review and reference for standard facts about the real numbers rather
than an introduction to these concepts.

Notation. (Numbers). We will denote the set of real numbers by
R, the complex numbers by C, the rational numbers by Q, the integers
by Z and the natural numbers by N.

A.1. The Completeness of R

In addition to the standard properties of being an ordered field (i.e.,
the properties of arithmetic) the real numbers R satisfy a property
which makes analysis as opposed to algebra possible.

The Completeness Axiom. Suppose A and B are non-empty sub-
sets of R such that x <y for every x € A and every y € B. Then
there exists at least one real number z such that x < z for all x € A
and z <y for all y € B.

Example A.1.1. The rational numbers, Q, fail to satisfy this prop-
erty. If A={z| 2% <2} and B={y |y >0 and y? > 2}, then there
isno z € Q such that x < z forallx € A and z < y for all y € B.

141
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Definition A.1.2. (Infimum, supremum). If A C R, then b€ R
1s called an upper bound for A if b > x for all x € A. The number
0 is called the least upper bound or supremum of the set A if 3 is
an upper bound and B < b for every upper bound b of A. A number
a € R is called a lower bound for A if a < x for all x € A. The
number « is called the greatest lower bound or infimum of the set A
if a is a lower bound and o > a for every lower bound a of A.

Theorem A.1.3. If a non-empty set A C R has an upper bound,
then it has a unique supremum (3. If A has a lower bound, then it has
a unique infimum .

Proof. Let B denote the non-empty set of upper bounds for A. Then
x < y for every x € A and every y € B. The Completeness Axiom
tells us there is a @ such that x < g < y for every z € A and every
y € B. This implies that 3 is an upper bound of A and that 8 < y for
every upper bound y. Hence, [ is a supremum or least upper bound
of A. Tt is unique, because any [’ with the same properties must
satisfy 8 < 3’ (since [ is a least upper bound) and 3 < 3 (since 3’
is a least upper bound). This, of course implies 8 = 3'.

The proof for the infimum is similar. O

We will denote the supremum of a set A by sup A and the infimum
by inf A. If A is not bounded above, we will write sup A = +o0 and
if it is not bounded below we write inf A = —oo. The supremum
of a bounded set A may or may not be in the set A. However, as
the following result shows, there is always an element of A which is
arbitrarily close to the supremum of A.

Proposition A.1.4. If A has an upper bound and 3 = sup A, then
for any € > 0 there is an x € A with § —e < x < 3. Moreover, (3 is
the only upper bound for A with this property. If A has a lower bound
its infimum satisfies the analogous property.

Proof. If § = sup A and there is no z € (8 — ¢, g], then every x € A
satisfies x < 3 — . It follows that 3 — ¢ is an upper bound for A and
is smaller than § contradicting the definition of 3 as the least upper
bound. Hence there must be an « € A with = € (8 — ¢, 3].
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If 5’ # (3 is another upper bound for A, then 3’ > 3. There is no
x € A with z € (3, 8'], since such an & would be greater than § and
hence 8 would not be an upper bound for A.

The proof for the infimum is similar. O

A.2. Functions and Sequences

At the risk of being somewhat pedantic we will give the definition of
a function as a set of ordered pairs and the definition of a sequence as
a function defined on the natural numbers. The reader should note,
however, that after these definitions, when referring to a function ¢
we will always opt for the notation b = ¢(a) rather than (a,b) € ¢ and
treat sequences as an indexed set of values rather than a function.

If A and B are sets their Cartesian product, denoted A x B, is
defined to be the set of ordered pairs A x B = {(a,b) | a € A, b € B}.

Definition A.2.1. (Function). Suppose A and B are sets. A
function ¢ : A — B is a subset of the Cartesian product A X B such
that:

(1) If a € A, there exists b € B such that (a,b) € ¢.
(2) If (a,b) € ¢ and (a,b’') € ¢, thenb=1'.

It is worth noting that this definition makes sense even if A or
B is the empty set. In that case the set ¢ is necessarily empty since
Ax B = 0. The set A is called the domain of ¢, the set B is called the
codomain of ¢, and the set of all b € B such that (a,b) € ¢ is called
the range or image of ¢. As noted above we will almost always use
the notation ¢ : A — B to indicate that ¢ is a function with domain
A and codomain B, and write b = ¢(a) to indicate (a,b) € ¢. We will
denote the range of ¢ by ¢(A).

Definition A.2.2. (Injective, surjective, bijective). Suppose
A and B are sets and ¢ : A — B is a function. Then

(1) The function ¢ is called injective (or one-to-one) if ¢(x) =
o(y) implies x = y.
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(2) The function ¢ is called surjective (or onto) if for every
b € B there exists x € A such that ¢(x) = b. Equivalently,
¢ is surjective if its codomain equals its range.

(3) The function ¢ is called bijective if it is both injective and
surjective.

(4) If C C B, the set inverse ¢~ (C) is defined to be {a | a €
A and ¢(a) € C}. If C consists of a single element ¢, we
write ¢~ 1(c) instead of the more cumbersome ¢~ *({c}).

Injective, surjective and bijective as defined above are adjectives
which may be applied to a function ¢. The corresponding nouns re-
ferring to a function with the given property are injection, surjection,
and bijection.

Definition A.2.3. (Finite, infinite). A set A is finite if it is empty
or there is an n € N and a bijection from A to {1,2,...,n}. A set is
infinite if it is not finite.

One important special class of functions, called sequences, are
treated in a notationally different way.

Definition A.2.4. (Sequence). A sequence of elements in a set A
s a function ¢ : N — A.

However, we typically do not name the function defining a se-
quence, but write only the indexed set of values {a,}32 ; where a,, =

¢(n).

Exercise A.2.5.

(1) Prove that if f: A — B is injective, then f: A — f(A) is a
bijection.

(2) Suppose A and B are sets. Prove that if A is infinite and
there is an injective function f : A — B, then B is infinite.

Prove that if A is infinite and there is a surjective function
f: B — A, then B is infinite.

(3) (Inverse function)
If f: A— B, then g: B — A is called the inverse function



A.3. Limits 145

of f provided g(f(a)) = a for all a € A and f(g(b)) = b for

all b€ B.

(a) Prove that if the inverse function exists it is unique (and
hence it is appropriate to refer to it as the inverse).

(b) Prove that f has an inverse if and only if f is a bijection.

(c) If it exists, we denote the inverse function of f by f~1.
This is a slight abuse of notation since we denote the
set inverse (see part (4) of Definition A.2.2) the same
way. To justify this abuse somewhat prove that if f
has an inverse g, then for each b € B the set inverse
F~L({b}) is the set consisting of the single element g(b).
Conversely, show that if for every b € B the set inverse
f~1({b}) contains a single element, then f has an in-
verse g defined by letting g(b) be that single element.

A.3. Limits

There are a number of equivalent formulations we could have chosen
for the Completeness Axiom. For example, we could have taken the
existence of the supremum for bounded sets (Theorem A.1.3) as an
axiom and then proved the Completeness Axiom as a theorem follow-
ing from this axiom. In this section we prove several more theorems
which we will derive from the Completeness Axiom, but which are
in fact equivalent to it in the sense that, if we assumed any one as
an axiom, we could prove the others as consequences. Results of this
type include Theorem A.3.2, Corollary A.3.3, and Theorem A.3.5.

We recall the definition of limit of a sequence in R.

Definition A.3.1. (Limit, converge).  Suppose {x,}52; is a

sequence in R. We say the sequence converges to L € R and write
lim z, =L
n—oo

if for every e > 0 there exists N € N such that
|zm — L| < e

for allm > N.



146 A. Background and Foundations

Let {x,}22; be a sequence in R. We will say it is monotone
increasing if x,11 > x, for all n and monotone decreasing if x, 11 <
., for all n.

Theorem A.3.2. (Bounded monotone sequences converge).
If {x,}22 1 is a bounded monotone sequence, then lim x, exists.

n—oo

Proof. If {z,}>2, is a bounded monotone increasing sequence, let
L = sup{x,}52,. Given any € > 0 there is an N such that

L—e<zazy<L
by Proposition A.1.4.

For any n > N we have ¢y < x,, < L and hence |L — z,| < e.
Thus, lim z, = L.

n—oo
If {x,}5°, is a monotone decreasing sequence, then we note that
the sequence {—x,,}52  is increasing and lim z, = — lim —z,. O

n—oo n—oo
Corollary A.3.3. If {z,}52 is a bounded sequence, then
lim sup{z,},>,, and lim inf{x,}>° .
m— 00 m— 00

both exist. The sequence {x,}52 ¢ has limit L, i.e., limx,, = L, if and
only if both limits equal L.

Notation. (lim sup and lim inf). We will denote
lim sup{z,}o2,, by limsupuz,
and
lim inf{x,}:2,, by liminfz,

m—00 n—oo

Proof. If y,, = sup{x,}>2 ., then {y,,}>°_; is a monotone decreas-

n=m>

ing sequence, so lim y,, exists. The proof that liminf z,, exists is
m—00
similar.

The fact that inf{z,}52,, <z, <sup{z,}>2,, implies that if
liminf x,, = limsupx, = L,

n—0oo n— oo

then lim =z, exists and equals L. O

n—oo
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Definition A.3.4. (Cauchy sequence). A sequence {x,}52, in
R is called a Cauchy sequence if for every € > 0 there is an N > 0
(depending on €) such that |x,, — x| < e for all n,m > N.

The reason Cauchy sequences are important is that they converge,
which is the content of our next theorem. In fact, the converse is also
true, so convergent sequences are Cauchy sequences (see part (1) of
Exercise A.3.8). Proving that a sequence is Cauchy is an extremely
useful technique for proving convergence.

Theorem A.3.5. (Cauchy sequences converge). If {z,}°2 is
a Cauchy sequence in R, then nILH;o T, exists.

Proof. First we show that if {z,}52, is a Cauchy sequence, then it
is bounded. For € = 1 there is an N; such that |z, — 2| < 1 for all
n,m > Ni. Hence, for any n > Ny we have |z,| < |z, —2n, |+ |zn, ]| <
|z, | + 1. It follows that if M = 14 maz{z,} ", then |z,| < M for
all n. Hence lim sup z,, exists.

Since the sequence is Cauchy, given € > 0 there is an N such that
that |z, — x| < /2 for all n,m > N. Let
L =limsupx, = lim sup{z, o,
n— oo n—oo
Then by Proposition A.1.4 there is an M > N such that |z — L| <
e/2. Tt follows that for any n > M we have |z, — L| < |2, — xp| +
|z — L] <e/2+¢/2=¢.So lim z, = L. O

n—oo

Definition A.3.6. (Convergent, absolutely convergent). Sup-
pose ZZO=1 T, 1S an infinite series of real numbers and S,, = Z;nzl Tn
is its m*" partial sum. The series Zzozl T, 1S said to converge with
limit L provided lim S, = L. It is said to converge absolutely pro-

m—00
. - o0
vided the series )~ |xy| converges.

Theorem A.3.7. (Absolutely convergent series). If the series
ZZOZI Ty, converges absolutely, then it converges.

Proof. Let S,, = Z:’;l xz; be the partial sum. We must show that

lim S, exists. We will do this by showing it is a Cauchy sequence.
m—00
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Since the series > o~ |z;| converges, given € > 0, there is an N > 0
such that Y o0\ |zi| < e. Hence, if m > n > N,

m

S = Sul = | > @] = Z |xl|<2\xz\<€

i=n+1 i=n+1

Hence, {5, } is a Cauchy sequence and converges. O

Exercise A.3.8.

(1) Prove that a sequence in R is Cauchy if and only if it con-
verges.

(2) (a) Prove that if |r| < 1, the sequence Y > ar™ converges
toa/(l—r).
(b) Prove that if

hmsup‘ n“‘ <1,

n—oo

then Y °  x,, converges.

(3) A sequence {z,} in R is called square summable if Y 2 | x2

converges. The set of all square summable sequences is de-
noted ¢2 (pronounced “little ell two”). Suppose {z,} and
{yn} are in 2.

(a) Prove that Y7 | z,y, converges.

(b) Prove that if 2, = x,, + yn, then {z,} € (2.

A.4. Complex Limits

We will denote the complex numbers by C, so
C={a+bi|abeR}
where 2 = —1.
Recall the following elementary properties of complex numbers:

(1) The complex conjugate of z = a + bi is denoted by z and is
defined to be a — bi. Note that if z € C, then z € R if and
only if z = Z.
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(2) The modulus of z = a + bi is denoted |z| and is defined to
be va? + b2 so |z|2 = 2z = a® + b%. Note that |z| = |z| and
|zw]| = [2||w].

(3) We define the real part of z = a + bi to be a and denote it
R(z). Likewise, the imaginary part of z is b and is denoted
3(z), so z = R(z) +i3(z) for all z € C.

(4) Euler’s formula: For every real number z,

e =cosx +isinz.

Definition A.4.1. (Complex limit and convergence). Suppose
{zn}52, is a sequence in C and L € C. We say the sequence converges
to L and write

lim z, =L

n—oo

if for every € > 0 there exists N € N such that
|zm — L| < &
for all m > N.

Note that this definition is identical to the definition in R except
that | | here means modulus instead of absolute value. Notice that
if z is a real number (and hence also a complex number), then its
modulus and its absolute value coincide, so our notation is consistent.
We could have defined complex limits in terms of real limits as the
following proposition shows.

Proposition A.4.2. If {z,}52 is a sequence in C, then

lim z, =L
if and only if
lim R(z,) =R(L) and lLm F(z,) = I(L).

n—oo n—oo

Proof. Notice that lim z, = L is equivalent to the real limit

n—oo

lim |L — z,| =0.

n—oo

If w, = R(2n), uw=R(L), vy, =F(zn), and v = F(L), then

IL — 2% = [u+ v — up — 10, )% = [u— up|* + |0 — v, ]?.
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So lim |L — z,|? = 0 if and only if

lim |u—u,|* =0 and lim [v —u,|* = 0.
n—oo n—oo

d

Definition A.4.3. (Complex Cauchy sequence). A sequence of
complex numbers {z, 52, is called a Cauchy sequence if for every
€ > 0 there is an N > 0 (depending on €) such that |z, — x| < € for
all n,m > N.

Theorem A.4.4. (Cauchy sequences converge). If {z,}5%, is
a Cauchy sequence in C, then lim z, exists.

n—oo

Proof. We notice that |z, — 2| > [R(2n, —2m)| = [R(2n) —R(2m)|, so
{R(2n)}22, is a Cauchy sequence in R and hence converges. Similarly,
{S(2n) }22, converges. Therefore, by Proposition A.4.2 the sequence
{zn}52, converges. O

Definition A.4.5. (Convergent series, absolutely convergent).
Suppose Y00 z, is an infinite series of complex numbers and S, =
Sz is its mth partial sum. The series Y oo z, is said to con-
verge with limit L € C provided lim S,, = L. It is said to converge

m—0o0
absolutely provided the real series Y .| |zn| converges.

Theorem A.4.6. (Absolutely convergent series). If the series

Zzozl zn, tn C converges absolutely, then it converges.

Proof. Suppose u, = R(z,) and v, = $(z,). Then |z,| > |uy]

and |z,| > |v,|. Hence if Y | 2, converges absolutely, then so do
S up and Y07 vy,. It follows that

o0 oo o0 o0
g Zy = g (Up, + tvy,) = g un—l—ig Uy,
n=1 n=1 n=1 n=1

converges. O
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A.5. Set Theory and Countability

Proposition A.5.1. (Distributivity of N and U). If for each j
in some index set J there is a set Bj and A is an arbitrary set, then

An|JBj=JANnB;) and AU()B; = ((AUBy).
jeJ jeJ jeJ jeJ
The proof is straightforward and is left to the reader.
Definition A.5.2. (Set difference, complement). We define the
set difference of sets A and B by
A\B={x|z€A and = ¢ B}.

If all the sets under discussion are subsets of some fized larger set
E, then we can define the complement of A with respect to E to be
A°=FE\ A.

We will normally just speak of the complement A€ of A when it is
clear what the larger set E is. Note the obvious facts that (A€)¢ = A
and that A\ B = AN B°.

Proposition A.5.3. If for each j in some index set J there is a set
B; C E, then

(B;=(UBj) and |JB5=([)B))"
jeJ jeJ jeJ jeJ
Again the elementary proof is left to the reader.

Proposition A.5.4. (Well ordering of N). Every non-empty sub-
set A of N has a least element which we will denote min(A).

Proof. Every finite subset of N clearly has a greatest element and a
least element. Suppose A C N is non-empty. Let B={n e N |n <
a for all a € A}. Then B is finite since it is a subset of {1,2,3,..., a0}
for any ag € A.

If B = (, then 1 must be in A since otherwise it would be an
element of B. Clearly, in this case 1 € A is the least element of A.

If B is non-empty, let m be the greatest element of B (which
exists since B is finite). The element my = m + 1 must be in A (since
otherwise it would be in B and greater than m). Clearly, then my is
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the least element of A since m = mgy — 1 is less than every element of
A. O

The notion of countability, which we now define, turns out to be
a crucial ingredient in the concept of measure which is the main focus
of this text.

Definition A.5.5. (Countable, uncountable). A set A is called
countable if it is finite or there is a bijection from A to the natural
numbers N, (i.e., a one-to-one correspondence between elements of A
and elements of N). A set which is not countable is called uncountable.

It should be noted that there is no universal agreement about
whether finite sets should be called countable. Some authors reserve
this term for infinite countable sets. In this text we will follow what
seems to be the most common usage and finite sets will be called
countable. In particular, the empty set will be called countable. It
is a good exercise to understand why the proof of Propostion A.5.8
below remains valid when any of the countable sets in its statement
are empty.

The next three propositions give terse proofs of some standard
properties of countable sets which we will need.

Proposition A.5.6. (Countable sets).

(1) A set A is countable if and only if there is an injective func-
tion f : A — N. Hence, any subset of a countable set is
countable.

(2) A set A is countable if and only if there is a surjective func-
tion f: N — A.

Proof. One direction of part (1) is easy: namely assuming A is count-
able and constructing the injection f. If A is infinite, there is a bi-
jection f : A — N which is, of course, an injection. If A is finite,
there is an n > 0 and a bijection from A to {1,2,...,n} which can
be considered an injection from A to N.

Conversely, if f : A — N is an injection, it is a bijection from A
to f(A) C N, so it suffices to show any subset of N is countable.
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To prove this suppose B is a subset of N. If B is finite, it is
countable, so assume it is infinite. Define ¢ : N — B by ¢(1) =
min(B), and

p(k) = min(B\{¢(1),...,¢(k —1)}).
The function ¢ is injective and defined for all £ € N. Suppose m € B
and let ¢ be the number of elements in the finite set {n € B | n < m}.
Then ¢(c) = m and hence ¢ is surjective. This shows ¢ is a bijection.
To observe that any subset of a countable set A is countable note that
an injection f : A — N defines an injection from any subset of A by
restriction.

To prove (2) suppose f : N — A is surjective. Define ¢ : A — N
by ¥ (z) = min(f~!(x)). This is a bijection from A to v¥(A). Since
¥ (A) is a subset of N it is countable by (1). This proves one direction
of (2). The converse is nearly obvious. If A is countably infinite, then
there is a bijection (and hence a surjection) f : N — A. But if A is
finite one can easily define a surjection f: N — A. 0

It is sometimes useful to think of the statements of Proposi-
tion A.5.6 in what amounts to their contrapositive form.

Corollary A.5.7. (Uncountable sets). Suppose f: A — B.

(1) If f is injective and A is uncountable, then B is uncountable.

(2) If f is surjective and B is uncountable, then A is uncount-
able.

Proof. The first assertion follows from Proposition A.5.6, since if
B were countable, the set A would also have to be countable. The
second assertion is also a consequence of Proposition A.5.6, since if A
were countable, the set B would also have to be countable. O

Proposition A.5.8. (Countable products and unions).
(1) If A and B are countable, then their Cartesian product Ax B
is a countable set.

(2) A countable union of countable sets is countable. That is,
if A, is countable for each x € B and B is countable, then
U, Az is countable.
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Proof. We first prove part (1) in the case that A = B = N. We define
a function ¢ : N x N — N by ¢(m,n) = 2™3". It is injective since
Y(m,n) = ¢¥(p, q) implies 2m3™ = 2P39 or 2™ P = 3"~ 7. This is only
possible if m —p = 0 and n — g = 0. Hence, 1 is an injective function
from NxN to N, so NxN is countable by part (1) of Proposition A.5.6.

For the general case of part (1) welet f4 : N — Aand fg: N— B
be surjections onto the countable sets A and B. Then
fNxN—-AxB
defined by f(a,b) = (fa(a), f5(b)) is a surjection and A x B is count-
able by part (2) of Proposition A.5.6.

To prove part (2) note that if A, is countable, there is a surjection

U, : N — A, by part (2) of Proposition A.5.6. Likewise, there is a
surjection ¢ : N — B. The function

d:NxN— U A,

zEB

given by

O(n,m) = Wy (m)
is a surjection. Since N x N is countable it follows that |J, .5 As is
countable by part (2) of Proposition A.5.6. O

Corollary A.5.9. (Q is countable). The rational numbers Q are
countable.

Proof. The set Z is countable since it is the union of the countable
sets N, —N, and {0}. So Z x N is countable and the function ¢ :
7Z x N — Q given by ¢(n,m) = n/m is surjective. Hence, the set of
rationals Q is countable by part (2) of Proposition A.5.6. d

It is not obvious that any uncountable sets exist. Our next task is
to prove that they do, in fact, exist. We will also see in the exercises
below that R is uncountable. For an arbitrary set A we will denote
by P(A) its power set, which is the set of all subsets of A.

Proposition A.5.10. Suppose A is a non-empty set and
f:A—P(A)

s a function from A to its power set. Then f is not surjective.
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Proof. This proof is short and elegant, but slightly tricky. For a € A
either a € f(a) or a ¢ f(a). Let B={a€ A|a¢ f(a)}.

Let x be any element of A. From the definition of B we observe
that x is in B if and only if z is not in the set f(x). Or, equivalently,
x ¢ B if and only if it is in the set f(x). Hence, the sets B and f(z)
can never be equal since one of them contains x and the other does
not. Therefore, there is no  with f(x) = B, so f is not surjective. [

As an immediate consequence we have the existence of an un-
countable set.

Corollary A.5.11. The set P(N) is uncountable.

Proof. This follows immediately from Proposition A.5.10. Since
there is no surjection from N to P(N) there can be no bijection. O

Later we will give an easy proof using measure theory that the set
of irrationals is not countable (see Corollary B.2.8 and also part (4)
of Exercise 2.2.2). But an elementary proof of this fact is outlined in
the exercises below.

The next axiom asserts that there is a way to pick an element
from each non-empty subset of A.

The Axiom of Choice. For any non-empty set A there is a choice
function

¢: P(A)\{0} — A,
i.€., a function such that for every non-empty subset B C A we have
¢(B) € B.

Exercise A.5.12.

(1) Prove Propositions A.5.1 and A.5.3.

(2) Find an explicit bijection f : Z — N and conclude that Z is
countable. Similarly, find explicit bijections from the even
integers to N and the odd integers to N.

(3) Prove that any infinite set contains a countable infinite sub-
set.
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(4) (Uncountabilitity of R) Let D be the set of all infinite se-

quences dydsds . ..d, ... where each d,, is either 0 or 1.

(a) Prove that D is uncountable. Hint:  Consider the
function f : P(N) — D defined as follows. If A C N,
then f(A) = dydads...d, ... where d, = 1ifn € A
and 0 otherwise.

(b) Define h : D — [0,1] by letting h(didads . ..d,, ...) be
the real number whose decimal expansion is

0.didads ... dy, . ...

Prove that h is injective and hence by Corollary A.5.7
the interval [0, 1] is uncountable.

(c) Prove that if a < b, the closed interval [a,b] = {z | a <
x < b}, the open interval (a,b) = {x | a < z < b},
the ray [a,00) = {z | ¢ < 2 < oo}, and R are all
uncountable, by exhibiting an injective function from
[0,1] to each of them. Prove that the set of irrational
numbers in R is uncountable.

(5) Let f :[0,1] — R be a function such that f(z) > 0 for all

x € [0, 1], but which is otherwise arbitrary. Prove that there
is a sequence {z,}52, of distinct elements z,, € [0, 1] such

that -
Z fz,) = oo.
n=1

A.6. Open and Closed Sets

We will denote the closed interval {z | a < x < b} by [a,b] and the
open interval {z | a < z < b} by (a,b). We will also have occasion
to refer to the half open intervals (a,b] = {z | a < = < b} and
[a,b) = {z | a < & < b}. Note that the interval [a,a] is the set
consisting of the single point a and (a, a) is the empty set.

Definition A.6.1. (Open, closed, dense). A subset A C R is
called an open set if for every x € A there is an open interval (a,b) C
A such that x € (a,b). A subset B C R is called closed if R\ B is
open. A set A C R is said to be dense in R if every non-empty open
subset contains a point of A.
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Proposition A.6.2. (Q is dense in R). The rational numbers Q
are a dense subset of R.

Proof. Let U be a non-empty open subset of R. By the definition of
open set there is a non-empty interval (a,b) C U. Choose an integer
n such that % < b—a. Then every point of R is in one of the intervals
[=1, L), In particular, for some integer ip, =1 < a < 2. Since
% < b —a it follows that

ig— 1 7 1
0 " <a<2<a+- <.
n n n
Hence, the rational number ig/n is in (a,b) and therefore in U. [l

Theorem A.6.3. (Open sets). A non-empty open set U C R is a
countable union of pairwise disjoint open intervals | J,—;(an,by).

Proof. Let © € U. Define a, = inf{y | [y,2] € U} and b, =
sup{y | [z,y] C U} and let U, = (ay,b;). Then U, C U, but a, ¢ U
since otherwise for some ¢ > 0, [a; — €,a, + €] C U and hence
l[az—¢,x] C [ag—¢,a,+¢€]Ulaz +¢€,2] C U and this would contradict
the definition of a,. Similarly, b, ¢ U. It follows that if z € U,,
then a, = a, and b, = b,. Hence, if U, N U, # 0, then U, = U, or
equivalently, if U, # U,, then they are disjoint.

Thus, U is a union of open intervals, namely the set of all the
open intervals U, for x € U. Any two such intervals are either equal
or disjoint, so the collection of distinct intervals is pairwise disjoint.

To see that this is a countable collection observe that the rationals
Q are countable, so U N Q is countable and the function ¢ which
assigns to each r € UNQ the interval U,. is a surjective map onto this

collection. By Proposition A.5.6 this collection must be countable.
O

Exercise A.6.4.

(1) Prove that the complement of a closed subset of R is open.

(2) Prove that an arbitrary union of open sets is open and an
arbitrary intersection of closed sets is closed.
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(3) Prove that if S is a closed bounded set, then both inf S and
sup S are elements of S.

(4) The set D = {m/2" | m € Z, n € N} is called the dyadic
rationals. Prove that D is dense in R.

(5) A point z is called a limit point of a set S C R if every
open interval containing x contains points of S other than
z. Prove that a set S C R is closed if and only if it contains
all of its limit points. Show this implies that if S is closed,
T, € S and limzx, = z, then z € S.

A.7. Compact Subsets of R

One of the most important concepts for analysis is the notion of com-
pactness.

Definition A.7.1. (Compact). A set X C R is called compact
provided every open cover of X has a finite subcover.

Less tersely, X is compact if for every collection V of open sets
with the property that
xcvu
vey
there is a finite collection Uy, Us, ..., U, of open sets in V such that

n
X C U Ug.
k=1
For our purposes the key property is that closed and bounded
subsets of R are compact.

Theorem A.7.2. (The Heine-Borel theorem). A4 subset X of R
is compact if and only if it is closed and bounded.

Proof. To see that a compact set is bounded observe that if U, =
(—=n,n), then {U,} is an open cover of any subset X of R. If this
cover has a finite subcover, then X C U, for some m and hence X is
bounded. To show a compact set X is closed observe that if y ¢ X,
then

1 1
Un:(_oo7y_ﬁ) U (y+ Evoo)
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defines an open cover of R\ {y} and hence of X. Since this cover
of X has a finite subcover there is an m > 0 such that X C U,,. It
follows that (y —1/m,y+1/m) is in the complement of X. Since y is
an arbitrary point of the complement of X, this complement is open
and X is closed.

To show the converse we first consider the special case that X is
the closed interval [a,b]. Let V be an open cover of X and define

Y = {z € [a,b] | the cover V of [a,x] has a finite subcover}.

The set Y is non-empty since a € Y, and bounded since it is a subset
of [a,b]. We define z = sup Y and note that z € [a, b].

Hence, there is an open set Uy € V with z € Uy. From the def-
inition of open sets we know there are points zg, 21 € Up satisfying
20 < z < z1. From the definition of z the cover V of [a, 29] has a finite
subcover Uy, Us,...,U,. Then the finite subcover Uy, Uy, Us,..., U,
of V is a cover of [a,z] for any x € [a, z1]. Since z < z;, this contra-
dicts the definition of z unless z; > b. Hence, we conclude z; > b and
the finite cover of [a, z1] is also a cover of [a, b].

For an arbitrary closed and bounded set X we choose a,b € R
such that X C [a,b]. If V is any open cover of X and we define
Up = R\ X, then YU{Up} is an open cover of [a, b] which must have a
finite subcover, say Uy, Uy, Us,...,U,. Then Uy, Us,...,U, must be
a cover of X. d

There is a very important property of nested families of compact
sets which we will use.

Theorem A.7.3. (Nested families of compact sets). If {4,}52
is a nested family of non-empty compact subsets of R, (i.e., Apy1 C
A, for all n), then (,—, Ay is non-empty.

Proof. Let U, = AS be the complement of A,,. Then each U, is
open and U, C U,qy. If ()2, A, is empty, then its complement
U2, U, is all of R. Therefore, {U,} is an open cover of the compact
set Ay, but it has no finite subcover since the union of the sets in any
finite subcover is Uy for some N € N and Uy does not contain the
non-empty set Ay C A;. We have contradicted the assumption that
Moy Ay is empty. O
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Exercise A.7.4.

(1) Give an example of a nested family of non-empty open inter-
vals Uy DUz D -+ D U,..., such that () —, U, is empty.

(2) A collection F of subsets of R is said to have the finite
intersection property if the intersection of the sets in any
finite subcollection of F is non-empty. Prove that if F is
a collection of compact subsets of R and it has the finite
intersection property, then the intersection of all the sets in
F is non-empty.

(3) Prove that a subset A C R is compact if and only if it has
the property that every sequence in A has a subsequence
which converges to an element of A.

A.8. Continuous and Differentiable Functions

Definition A.8.1. (Continuity and uniform continuity). Sup-
pose X C R. A function f : X — R is continuous if for every
x € X and every ¢ > 0 there is a 6(x) (depending on x) such that
If(y) — f(x)] < & whenever y € X and |y — x| < §(z). A function
f+ X — R is uniformly continuous if for every € > 0 there is a 0 (in-
dependent of x and y) such that | f(y) — f(z)| < € whenever z,y € X
and |y — x| < 0.

Theorem A.8.2. If f is defined and continuous on a compact subset
X C R, then it is uniformly continuous.

Proof. Suppose € > 0 is given. For any x € X and any positive
number § let U(z,d) = (z—0, z+6). From the definition of continuity
it follows that for each = there is a d(z) > 0 such that for every
y € U(z,d(x)) N X we have |f(z) — f(y)| < /2. Therefore, if y; and
yo are both in U(z, é(x)) N X we note

) = F2)| < 1) = F@)] + @) = F)l < 5 +5 =<

The collection {U(z,5(x)/2) | © € [a,b]} is an open cover of the
compact set X so it has a finite subcover {U(x;,0(x;)/2) | 1 <1i < n}.
Let 1

0= 5 min{d(z;) | 1 <i<n}.
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Suppose now y1,y2 € X and |y; — y2| < 6. Then

e U(% 5(;@))

for some 1 < j <n and

O(x;
Im—xﬂﬁhm—m%Hm—xﬂ<5+(;)S&%)

So both y; and y, are in U(x;,d(x;)) and hence

[f(y1) = f(y2)] <e.
0

We will also make use of the following result from elementary
calculus.

Theorem A.8.3. (Mean value theorem). If f is differentiable on
the interval [a,b], then there is ¢ € (a,b) such that
/ f(b) = f(a)
fe) = T b—a
Corollary A.8.4. If f and g are differentiable functions on [a,b]
and f'(x) = ¢'(z) for all x, then there is a constant C' such that
f(z) =g(x)+C.

Proof. Let h(z) = f(x) — g(z), then h'(x) = 0 for all z and we wish
to show h is constant. But if ag,bg € [a,b], then the mean value
theorem says h(bg) —h(ag) = h'(c)(bo —ap) = 0 since h'(¢) = 0. Thus,
for arbitrary ag, by € [a, b] we have h(by) = h(agp), so h is constant. [

Exercise A.8.5.

(1) Suppose that f : R — R is a surjective function such that
x < y implies f(x) < f(y) for all 2,y € R. Prove that f is
continuous.

(2) (Characterization of continuity) Suppose f is a function f :
R —R.
(a) Prove that f is continuous if and only if the set inverse
f~1(U) is open for every open set U C R.
(b) Prove that f is continuous if and only if the set inverse
f~1((a,b)) is open for every open interval (a,b).
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(c) Prove that f is continuous if and only if the set inverse
f71(O) is closed for every closed set C' C R.

(3) (Intermediate value theorem) Prove that if f : [a,b] — R is
continuous with f(a) < 0 and 0 < f(b), then there exists
¢ € (a,b) such that f(c) =0.

(4) Prove that if A C R is compact and f : R — R is continuous,
then f(A) is compact.

(5) (Complex continuous functions) If A C Rand f: A — C,
we define f to be continuous if R(f(z)) and J(f(x)) are
continuous functions from A to R. Prove that f: R — C is
continuous if and only if for each a € R,

lim f(z) = f(a).
A.9. Real Vector Spaces

In this section we describe some basic properties of real vector spaces.
A rigorous definition of a real vector space can be found in any linear
algebra text. However, in this text we will only consider vector spaces
of real-valued functions defined on some fixed domain and these are
much simpler to define. For a discussion of general vector spaces in
greater depth than we present here see [K].

Definition A.9.1. (Vector space of functions). If A is a set, a
non-empty collection V of real-valued functions with domain A is a
vector space of real-valued functions provided:

(1) If f and g are in V, then f + g is in V.
(2) If f €V and c € R, then cf is in V.

Examples A.9.2. The following are examples of vector spaces of
real-valued functions.

(1) The collection of all functions from a set A to R.
(2) The collection of all continuous functions from [a, b] to R.

(3) The collection of all infinite sequences {x,} in R (Recall
these are just the functions from N to R.)
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(4) The collection of all finite sequences {z;}? ; in R (This is
another description of R™ and is also the collection of all
real-valued functions with domain {1,2,...,n}.)

Henceforth, we will use the term real vector space in its standard
linear algebra sense. However, the reader will suffer no great loss of
generality in thinking only of vector spaces of real-valued functions
as defined above.

Definition A.9.3. (Inner product space). An inner product
space is a real vector space V together with a function (, ) : VxV — R
which for any vi,ve,w €V and any a,c1,ce € R satisfies:

(1) Commutativity: (vy,ve) = (vg,v1).
(2) Bilinearity: (civ1 + cova, w) = c1{v1,w) + ca{va, w).
(3) Positive Definiteness: (w,w) > 0 with equality only if

w = 0.

Definition A.9.4. (Norm). IfV is a real vector space with inner
product ( , ), we define the associated norm || || by ||v|| = /{v,v).

Proposition A.9.5. (Cauchy-Schwarz inequality). If (V,(, ))
s an inner product space and v,w € V, then

(v, W) < [Jof| flw]l;

with equality if and only if v and w are multiples of a single vector.

Proof. First assume that ||v|| = ||w| = 1. Then
(v, w)wl||* + [[o—(v, w)w|?
= (v,0)?||w|* + (v — (v, whw, v~ (v, wW)w)

= (v, w)?[wl® + [lvl* = 2(v, w)? + (v, w)?||w]|*

=lvl* =1,
since ||v]|? = ||w||* = 1. Hence,
(v, w)? = [[{v, whwl|* < [[(v, whw|* + [Jv — (v, wyw|* = 1.

This implies the inequality |[(v,w)| < 1= ||v| ||w]||, when v and w are
unit vectors. Also this inequality is an equality only if ||v— (v, w)w|| =
0 or v = (v, w)w, i.e., since v and w are unit vectors, only if v = tw.
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The general result is trivial if either v or w is 0. Hence, we may
assume the vectors are non-zero multiples, v = avg and w = bwg, of

unit vectors vg and wg. In this case we have |{v, w)| = [{avy, bwy)| =
|ab||(vo, wo)| < [ab] = [lavo| [[bwoll = [[v]| [[w].

Observe that we have equality only if |(vo, wo)| = 1, which, as
noted above, only happens if vg = fwy, i.e., only if v and w are
multiples of each other. O

Proposition A.9.6. (Normed linear space). If V is an inner
product space and || || is the norm defined by ||v|| = \/{v,v), then

(1) Foralla e R and v €V, |lav| = |al|v].
(2) For allv eV, ||v|| >0 with equality only if v = 0.
(3) Triangle Inequality: For all v,w € V, |jv+ w| < ||v| +
[[wl].
(4) Parallelogram Law: For allv,w € V,
lv = w|® + [lo +wl]* = 2/jv]|* + 2[|w]||*.
Proof. The first two of these properties follow immediately from the

definition of inner product. To prove item (3), the triangle inequality,
observe:

[v+wl[* = (v + w, v + w)
= (v,v) + 2{v, w) + (w, w)
= ol + 2(v, w) + [Jw]|?
< lol* + 2w, w)| + [Jw]|?
< |lv|l* + 2||v|| |Jw|| + |lw||* by Cauchy-Schwarz,
= ([[oll + fJwl)*.

To prove item (4), the parallelogram law, note
lv—w|? = (v —w,v—w) = v]|* = 2(v,w) + [Jw|?

and
lv +wl|* = (v +w, v +w) = [[v]* + 2(v, w) + [Jw]*.
Hence, the sum ||v — wl||? + ||v + w||? equals 2||v|* + 2||w||*. O



A.9. Real Vector Spaces 165

Definition A.9.7. (Orthonormal). A set of vectors {u;}¥_, in R™
is called orthonormal with respect to the inner product ( , ) provided
(i, ujy =0 if i # j and |lu;||* = (us,wi) =1 for 1 <i < k.

Proposition A.9.8. (Orthonormal basis). Suppose {u;}?; is an
orthonormal set of in R™. Then any v € R™ can be uniquely expressed

as
n

v= Z(v,u»uz

i=1

Proof. Suppose v € R” is arbitrary. Let

n

w= Z(v,u»uz

i=1
We will show w = v. Note that for each i, (w,u;) = (v,u;). It follows
that
(w—v,u;) = (w,u;) — (v,u;) =0
for 1 <i<n.
By part (1) of Exercise A.9.9 below a vector which is perpendic-
ular to each u; must be 0. Hence, w — v = 0.

To show uniqueness suppose that v also equals Z?:l a;u; for some
real numbers a;. Then

n
(v, uj) = <Z ait;, uj) = aj.
i=1

foreach 1 < j < n. O

Exercise A.9.9.

(1) This exercise requires a knowledge of dimension and/or lin-
ear independence in R™. Prove there is no orthonormal sub-
set of R™ with more than n elements. Show, in fact, that if
{u;}?_, is an orthonormal set in R™, then (v,u;) = 0 for all
1<i<mnonlyifv=0.

(2) Consider the set £2 of square summable sequences in R de-
fined in part (3) of Exercise A.3.8. Prove that ¢? is a vector
space of real-valued functions.
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(3) If {z,,} and {y,} are elements of ¢2, define a function ( , ) :
2 x 02 =R by

Prove that (, ) is an inner product on 2. (See part (3) of
Exercise A.3.8.)

A.10. Complex Vector Spaces

In this section we describe some basic properties of complex vector
spaces. Most of the properties we describe are analogous to properties
of real vector spaces we showed in the previous section and the proofs
are often nearly identical. A rigorous definition of a complex vector
space can be found in most linear algebra texts (see [K], for example).
However, here we will only consider vector spaces of complex-valued
functions defined on some fixed domain and these are much simpler
to define.

Definition A.10.1. (Complex vector space of functions). If A
is a set, a non-empty collection V of complez-valued functions with
domain A is a vector space of complex-valued functions provided:

(1) If f and g are in V, then f + g is in V.

(2) If f €V and c € C, then cf is in V.
Examples A.10.2. The following are examples of vector spaces of
complex-valued functions.

(1) The collection of all functions from a set A to C.

(2) The collection of all continuous functions from [a, b] to C.

(3) The collection of all infinite sequences {z,} in C. (Recall
these are just the functions from N to C.)

(4) The collection of all finite sequences {x;}7_; in C. (This is
another description of C™ and is also the collection of all
complex-valued functions with domain {1,2,...,n}.)

Henceforth, we will use the term complex vector space in its stan-
dard linear algebra sense. However, the reader will suffer no great
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loss of generality in thinking only of vector spaces of complex-valued
functions as defined above. For more details about complex vector
spaces and the properties summarized below see [K].

Definition A.10.3. (Hermitian form). A Hermitian form on a
complex vector space V is a function { , ) : V xV — C which satisfies:
(1) Conjugate symmetry: (v,w) = (w,v) for all v,w € V.
(2) Sesquilinearity:
(e1v1 + cavg, w) = c1{vy, w) + cove, w) and
(v, crwy + cawa, ) = €1 (v, wy) + C2{v, ws)
for all vi,ve, w1, ws €V and all ¢1,co € C.
(3) Positive definiteness: For all w € V, (w,w) is real and

> 0 with equality only if w = 0.

Note that the property that (w,w) is real for all w € V is a
consequence of skew symmetry since the fact that (w,w) = (w,w)

implies it is real.

Example A.10.4. Let C" denote the complex vector space of n-
tuples of complex numbers. If z = (21,...,2,) and w = (wy, ..., wy,)
are elements of C", we define

n
(z,w) = Z 2;W;.
i=1

This is called the standard Hermitian form on C™.

Proposition A.10.5. (Hermitian form). If V is a complex vector
space with a Hermitian form and || || is defined by ||v]| = +/(v,v),
then

(1) For allce C and v €V, |lcv|| =|c/||v|-

(2) Forallv eV, |jv]| > 0 with equality only if v = 0.
So || || is a norm on V.
Proof. To show property (1) observe that

llev]]* = {cv, ev) = ce(v, v) = |cf*||]|*.
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Property (2) is immediate from positive definiteness of the Hermitian
form. O

Definition A.10.6. (Norm). IfV is a complex vector space with
inner product { , ), we define the associated norm || || by ||v| =

VA{v,v).

As in the real case, two vectors x and y are said to be perpendic-
ular with respect to the Hermitian form ( , ) if (x,y) = 0.

Proposition A.10.7. (Pythagorean theorem). If xz1,z3,...,2,
are mutually perpendicular elements of a complex vector space with
Hermitian form { , ) and associated norm || ||, then

n 2 n
[ | = S ht®
=1 =1

Proof. Consider the case n = 2. If x is perpendicular to y, then

lz+yl? = (x+y, z+y) = (z,2)+ (@, 9)+ ¥, 2) + (¥, y) = l|z|*+ ]yl

since (x,y) = (y,z) = 0. The general case follows by induction on
n. ]

Proposition A.10.8. (Cauchy-Schwarz inequality). If V is a
complex vector space and { , ) is a Hermitian form, then for allv,w €
V,

(v, w)| < [Jo]| ([,
with equality if and only if v and w are multiples of a single vector.
Proof. The proof is very similar to the proof for inner products on
real vector spaces. One difference to keep in mind is that in this proof

(, ) is a Hermitian form rather than an inner product and | | denotes
the modulus of a complex number rather than absolute value.

First assume ||v|| = ||w|| = 1. Then
(v, whw|*+lv = (v, w)w|?
= [{v, w)[lw]]* + (v = (v, w)w, v = (v, w)w)
= [{v, w)P[lw]]* + [[v]* = 2(v, w){v, w) + (v, w)*|lw]?

= |lv* =1,
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since [|v]|? = ||w||* = 1. Hence,

(v,w)* = [{v, w)w||* < [[(v, w)w|® + [|o — (v, w)w|* = 1
This implies the inequality |[(v,w)| < 1= ||v| ||w]||, when v and w are
unit vectors. Also this inequality is an equality only if ||v— (v, w)w|| =
0 or v = (v, w)w, i.e., since v and w are unit vectors, only if v = cw
for some ¢ € C with modulus 1.

The general result is trivial if either v or w is 0. Hence, we may
assume the vectors are non-zero multiples, v = avg and w = bwg, of

unit vectors vy and wy. In this case we have |{(v, w)| = |[{avg, bwg)| =
|ab[(vo, wo)| < |ab] = |a||b] = [lavo| [|bwoll = [|v]| [|w]-
Observe that we have equality only if |(vo, wo)| = 1, which, as

noted above, only happens if vy = cwy for some ¢ with modulus 1,
i.e., only if v and w are multiples of each other. O

Proposition A.10.9. (Triangle inequality and parallelogram
law). IfV is a complex vector space with a Hermitian form { , )
and || || is the associated norm, then

(1) for allv,w €V, |Jv+w| < |vl| + ||w];
(2) for allv,w €V, ||v—w|?+ |v+wl|?® = 2||v||* + 2|jw|?.

Proof. Observe
v +w|* = (v + w,v 4+ w)
= (v,v) + (v, w) + (w,v) + (w, w)
= [[ol* + 2R ({0, w)) + ||wl|?
< [lol® + 2w, w)] + [Jwl|?
< |lv||* + 2||v|| |Jw]| + ||w||* by Cauchy-Schwarz,
= ([loll + [lwl)?.
The proof of item (2), the parallelogram law, is very similar to the
real version. Note ||[v—w|? = (v—w,v—w) = ||v|* — (v, w) — (w,v) +

lw]]?. Likewise, [[v+wl|* = (v +w,v +w) = [[v]|* + (v, w) + (w,v) +
|[w||?. Hence, the sum ||v — w||? + ||v + w||? equals 2|v||> +2||w|?. O
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Exercise A.10.10.
(1) Prove that {, ) : C™ x C™ — C defined in Example A.10.4
is a Hermitian form.

(2) Consider the set ¢Z of square summable sequences in C de-
fined to be those sequences {z;}72; such that

o0
Z 2] < 0.
i=1

Prove that ¢2 is a vector space of complex-valued functions.

(3) If {z,} and {w,} are elements of ¢, define a function (, ) :
02 x (%2 — C by

Hzab fn}) = 3 2t
n=1
Prove that (, ) is a Hermitian form on (2.

A.11. Complete Normed Vector Spaces

In this section V will denote either a real or a complex vector space
with a norm || ||. The concepts of limit and Cauchy sequence extend
naturally to vector spaces with a norm. Indeed, the definitions are
essentially identical to those given for R and C. The only difference is
that where before we used | | to represent absolute value or modulus
of a complex number we now use || ||, the norm.

Definition A.11.1. (Limit and convergence). Suppose {v,}52;
is a sequence in a vector space V with norm || || and w € V. We say
the sequence converges to w and write
lim v, =w
n—oo
if for every e > 0 there exists N € N such that
lom —w|| < e

for allm > N.
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As mentioned earlier, the assertion that Cauchy sequences in R
always converge is equivalent to the Completeness Axiom. This for-
mulation is the one which generalizes to C (as we have seen in The-
orem A.4.4). The concept of completeness is also useful in normed
vector spaces. However, in normed vector spaces, especially the func-
tion spaces considered in this text, it is a very strong property not
shared by many spaces.

Definition A.11.2. (Cauchy sequence, complete). A sequence
{vn}22, in a normed vector space V is called a Cauchy sequence
if for every € > 0 there is an N > 0 (depending on ¢) such that
|vn, — v || < € for all n,m > N. The normed vector space V is called
complete if every Cauchy sequence in V' converges to an element of

V.

Exercise A.11.3.

(1) Suppose the sequence {v,}22; in a normed vector space
converges. Prove it is Cauchy.

(2) Prove that R™ with the standard norm is complete.

(3) Prove that C™ with the norm associated to the standard
Hermitian form from Example A.10.4 is complete.

(4) Let || || be the norm on ¢? associated with the inner product
(, ). Prove £? with this norm is a complete normed linear
space. (See Exercise A.9.9.) Similarly, let || || be the norm
on (2 associated with the inner product (, ). Prove ¢z with
this norm is a complete normed linear space.



Appendix B

Lebesgue Measure

B.1. Introduction

In this appendix we define a generalization of length called measure

for bounded subsets of the real line or subsets of the interval [a,b].

There are several properties which we want it to have. For a bounded

subset A of R we would like to be able to assign a non-negative real
number p(A) in a way that satisfies the following:

I. Length: If A = (a,b) or [a,b], then p(A) =len(4) =b—a,

i.e., the measure of an open or closed interval is its length.

II. Translation invariance: If A C R is a bounded subset
of R and ¢ € R, then pu(A+ ¢) = u(A), where A+ ¢ denotes
the set {x +¢c |z € A}

III. Countable additivity: If {A4,,}5° , is a countable collec-
tion of bounded subsets of R, then

p(J An) <D u(An)

and if the sets are pairwise disjoint, then

n(U 40 =3 u(Ay).

173
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Note the same conclusion applies to {A,}7 ,, a finite col-
lection of bounded sets (just let A; = @ for i > m).

IV. Monotonicity: If A C B, then p(A) < u(B). Actually,
this property is a consequence of additivity since A and B\ A
are disjoint and their union is B.

It turns out that it is not possible to find a p which satisfies I-IV
and which is defined for all bounded subsets of the reals; but we can
do it for a very large collection including the open sets and the closed
sets.

B.2. Outer Measure

We first describe the notion of “outer measure” which comes close to
what we want. It is defined for all subsets of the reals and satisfies
properties I, IT and IV above. It also satisfies the inequality part
of the additivity condition, III, which is called subadditivity; but it
fails to be additive for some choices of disjoint sets. The resolution
of this difficulty will be to restrict its definition to a certain large
collection of nice sets (the measurable sets) on which we can show
the additivity condition holds. Our task for this appendix then is
threefold: (1) we must define the concept of measurable sets and
develop their properties; (2) we must define the notion of Lebesgue
measure p for such sets; and (3) we must prove that properties I-IV
hold, if we restrict our attention to measurable sets.

Suppose A C R is a bounded set and {U,, } is a countable covering
of A by open intervals, i.e., A C |J,, U, where U,, = (ay,by). Then
if we were able to define a function p satisfying the properties I-IV
above we could conclude from monotonicity and subadditivity that

and hence that p(A) would be less than or equal to the infimum
of all such sums where we consider all possible coverings of A by a
countable collection of open intervals. This turns out to lead to a
very useful definition of an extended real-valued function p* defined
for every subset A of R.
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Definition B.2.1. (Lebesgue outer measure). Suppose A C R
and U(A) is the collection of all countable coverings of A by open
intervals. We define the Lebesgue outer measure p*(A) by

pr(d)= it ;kenwn)},

where the infimum is taken over all possible countable coverings of A
by open intervals. If for every cover of A by open intervals

Z len(U,,) = 400,
n=1
we define p*(A) = 4oo0.

Notice that this definition plus Definition 2.2.1, the definition of
a null set, imply that a set A C I is a null set if and only if p*(A) = 0.

We can immediately show that property I, the length property,
holds for Lebesgue outer measure.

Proposition B.2.2. (Length property for outer measure). For
any a,b € R with a < b we have p*([a,b]) = p*((a,b)) =b — a.

Proof. First consider the closed interval [a,b]. It is covered by the
single interval Uy = (a —¢g,b+¢), so u*([a,b]) <len(U;) = b—a+ 2e.
Since 2¢ is arbitrary we conclude that p*([a,b]) < b — a.

On the other hand, by Theorem A.7.2, the Heine-Borel theorem,
any open covering of [a,b] has a finite subcovering, so it suffices to
prove that for any finite cover {U;}?"_; we have > len(U;) > b—a
as this will imply p*([a,b]) > b — a. We prove this by induction on
n, the number of elements in the cover by open intervals. Clearly,
the result holds if n = 1. If n > 1 we note that two of the open
intervals must intersect. This is because one of the intervals (say
(¢,d)) contains b and if ¢ > a another interval contains ¢ and hence
these two intersect. By renumbering the intervals we can assume that
U,,—1 and U, intersect.

Now define V,,_1 = U,,_1 UU, and V; = U; for i < n — 1. Then
{V;} is an open cover of [a,b] containing n — 1 intervals. By the
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induction hypothesis,

n—1

Z len(V;) > b —a.

i=1
But len(U,—1) + len(U,,) > len(V;,—1) and len(U;) = len(V;_;) for
1 > 2. Hence,

i len(U; Z len(V;) > b — a.
i=1

This completes the proof that ©*([a,b]) > b — a and hence that
p([a,0]) = b —a.

For the open interval (a,b) we note that U = (a,b) covers itself,
so u*((a,b)) < b —a. On the other hand, any cover {U;}2, of (a,b)
by open intervals is also a cover of the closed interval [a +¢,b— &] so,
as we just showed,

Zlen y>b—a— 2.

As ¢ is arbitrary, Zlen( ;) > b—a and hence p*((a, b)) > b—a which
completes our proof. O

Two special cases are worthy of note:

Corollary B.2.3. The outer measure of a set consisting of a single
point is 0. The outer measure of the empty set is also 0.

Lebesgue outer measure satisfies a monotonicity property with
respect to inclusion.

Proposition B.2.4. (Monotonicity of outer measure). If A and
B are subsets of R and A C B, then p*(A) < u*(B).

Proof. Since A C B, every countable cover {U,} € U(B) of B by
open intervals is also in U(A) since it also covers A. Thus,

o0
. }eM(A {Zlen } w. irég(B {;len(Un)}7

so p*(A) < p*(B). O
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Corollary B.2.5. If a € R, then the outer measure of each of the
sets (a,00), (—o0,a) and R is +o0.

Proof. Since p*((—N,N)) =2N and (—N, N) C R we know p*(R) >
2N for all N. Likewise, u*((a,0)) > p*((a,N)) > N — |a|, and
i ((—00,)) = (=N, a)) = N — |al. O

We can now prove the first part of the countable additivity prop-
erty we want. It turns out that this is the best we can do if we want
our measure defined on all subsets of R. Note that the following result
is stated in terms of a countably infinite collection {A,}>2 ; of sets,
but it is perfectly valid for a finite collection also.

Theorem B.2.6. (Countable subadditivity). A countable collec-
tion {A,}52, of subsets of R satisfies

(1 An) <3 it (4n).

Proof. By the definition of outer measure we know that each A, has
a countable cover by open intervals {U*} such that

Zlen(Ui") < pf(An) +27 "
i=1

But the union of all these covers {U"} is a countable cover of | J)~_; A,,.
So

Since this is true for every e the result follows. O

Corollary B.2.7. If A is countable, then u*(A) =0
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Proof. Suppose A = [J;2,{z;}. We saw in Corollary B.2.3 that
p({z;}) =0, so

o

:N*(U{xt} Z ({zi}) =0,

which implies p*(A) = 0. O

We also immediately obtain the following non-trivial result. (For
alternate proofs see part (4) of Exercise A.5.12 and part (4) of Exer-
cise 2.2.2).

Corollary B.2.8. (Intervals are uncountable). If a < b, then

[a, b] is not countable.

Proof. Countable sets have outer measure 0, but u*([a,b]) =b—a #
0. O

Outer Lebesgue measure satisfies property II of those we enumer-
ated at the beginning, namely it is translation invariant.
Theorem B.2.9. (Translation invariance). Ifc € R and A is a
subset of R, then p*(A) = p*(A+c) where A+ c={x+c |z e A}.
We leave the (easy) proof as an exercise.

Proposition B.2.10. (Regularity of outer measure). If A C
R and p*(A) is finite, then for any € > 0 there is an open set V
containing A such that p*(V) < u*(A) + . As a consequence

w*(A) = inf{p*(U) | U is open and A C U}.

Proof. We observe from the definition of p* that if € > 0, there is a
countable cover {V;} of A by open intervals such that

ilen(Vj) < p(A) +e.

Hence, if V = |JV}, then subadditivity implies

<Z“ <Zlen pr(A) +e,

so V has the desired property. Moreover, it follows that
inf{p*(U) | U is open and A C U} < p*(A) +e.
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Since this is true for all £ > 0, we conclude
inf{p*(U) | U is open and A C U} < u*(A).

The reverse inequality follows from monotonicity of p* since p*(A4) <
w*(U) for any U containing A. Combining the two we obtain the
desired equality. O

Exercise B.2.11.

(1) Prove that if N is a null set and A C R then, p*(AUN) =
p*(A).

(2) Prove Theorem B.2.9.

(3) Suppose A C R and r > 0. Let rA = {rz | x € A}. Prove
u (rA) = i (A).

(4) Prove that p*(A) is also the infimum of > len(U,,) for all

countable open covers of A by pairwise disjoint open inter-
vals U,.

(5) Prove that given € > 0 there exist a countable collection of
open intervals Uy, Us, ..., U,,... such that J,, U, contains
all rational numbers in R and such that Y - len(U,) =e.

(6) Give an example of a subset A of I = [0,1] such that
uw*(A) = 0, but with the property that if Uy, Us, ..., U, is a
finite cover by open intervals, then > len(U;) > 1.

(7) Suppose {U,} is a countable collection of pairwise disjoint
open intervals in I and U = |J,, U,. Prove that p*(U) =
> len(Up,).

(8) (%) Outer measure p* is not generally additive. Prove, how-
ever, that if U = UZO=1 U, is a countable union of pairwise

disjoint open intervals {U,} and A is a bounded subset of
R, then

“(ANU) i (ANU,)
n=1
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B.3. The o-algebra of Lebesgue Measurable Sets

In Definition 2.4.1 we defined the o-algebra M to be the o-algebra
of subsets of R generated by open intervals and null sets (it is also
the o-algebra of subsets of R generated by Borel sets and null sets).
We defined a set to be Lebesgue measurable if it is in this o-algebra.
However, now, in order to prove the existence of Lebesgue measure,
we want to use a different, but equivalent definition.

Our program for this section and the next is roughly as follows:

o We will define a collection M of subsets of R. The criterion
used to define M is often given as the definition of Lebesgue
measurable sets. We will first motivate this criterion.

e We will define the Lebesgue measure p(A) of a set A in M,
to be the outer measure p*(A).

o We will show that the collection My is a g-algebra of subsets
of R and, in fact, precisely the o-algebra M. Hence, u(A)
will be defined for all A € M.

e In the next section we will prove that p defined in this way
satisfies the properties promised in Chapter 2, namely prop-
erties I-VI of Theorem 2.4.2. Several of these properties
follow from the corresponding properties for outer measure
¥, which we proved in Section B.2.

Lebesgue outer measure as in Definition B.2.1 has most of the
properties we want for the measure p. There is one serious problem,
however; namely, there exist subsets A and B of I such that ANB =)
and AUB = I, but p*(A) + p*(B) # p*(I). That is, the additivity
property fails even with two disjoint sets whose union is an interval.
Fortunately, the sets for which it fails are rather exotic and not too
frequently encountered.

When we developed the theory of the Riemann integral in Chap-
ter 1, we saw that once we specified the obvious definition for the
integral of a step function and also required the monotonicity prop-
erty, there was a large class of functions for which the value of the
integral was forced. These were the functions f for which the infi-
mum of the integrals of step functions greater than f is equal to the
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supremum of the integrals of step functions less than f. Because of
monotonicity there was only one choice for the value of the integral of
f — it had to be this common value of the supremum and infimum.
And the class of functions for which this value is forced was defined
to be the Riemann integrable functions.

To carefully develop the theory of Lebesgue measure and measur-
able sets we will do something very similar. We will prove that if A is
any subset of R and J = [a, b], then there are upper and lower bounds
for all possible ways to define the measure of AN J, the part of A in
J. Indeed, if p is to be defined on a g-algebra containing open and
closed sets, then the only possibilities for the value of p(A N .J) must
be less than p*(ANJ) and greater than (len(J) — p*(A°N.J)). Should
these upper and lower bounds be equal, life is good, and the value
of u(A N J) has been determined! In particular, if A had this prop-
erty for an interval J which contains A, then we will have determined
(AN T) = p(A).

Proposition B.3.1. Suppose A is a o-algebra of subsets of R which
contains all Borel sets and p is an extended real-valued function de-
fined on A which satisfies the Countable additivity, Monotonicity and
Length properties. Then for any interval J = [a,b] and any set A € A,

len(J) — p*(A°NJ) < pu(ANnJ) < p (AN J).

Proof. Suppose A € A and {U,} is a countable covering of AN J by
open intervals. Then

wANT) < p( U Ua) <3 0uUn) = len(Uy),
n=1 n=1 n=1
where the first inequality follows from monotonicity of u and the
second from countable subadditivity. Hence, u(A N J) is less than or
equal to the infimum of all such sums where we consider all possible
countable coverings of AN J by open intervals. We conclude that

(B.3.1) WANT) < (AN ).

Since A¢ N J is also in the o-algebra A the same argument shows
uw(ANJ) < p*(A°NJ). Since the function p satisfies both the Length
property and the additivity property for disjoint sets in A, we must
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also have p(ANJ) 4+ p(A°NJ) = p(J) =len(J). So
len(J) — p(ANJ)=u(A°NJ) < p*(A°NJ)
and it follows that
(B.3.2) wANJ) >len(J) — p*(A°NJ).
g

Equations (B.3.1) and (B.3.2) tell us that the only possible values
of u(A N J) must be between len(J) — p*(A°NJ) and p*(ANJ). If
these two values are equal, i.e., if p*(ANJ) + p*(A°NJ) = len(J),
then there is only one choice for the value of u(A N J). It must be
equal to the common value p*(ANJ) = (len(J) — p*(A° N J)).

This certainly suggests that we consider subsets A of R such that
(B.3.3) w(AnJ)+ p*(A°NJ) =len(J).
It turns out (see Exercise B.3.5 below) that if a set A satisfies equa-
tion (B.3.3) for every interval J, then, in fact, it satisfies it for every
subset X C R, if we replace J by X and len(J) by p*(X). So we might
as well make things easier for ourselves and ask that equation (B.3.3)
hold when we replace J with an arbitrary subset X C R if we use
1*(X) in place of len(X). All this should motivate the following def-
inition.
Definition B.3.2. (Lebesgue measure). Let My denote the
collection of all A C R with the property that for any X C R,

W(ANX) + 0t (A° N X) = (X)),

For any set A € Mgy we define its Lebesgue measure, u(A), to be
p(A).

Once again we have followed the paradigm of listing the properties
we want a function (Lebesgue measure in this case) to have, next
finding the class of objects where there is only one possible value of
that function, and then defining the function on that class to be those
uniquely determined values.

Notice that if p*(X) = +oo, then subadditivity implies
W (AN X) + " (A° 0 X) = 1(X)
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no matter what A is since at least one of p*(AN X) and p*(A°NX)
must be infinite. So if we want to check if a particular set A is in
My, it suffices to check that p*(ANX)+ p*(A°NX) = p*(X) for all
subsets X C R with p*(X) finite.

The goal of the remainder of this section is to prove that, in fact,
My is nothing other than the o-algebra M of Lebesgue measurable
subsets of R. In the next section we will show the extended real-valued
function p satisfies the properties I-VI which we claimed for Lebesgue
measure in Chapter 2. The defining condition above for a set A to
be in M is often taken as the definition of a Lebesgue measurable
set because it is what is needed to prove the properties we want for
Lebesgue measure. Since we have already given a different defini-
tion of Lebesgue measurable sets in Definition 2.4.1 we will instead
prove the properties of My and p which we want and then show in
Corollary B.3.11 that the sets in M are precisely the sets in M, the
o-algebra generated by Borel subsets and null sets.

As a first step we show that bounded sets in M are in M. We
will later see that unbounded ones are also.
Proposition B.3.3. Fvery bounded set A € Mg can be written as
A=B\N
where B is a Borel set and N = A° N B is a null set.

Proof. It follows from Proposition B.2.10, the regularity of outer
measure, that for any k € N there is a an open set Vj, containing A
such that p* (Vi) < p*(A) +1/k. Let B = (-, Vi. By monotonicity
we have )
p(A) < @ (B) < pt (Vi) < p(A) + .

Since this holds for all k£ > 0 we conclude that pu*(B) = p*(A).

In the defining equation of M (see Definition B.3.2) we may take
X = B and conclude that

p (AN B) +p*(A°N B) = p*(B).

Since A C B we have AN B = A and hence p*(A) + p*(A°N B) =
1*(B). From the fact that u*(B) = p*(A) it follows that u*(A°NB) =
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0. (This uses the fact that p*(A) is finite.) Therefore, if N = A°N B,
then N is a null set. Finally, A= B\ (BN A°),so A= B\ N. O

The definition of My is relatively simple, but to show it has the
properties we want requires some work. We begin, however, with two
very easy properties.

Proposition B.3.4. Suppose A C R, then
(1) The set A is in Mg provided for every subset X C R,
p (AN X) 4+ p*(A°N X) < p*(X).
(2) The set A is in Mo if and only if A° is in M.
Proof. For part (1) observe X = (AN X)U (A°N X) so the subad-
ditivity property of outer measure in Theorem B.2.6 tells us that
WH(ANX) + 1 (47N X) 2 (X)

always holds. This plus the inequality of our hypothesis gives the
equality of the definition of M.

For part (2) suppose A is an arbitrary subset of R. The fact that

(A°)¢ = A implies immediately from Definition B.3.2 that A is in Mg
if and only if A€ is. O

Exercise B.3.5. (x) Let S denote the collection of all subsets A of
R such that

pr(ANT) + p* (AN J) = p*(J)
for every interval J = [a, b] in R.

(1) Prove that if A € S and U is a bounded open subset of R,
then

p(ANU) +p*(A°NU) = p*(U).
Hint: Use part (8) of Exercise B.2.11

(2) Use (1) to prove that if A € S and X is any bounded subset
of R, then

W(ANX) + 0t (A° N X) = (X)),
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Proposition B.3.6. A set A C R is a null set if and only if A € My
and p(A) = 0.

Proof. Let X be a subset of R. By definition a set A is a null set if
and only if p*(A) = 0. If A is a null set, then since ANX C A we
know by the monotonicity of outer measure (Proposition B.2.4) that
p*(AN X) = 0. Similarly, since AN X C X we know that pu*(A°N
X) < p*(X). Hence, again using monotonicity of outer measure from
Proposition B.2.4, we know that

W (AN X) 4+t (A° N X) = p* (A° N X) < ' (X)

and the fact that A € M follows from part (1) of Proposition B.3.4.
U

Proposition B.3.7. If A and B are in My, then AUB and AN B
are in My.

Proof. To prove the union of two sets, A and B, in M is also in
M requires some work. Suppose X C I. Since (AUB)NX =
(BNX)U (AN B°NX), the subadditivity of Theorem B.2.6 tells us

(B.3.4) p(AUB)NX) <u" (BNX)+pu" (ANB°NX).
Also, the definition of My tells us
(B.3.5) pr(BNX)=p"(ANB°NX)+p* (A°NB°NX).
Notice that (AU B)¢ = A°N B°. So we get
p(AUBYNX)+ " ((AUB)° N X)
=" ((AUB)NX)+p* (A°NB°NX).
Using the inequality from equation (B.3.4) we get
L ((AUB)NX)+ " (AUB)°NX)
<p'(BNX)+p (ANB°NX)+u (A°NB°NX)
— W (BOX) + (BN X) = i (X)

where the first equality comes from equation (B.3.5) and the second
follows from the fact that B € M.

Hence, we conclude

1w ((AUB) N X) + p*((AUB)° N X) < " (X)
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and according to part (1) of Proposition B.3.4 this is sufficient to
show that AU B is in M.

The intersection now follows easily using what we know about
the union and complement. More precisely, AN B = (A°U B¢)¢, so if
A and B are in My, then so is (A°U B€) and hence its complement
(AU B°)¢ is also. O

Next we wish to show intervals are in M.

Proposition B.3.8. Any interval, open, closed or half open, is in

M.

Proof. First consider (—oo,a] with complement (a,o0). If X is an
arbitrary subset of R, we must show p*((—oo,a] N X) 4+ p*((a,00) N
X) = p*(X). Let X~ = (—00,a] N X and X = (a,00) N X. Given
€ > 0, the definition of outer measure tells us we can find a countable
cover of X by open intervals {U,,}22; such that

(B.3.6) i len(U,) < p*(X) +e.

Let U, = U, N (—o0,a] and U,y = U, N (a,0). Then X~ C
U,—, U, and X C |J;, U;F. Note that U, is an open interval and
U,  is either an open interval or a half open interval. Subadditivity
of outer measure implies

pr(X7) < pr (Y Uy

n=1
<y wr(Uy) =) len(U,)
n=1 n=1
and
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Adding these inequalities and using equation (B.3.6) we get

oo
PHXT) +pt (X)) <) len(Uy) + len(U))
n=1
= Z len(U,,)
n=1
<t (X)+e.
Since ¢ is arbitrary we conclude that p*(X ™) + p*(X 1) < p*(X)
which by Proposition B.3.4 implies that (—o0,a] is in My for any
a € R. A similar argument implies that [a,00) is in M. Taking
complements, unions and intersections it is clear that any interval,
open closed or half open, is in M. O
Lemma B.3.9. Suppose A and B are disjoint sets in My. Then
i (AUB) = 1" (A) + u*(B).
The analogous result for a finite union of disjoint measurable sets is
also wvalid.
Proof. It is always true that
AN(AUB)=A.
Since A and B are disjoint
A°N(AUB)=B.
Hence, the fact that A is in Mg (using AU B for X) tells us
pw(AUB)=p*(AN(AUB))+ pu"(A°N (AU B))
— 1"(A) + 1 (B).
The result for a finite collection Aq, Ag, ..., A, follows immedi-

ately by induction on n. O

Theorem B.3.10. The collection My of subsets of I is closed under
countable unions and countable intersections and taking complements.
Hence, My is a o-algebra.
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Proof. We have already observed in part (2) of Proposition B.3.4
that the complement of a set in My is a set in M.

We have also shown that the union or intersection of a finite
collection of sets in M is a set in M.

Suppose {A,,}52, is a countable collection of sets in M. We want
to construct a countable collection of pairwise disjoint sets {B,}52,
which are in My and have the same union.

To do this we define B; = A; and

Boi1 = Apsr \ CJ Ay = Aii 0 ( U 4,)
=1 1=1

Cc

Since finite unions, intersections and complements of sets in M
are sets in My, it is clear that B,, is in Mj. Also, it follows easily
by induction that J_, B, = U, 4; for any n. Thus, J;2, B; =
Ufil A;.

Hence to prove ;- A; is in Mg we will prove that | J;-, B; is in
M. Let F,, =J;_, B; and F = |J;=; B;. If X is an arbitrary subset
of R, then since F}, is in Mgy and F¢ C Ff

WH(X) = (B 1 X) + i (FE 0 X) > i (F 1 X) + " (F 0 X).
By Lemma B.3.9

n

p(F,NX) = p*(B;NX).

i=1

Putting these together we have

(X)) > ZM(BZ- NX)+p (F°NX)

for all n» > 0. Hence,
pH(X) = pt(Bin X) + pf(FC N X).
i=1

But subadditivity of p* implies
S (BinX) > pr(|J(Bin X)) = p* (F N X).
i=1 i=1
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Hence,
pH(X) = " (F N X) + p (F N X)
and F' is in My by Proposition B.3.4.

To see that a countable intersection of sets in Mg is in My we

observe that - -
Ae- (0

n=1
so the desired result follows from the result on unions together with
the fact that My is closed under taking complements. O

Corollary B.3.11. The o-algebra Mg equals M the o-algebra gen-
erated by Borel sets and null sets.

Proof. In Proposition B.3.8 we showed the o-algebra M contains
open intervals and hence it contains the o-algebra they generate, the
Borel subsets of R. Also, Mg contains null sets by Proposition B.3.6.
Therefore, M contains M the o-algebra generated by Borel sets and
null sets.

On the other hand, by Proposition B.3.3 bounded sets which are
in My are also in M. Hence, if A € My, then AN [n,n+ 1] € Mo,
so AN[n,n+ 1] € M and it follows that A = |J(AN[n,n+ 1]) is in
M. Hence My = M. O

B.4. The Existence of Lebesgue Measure

Since we now know the sets in My, i.e., the sets which satisfy Def-
inition B.3.2, coincide with the sets in M, we will refer to them as
Lebesgue measurable sets, or simply measurable sets for short. We
also no longer need to use outer measure, but can refer to the Lebesgue
measure p(A) of a measurable set A (which, of course, has the same
value as the outer measure p*(A)).

Theorem B.4.1. (Countable additivity). If {4,}5°, is a count-
able collection of measurable subsets of R, then
(oo}

M( An) < ZN(ATL)-

n= n=1



190 B. Lebesgue Measure

If the sets are pairwise disjoint, then
w40 = St
n=1 n=1

Proof. The first inequality is simply a special case of the subaddi-
tivity from Theorem B.2.6. If the sets A; are pairwise disjoint, then
by Lemma B.3.9 we know that for each n,

o0 n n

Hence,

Since the reverse inequality follows from subadditivity we have equal-
ity. O

We can now prove the main result of this appendix, which was
presented as Theorem 2.4.2 in Chapter 2. In that chapter we re-
stricted our attention to measurable sets in an interval I. This was
done to gain the simplicity of dealing only with sets of finite mea-
sure, because that was sufficient for our purposes. However, we have
defined extended real-valued functions (see Definition 3.1.5) and can
therefore prove the existence and uniqueness of the extended real-
valued function p defined on all of M.

Theorem B.4.2. (Existence of Lebesgue measure). There ez-
ists a unique function p, called Lebesque measure, from M to the
extended real numbers satisfying:

I. Length: If A = (a,b), then pu(A) =len(A) = b—a, i.e., the
measure of an open interval is its length

II. Translation Invariance: Suppose A € M, and ¢ € R,
then (A +c) = p(A) where A+c is the set {x+c |z € A}.

ITI1. Countable additivity: If {A,}22, is a countable col-
lection of elements of M, then

ZVEBED ot
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and if the sets are pairwise disjoint, then

(U An) =3 ulAn)

n=1

IV. Monotonicity: If A,B € M and A C B, then u(A) <
1(B)

V. Null sets: A subset A C R is a null set if and only if
A e M(I) and u(A) = 0.

VI. Regularity: If A € M, then for any € > 0 there is an
open set V' containing A such that p(V '\ A) < e. In partic-
ular,

p(A) =inf{u(U) | U is open and A C U}.

Proof. The Lebesgue measure, u(A), of any set A € M is defined to
be its outer measure p*(A). Hence, properties I, IT, and IV for y follow
from the corresponding properties of p*. These were established in
Propostion B.2.2, Theorem B.2.9, and Proposition B.2.4, respectively.

Property III, countable additivity, was proved in Theorem B.4.1,
and Property V is a consequence of Proposition B.3.6.

Property VI is an immediate consequence of Proposition B.2.10
(regularity of outer measure) when p(A) is finite, because that propo-
sition asserts u(V) < p(A) + €. Since (V' \ A) = (V) — u(4) we
conclude pu(V\ A) < e. The case when p(A) is infinite is Exercise B.4.3
below.

We are left with the task of showing that p is unique. Suppose
p1 and pe are two functions defined on M and satisfying properties
I-VI. They must agree on any open interval by property I. By Theo-
rem A.6.3 any open set is a countable union of pairwise disjoint open
intervals, so countable additivity implies u; and ps agree on open
sets.

Finally, if A is an arbitrary set in M, then, since p; and po agree
on any open set U containing A, property VI (regularity) implies they
agree on A. a
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Exercise B.4.3.

(1) Prove that a measure which satisfies all properties from The-
orem B.4.2 except II, must also satisfy property II.

(2) Prove that if v is a measure which satisfies properties II-
VI of Theorem B.4.2, then there is a ¢ € [0,00) such that
v =cp.

(3) If A C R is measurable and u(A) is infinite prove that for
any € > 0 there is an open set V containing A such that
pw(V\A) <e.



Appendix C

A Non-measurable Set

We are now prepared to prove the existence of a non-measurable set.
The proof (necessarily) depends on the Aziom of choice (see the end
of Section A.5).

Theorem C.1.1. (Non-measurable set). There exists a subset E
of [0,1] which is not Lebesgue measurable.

Proof. Let Q C R denote the rational numbers. The rationals are an
additive subgroup of R and we wish to consider the so-called “cosets”
of this subgroup. More precisely, we want to consider the sets of the
form Q + x where z € R.

We observe that two such sets Q + x; and Q + x5 are either
equal or disjoint. This is because the existence of one point in their
intersection,

2€(Q+z1) N (Q+ z2),
implies z = x14r; = Ta+ry with r, 79 € Q, s0 x1—29 = (r2—71) € Q.
This, in turn implies that
Q+z2={z2+7|7re€Q}
={za+7r+ (r1 —22) | r € Q}
={r1+7r|reqQ}
=Q+z1.

193



194 C. A Non-measurable Set

Notice that since Q is dense in R so is each coset Q + z. Hence,
each coset has a non-empty intersection with the interval [0,1]. Ac-
cording to the Axiom of Choice, there is a choice function ¥ : P(R) —
R, i.e., a function such that U(A) is an element of A for every non-
empty subset A C R. We define

E={y|y=9(0,1N(Q+=z)) for some z € R}.

The set E is a subset of [0,1] and contains one element from each of
the cosets Q+ . That is, for any g € R the set EN(Q+x() contains
exactly one point and that point is in [0,1]. Now let {r,}72; be an
enumeration of the rational numbers.

We want to show that {E+7,}°2, defines a partition of R. That
is, the sets (E + r,) are pairwise disjoint and

R= G (E+ry).
n=1

To see this first note that if y € (E + r,) N (E + ry,), then there
are e, es € E such that ey + r,, = e2 + 1, and hence (e; — e3) € Q,
so e; and e are in the same coset of Q. Since E contains only one
element from each coset we conclude e; = e5 which implies r,, = r,,.
Thus, the sets E + r, and E + r,, are disjoint unless r,, = ry,.

Now let z € R be arbitrary and let {zo} = E N (Q + z). Then
x =z + r for some r € Q. Hence, x € E+r,s0 v € U, E + ry.
We have shown that R =", (E +ry).

Note that E C [0, 1], so the outer measure p*(F) < 1. It is not
possible that p*(E) = 0 since translation invariance of outer measure
would imply p*(E + r,) = p*(E) = 0 and hence (by subadditivity)

that - -
_N*(UEM") Z (E +1y) =0.
n=1 n=1

We conclude that p*(E) > 0.

Let {s,})_; be a set of N distinct rational numbers in [0, 1]. Each
set E + s, is a subset of [0, 2], so

u*( LNJ E—l—sn) < ([0,2)).

n=1
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Since p* equals p on measurable sets and p is additive, if E were
measurable, we could conclude

(U o) =u( Ut +a)

n=1
= Z N(E + Sn)
— Nu(E) = Nyi*(E).

Since p*(E) > 0 it is clearly impossible to have Ny*(E) <
1*([0,2]) = 2 for all N € N. Hence, we conclude that E is not mea-
surable. O

Exercise C.1.2.

(1) Prove that there exist subsets A and B of I = [0,1] such
that ANB =0 and AUB =1I, but u*(A) + u*(B) # 1.

(2) Prove that if r € (0,1), there is a non-measurable subset
E C I such that p*(E) = r. Hint: Use part (3) of Exer-
cise B.2.11.

(3) Prove there is a subset A C R with the property that for
every open set U containing A the outer measure of the
set difference p*(U \ A) is infinite. (Cf. part (3) of Exer-
cise B.4.3.)
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